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THE PROBLEMS

We present the study of a nonlinear 2-D mass balance equation in
porous media (Bear 1972, Nield-Bejan 1999). 2DPM is

Dp 0Op
— = -Vp =0,
Dt ot TUVP
v=—(Vp+p),
V.-v=0.
Consider a stream function v (z,t) such that v = V¢ = (—%,%)
and satisfies
0 0
—Aw:—p and —Ap:—p
ox1 0xo

v can be recovered from i by

1 T1 =Yl ol
t :—_—/-————V t)dy = SI(p).
v(z,t) or Je2 o — g2 p(y, t)dy (p)



Thus, our model 2DPM can be written as
dp

- SI -Vp =0,
5 + Sl(p) - Vp
The problems that we study are:
1. Solutions with infinite energy
2. Solutions with finite energy

3. Interface dynamics

Work in collaboration with Diego Cordoba and Francisco Gancedo
Consejo Superior de Investigaciones Cientificas, SPAIN.



SINGULARITIES WITH INFINITE ENERGY

Let the stream function @ be defined by
7~p(aj‘lax27t) — CCQf(CC]_,t) + g(xlat)a

with f and g 1-periodic with respect x1. Thus, p satisfies

of g
p(t,x1,20) = —xo—(x1,t) — —(x1,1),
(95131 8:131

and the system 2DPM under is equivalent to IPM

(fa:)t = ffex — (fw)Qa
(92)t = f9zz — fz 9z



Existence: Let fO = f(x,0) and ¢° = g(x,0) satisfy f9,¢9 € HE(0,1)
with £ > 1. Then, there exists T' > 0 such that

fr, 92 € CH([0,T); HE(0,1))

are the unique solution of IPM.
Blow up results

1. Initial data satisfies fY € H5(0,1) and min, fQ < 0. Then, | fz| 1~
blows up in finite time T'= —1/ min; f9.

2. Let f? € H} Then,

1 1
c(t) =/O . blows up in finite time if/o f9<0



3. Let 1 = x+ be the point such that
fg;($t,t) — mminfilf(ajat)a

i — . g$($t7t) i
and consider zo, =1 Folar 1) Then, since

p(mla 502775) — _fib(mt)t)

blows up in finite time



FINITE ENERGY
LLocal existence

Reformulate the system as an integro-differential equation for the
particle trajectories

%’(a,t) — oo, ),1),  D(a,D)|—g = o
Using Picard Theorem the local in time existence follows. Let V-1pg €
Co(R2), § € (0,1) and B = {®: [®(0)|+ |[VaP|g+ [VaD|s < co}.
The mapping v(®P) satisfies the assumptions of the Picard theorem.
As a consequence, for any bounded open O C B there exists T(O) > 0
and a unique solution

® e CH((-T(0),T(0)); 0)



The 2DPM has quantities conserved in time, the LP norm of p for
1 <p<oo, i.e.,

le()llp = lleollp, vt>0, 1<p<oo.

The operators associated with v are singular integrals with Calderon-
Zygmund kernels. Then for 1 < p < oo the LP norm of the velocity is
bounded for any time ¢t > O.



Blow-up criterion

Let p be the solution of equation 2DPM with initial data pg € H5(R?)
with s > 2. Then, the following are equivalent:

(A) The interval [0,00) is the maximal interval of HS existence for p.

(B) The quantity

T
/o IVollBaro(t) dt < oo VT >0

Beale, Kato, Majda 84.



Using that

IVollBrmo < ClIVpll e,

we get a blow-up characterization for numerical simulations.



Geometric constrains on singular solutions

The infinitesimal length of a level set for p is |V-1p| and from

DV-+p
Dt
the evolution of |V-1p| is given by

= (Vv)V-p,

D|V-+p]
Dt
The factor L(x,t) is defined through by

D " 07
E(x’t>:{on ! Zio.

= L|Vpl.



where the direction of V-1p is denoted by

n = vop
VLol
and D(z,t) is the deformation matrix defined by

L N 1 8?% (9’(]]
= =3 (5 5]

1. Analogous to 3D Euler (Constantin, Fefferman, Majda 1996) and
to 2DQG (Constantin, Majda, Tabak 1994). Let 2 such that there
exists 6 > 0

T
SUB ||V77(>t)||%OO(B5(<D(a:,t)))dt < 00,
rcQ /0



where Q = {z € Q; |Vpo(x)| # 0}, and

T
| IBjpllie(®dt < 00, j=1.2, vI>o0,
where Rj denotes the Riesz transform in the direction ;. T hen

sup |Vp(x,t)| < oo.
Or(£2)

2. Now, we present a geometric conserved quantity that relates the
curvature of the level sets and |V-1p| in a similar way as (Constantin
94). We define the curvature of the level sets by

k(z,t) = (n-Vn) -n-(z,t),
The following identity is satisfied
D(x|V>pl) _

Vip. Vv
Dy p- Vg




with

Bz, t) = (n- Vo) - n(x,t).

The integral of the quantity KJ|VJ‘p| over a region given by two different
level sets is conserved along the time, i.e.

d
£< / K|V p| d:v) = 0.
{z: C1<p(z,t)<Co}

This can be showed using the equation and integrating by parts.

Thus, in the case that |V1p| is large by the formula the curvature x
is small if the level sets do not oscillate.

In all of our numerical experiments, we find no evidence of level set
oscillations. On the contrary, we observe that the level sets are flat-
tering where the gradient of p is growing.



Numerical simulations

We present two examples of numerical simulations for solutions of
the 2DPM with initial data in a period-cell [0, 27]2.

This numerical method is similar to the scheme developed by E and
Shu 1994,

This algorithm is the standard Fourier-collocation method.
We smooth the gradients adding filters to the spectral method.

For the temporal discretization, we use Runge-Kutta methods of var-
lous order.



Initial resolution of (256)2 Fourier modes. Preserving the relation
space-time, we conclude our numerical simulations with a resolution
of (8192)2 Fourier modes.

Evolution of p in Case 1:pg(x1,25) = sin(xzq) sin(x»), fort =0,3,6,8.5.




Evolution of the level sets -0.999, -0.99 (on the left) and 0.99, 0.999
(on the right) of pin Case 1 (t=0,3,6).
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In order for the two graphs f;, fr to collapse at time T in any inter-
val zo € [a,b], i.e., limy_p [fr(xo,t) — fi(x5,t)] = O0Vxs € [a,b], it is



necessary that

[ Iwllso(s)ds = o
0 > '

Assume that the minimum and maximum of § are comparable:
Mind(zo,t) < cmaxd(xo,t) Vzo € [a,b].
Then we can obtain an evolution equation for the area
1 b
A®) = [ [fr(e2,D) = fiaz, ]

satisfies (Cérdoba—FefFermanOQ)

< >\ SUp_ (@2, 1), 22,6) = (fil@z, ), 22, 1)

_b_ ailjg



Using that for any z,y € R?

[P (x,t) — Yy, )| < C(|polloo, llpollz2) |z — y|(1 — Injz — y|),
we get that the area A(t) is bounded by

t

A(t) > Age™ ¢

Evolution of the L°°-norms of Vp, v and the Riesz transforms (R1p, Rop)
for Case 1




Evolution of the density in Case 2 p(x1,25) = sin(xq1) cos(xo)+cos(xq)
fort=20,3,6,9




Evolution of around p(x1,22) =1 in Case 2 fort=0,1.5,3,4.5,6,7.5.




Level contour (0.98,0.99,1.0,1.01,1.02) of p in Case 2 for times t =
7.5,8,8.5,9.




INTERFACE DYNAMICS

The model: two fluids with different densities, so p is given by

- P1, {y> f(ajat)} :Ql(t)a
ple,y:t) = { oo {y < fz,0)} = Qa(D),

where f(x,t) is the interface. This is known as Muskat problem
(1946), worked by Saffman-Taylor 1958, Escher-Simonett 1997, Siegel-

Caflish-Howison 2004, Ambrose 2004.

We consider z € R with f(z,t) vanishing at infinity, or f(x,t) periodic
with z € T. We have

Vo= (p2 — p1)(1,0:f (2, £))5(y — f(a,1)).



and the velocity reads
v = —0; ATV,

the velocity can be written as

) 1,0 —o,t d
U(aﬁ,y,t)Z—BPV (27 wf(x (8 ))Cl{ 0427
w ) a2+ (y—f(z—a,t))
where p is denoted by
5= P2 — P1
2 Y
and the principal value is taken at infinity.

When y approaches f(x,t), the velocity presents a discontinuity in the
tangential direction, as the vorticity is concentrated on the interface.



The velocity in the tangential direction does not affect the shape of
the interface because only moves the particles on the curve f(xz,t)
(Hou, Lowengrub, Shelley 94)

We introduce a term of the form A(z,t)(1,0,f) which yields

v1(z, f(z)) =0,

and we obtain the contour equation (CE)

(Orf(x,t)—0zf(x —a,t))cx
a®+(f(z, 1)~ f(z — a,t))?

filz,t) = BPV/ dov,
[N
R

L f(2,0) = fo(z).



The unstable case

Let s > 3/2, then for any fg € H?, (CE) is ill-possed for py < p1; i.€.
for any € > 0 there exists a solution f of (CE) and 0 < § < € such
that [|follgs <e and || f||gs(8) = oo.

Idea: Ignoring the terms of order two in (CE), we have that for small
solutions f(x,t) it is satisfied

ft(ﬂ?,t) — —ﬁ/\f(ﬂf,t),
f(z,0) = fo(x),
where A = (—A)1/2. By taking the Fourier transform, we get
F(&) = fo(&)e Pl
and we obtain an ill-posed problem for p < 0 with general initial data
in Sobolev spaces. Dombre-Pumir-Siggia 1994.



T he stable case

Local existence: Let fop € H° for s > 3 and p > 0. Then there
exists a time T > 0 so that there is a unique solution f of (CE) in
C1([0,T]; H®) such that f(z,0) = fo(x).

Using an approximation of the equation (CE) given by

o Af)
ft(z,t) = T PIF(0uf (2,6))2’

f(x,0) = fo(z).

We have that
d
A5 < Cl Al

for C and k£ > 2 fixed constants. Integrating in time we obtain
existence.



Mass conservation: Region U equal to T or R. By using the equation
(CE), we have

| fi(at) do =
= Pk B e taa o
— ngV/R /Uc‘?x arctan (f(x’t)_f(x_a’ t))d:cd,a =0

(87

Maximum principle: Let fo € H®° with s > 3, then the solution of the
system (CE) satisfies

[f1[zoo () < |l foll oo



Global solution for small initial data:

1. Let fog € H® with s > 3, and |0z fo|l~ < 1. Then the solution of
the system (CE) satisfies

|0z flLoo(t) < 1.

2. If the following norm of the initial data is small:

> 1€l Fo (&),

then there exist global-in-time solution.



Numerical simulations

We study the periodic case. We consider the following contour equa-
tion (CEM)
e —w4tan2(%) @D - fe—a t))2

This equation is not exactly (CE) because we modify the integral
equation introducing the tangent function.

An equivalent equation to (CE) in the periodic case is given by

P (Ozf(z,t) — Oz f(x — a,t))x
Ta? — (f(z,t) — f(z — a,t))?

+ g/jf(axf(x’ t) — Oz f(x — a, t))Qf($7 a)da,

ft(z,t) = P¢(z, a)da



with
Pf(.CIZ,Oé) — P(oz,f(a:,t)—f(m—oz,t)),
Qflx,a) = Q(a, f(z,1) — f(x —a,1)).
This formula is obtained making a similar analysis as in Stein-Weiss

1971, and using the kernel of the integral operator —8;,;A—1 in the
periodic setting

Kp(xvy) — _217'(' <Zl?2 _T_ yzp(xay) + Q(xay)> .

We can choose the function P satisfying that

P(xz,y) € CF(T xR), P >0,
supp P C {z2 4+ y2 << 1},
and P(_xa_y) — P(xvy)a

and the function Q(z,y) belongs to Cp°(T x R) and Q(0,0) = 0.




Due to the fact that L° norm of the solutions decreases (see principle
maximum), and for a << 1 we have 2tan(a/2) ~ «, then the singular
part of the equation (CE) can be approximated by the one given in
(CEM). The modification is natural to work with periodic interfaces
(see Baker-Meiron-Orzasg 80, H-L-S 94).

The Case 1 is defined by the following initial data

o(x) 0<z<(0.8)r
f1(x) =< o(x) — h(zx) (0.8)r <z < (1.2)w
o(x) (12))r <z <2rm
with

__aind _ 11 2\’
o(z) = —sin*(z) and h(:c)—ﬁ(l—S(;—l) ) |



The initial data of Case 2 is given by

( . _
Slnf”(ghg(c)O xo < x < 1
1 r1 <x<xTo
r) =19 _. _
f2(=) S|n3($23hom) ro < x < T3
\ O otherwise

where g = 7'('(1 — ho)/Q, r1 = ﬂ'(l -+ ho)/2, ro = 7'('(3 — hO)/Q and
x3 = w(3 4+ hg)/2 with hg = 1/16.



Evolution of f and of the logarithm of L°-norms in Casel.
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Evolution of f and of the logarithm of L°-norms in Case 2.
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