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1. Introduction

Standard (single-field, slowroll) inflation predicts scale-
Invariant curvature perturbations.
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- CMB (WMAP) is consistent with the prediction.
perturbation theory seems to be valid.



- S0, Why bother doing more research on inflation?
Because observational data does not exclude other models.

Tensor perturbations have not been detected yet.
T/S ~ 0.2 - 0.3? or smaller?

- In fact, inflation may not be so simple.
multi-field, non-slowroll, extra-dim’s, string theory...

- PLANCK, CMBpol, ... may detect

T=Y i 1:NL\Pzgauss-l_ " LN

gauss

- Nonlinear backreaction on superhorizon scales?

Re-consider the dynamics on super-horizon scales



2. Linear perturbation theory

* metric on a spatially flat background  (g,,=0 for simplicity)
ds? =—(1+2A)dt? +a*(t)| (1+2R)5; + H, |dx'dx]

() (F) =00,

(1) 2 Idf

(H; ) =transverse-traceless
X'= const.

e propertime along x'= const.: dzr=(1+ A)dt

€) 4 (3)

o curvature perturbation on 2(t): K == R = __zA R
a

. (3)
» expansion (Hubble parameter): H = H (1— A)+at {RJ%A E}



- Choice of time-slicing

» comoving slicing T“ =0 (¢=g(t) for ascalar field)

|
matter-based slices

 uniform density slicing -T°; = p = p(t)

e Uniform Hubble slicing 1 G
H=H(t) < -H A+&[R+§A E}:O
o flat slicing (E\)) _ —iZZ)R:O S R=0
a

e Newton (shear-free) slicing

scalar 1 ©
o, | Hy | z[aiaj—gaj A}atho < 8E=0 < E=0

traceless

comoving = uniform p = uniform H on superhorizon scales



- 0N formalism In linear theory

e-folding number perturbation between X(t) and X(t;.):
SN (tit, )=["H dr—( "H dr)

background

_j“”a [mli’E}dt—R( )~ R(t)+0(&?)

A A
— i L =) me
ZO (tfin) /
éN(t’tfin) [ NO(titfin)
>, (T
o (D) //;\\\ -7z (1), R(t)
X!'=const.

oN=0 if both Z(t) and Z(t;,) are chosen to be ‘flat’ (R=0).



Choose and 2(t;,) = comoving:

A

— e

A

_ Z(tfin)’ 7-‘)/C(tfin)

= 5N (t tfln) Rc(tfin)

I=const.

L curvature perturbation on comoving slice

The gauge-invariant variable ‘C’ used in the literature
IS related to R. as = -R.0r € =R;

By definition, oN(t; t;,) IS t-independent




Example: slow-roll inflation

o single-field inflation, no extra degree of freedom

Rc becomes constant soon after herzon-cressing (t=t;):

SN (t,;t: )=R (ti ) =R (L))

log L
A

inflation =—

> log a

t=t, - =ty



Also oN = H(t,) ot-_- , Where ot-_ IS the time difference
bebween tite comoving and flat slices at t=t;..

>(t) : comoeving o)
— &F_’C&/

?: (th +ot; ¢, Xi):¢c (th) - O +¢5(th)5tF—>C =0

=0, R=R,

H

- RC( fln) 5N (th’tfln) d¢/dt §¢F(th)
dN
:d—¢5¢F( )

Only the knowledge of the background evolution

IS necessary to calculate R.(t;,) -



e 5N for a multi-component scalar:
(for slowroll inflation)

R ot ) = °(t)

N.B. R (=€) Is no longer constant in time:

Ro(t)=-H

- fime varying even on
H H superhorizon scales

z H*(t,)
(Rl (tm)) = [VNIF o = [VN]f
(27)
Further extension to non-slowroll case Is possible, If
general slow-roll condition is satisfied at horizon-crossing.

-=0(&),..,, £<1



3. Nonlinear extension

» On superhorizon scales, gradient expansion is valid:

ﬂ.Q < EQ ~HQ; H~Gp
OX' ot

This Is a consequence of

light cone =~/ =

Y

o At lowest order, no signal propagates in spatial directions.

Field equations reduce to ODE’s



- metric on superhorizon scales

e gradient expansion:
0, —> &0, , & =expansion parameter

* Metric:
ds? =—NZdt® +e* y, (dx' + g'dt)(dx’ + p’dt)
det 7, =1, f'=0(¢)

1 k= the only non-triviall assumption
contains GW (— tensor) modes

a(t,x')=Ina(t)+y(t,x"); v ~ curvature perturbation
1 e.g., choose y (t.,0)=0

fiducial “background’



» Energy momentum tensor:
T = pu”u” + p(g‘” +u“uv); uv,T% =0

d

:>d—p+Vﬂu“(p+ p):O, Vﬂuﬂ :36ta
T

+O(52)

. ) i U
assumption: v EFZQ(E) — U= = O(e)
(absence of vorticity mode)  yr N~

 |Local Hubble parameter:

H %Vﬂn” :évﬂu“ +O(52)

nﬂdx” =—Ndt ---normal to t = const.

At leading order, local Hubble parameter on any slicing Is
equivalent to expansion rate ofi matter flow.

So, hereafter, we redefine I:I to be H E%Vﬂu”



= Local Friedmann equation
Flz(t,xi):%p(t,xi%ro(é‘z)

X' : comoving (Lagrangean) coordinates.

C%p+3I:I (p+ p):O

dz= Ndt: proper time along matter flow
- exactly the same as the background equatiens.
‘separate universe”
¢ unifierm: o slice: = uniferm Hublkle slice: = comoving slice
as in the case of linear theory

- no modifications/backreaction due to super-Hubble

perturbations. cf. Hirata & Seljak ‘05
Noh & Hwang ‘05



4. Nonlinear AN formula

- energy conservation:
(applicable to eacin independeint matter component)

0P 2 a = 2
O(e?)=-8,a=—| =+0w |=—HN +0
3(p+p)+ (5 ) N4 (a+ tl//j N + (8 )
- e-folding number: : ,

t, 0,0

. t2~
N(Qiﬁﬂ)ztlHAMt:—gtlp+P

where x'=const. is a comoving worldline.

dt

This definition applies to any choice of time-slicing.

— w(tz,x‘)—gy(tl,x‘): AN (tz,tl;x‘)
where

i Ly a(tz)
AN (tz’tl’x )E N(t21t1’x )_In(a(tl)]




- AN - formula

Let us take slicing such that 2(t) Is flat at t =t
and uniform density/uniform H/comoving att=1t,[ 2. (t,) | :

+ 3.(t,) : uniform density

/\\y\_/ p (t,)=const.
N (t,,t;;X) .
2-(t)) : uniform density__ o (t;)=const.
/ANF@/

w (t)=0

N (t,,t;;x") = N,(t,,t,)+ AN,
N, (t, t,) = In[a(tz)

a(t,)

] between 2. (t,) and = (t,)



Then

suffix C for / /
where AN Is equal to e-folding number from to X.(ty):
¢ (t2) c(t) O
ANFz—ijz W P dt+ij2 2 9P gt
3 P+ P N 3 P+ P
N P | g
3 p+P|

For slow-roll inflation in linear theory, this reduces to

Ve (tz) = Rc(tz) =oN (tl;tz) = H (tl)é‘tFaC = {Z S;Ia

24 } (t,)



AN for ‘slowroll’” inflation

o In slowroll inflation, all decaying mode solutions of the
(multi-component) inflaton field ¢ die out.

o | ¢ Is slow rolling when the scale of our interest leaves the
horizon, N Is only a function ofi ¢ (iIndep’t of dg/dt, apart
from trivial dep. on time t;, from which N is measured), no
matter how complicated the subseguent evolution would be.

e Nonlinear AN for multi-component inflation :
AN =N (4" + 59" )= N (¢")
1 0"N
— 00200 - Sd™
;n!awaqﬁ O’ o ?
where op=o¢ (on flat slice) at horizon-crossing.
(0g= may contain non-gaussianity from subhorizon interactions)




. Caveat (may not be so important, but ...)

In/linear theory, oN can be evaluated for each Fourier mode
at horizon-crossing k=aH (t=t,) during inflation.

This is no longer possible for nonlinear AN because it Is
formulated in real space.

We must evaluate AN at t=t. (>t,) when all the relevant
scales are outside Hubble horizon.

Linear (Gaussian) random field op- must be evoelved to t=t. :

5P (t,,X) = j 3,2( .00 (t,)e" +h.c.)

For slowroll mflatlon

(Pk()— ¢

2

o () 47k’ 2 (H
a¢ J (272_)3 ‘gpk(tk)‘ _(272_)

ty




simple solvable (hybrid-type) model

V(g)=V, exp{ ZmA¢A} 3H* =V (¢) 8aG=1

0 0,V 0,V
e Lol o Dl mig, = ¢, =C,(A)exp[-miN]

A=(A,4,....4,, ) parametrizes different trajectories

Inflation assumed to end at ) m,¢;=D* set N - N_,—N
A
For M=2: m{¢, = DcosA exp| m{N |, mg, = DsinA exp| m;N |

9,
A vV

)
Ny .




= 2 mygrexp| 2M;N | =D* - N =N(4.¢, dy)

Power spectrum (linear oN):

47K b =(R? (t ), =(6N?), :(zH_ﬂjz Z( 7 T

(27 S\ og, ),

For 2-component field,

oN  m/cosdexp[-m/N] oN  m;sin Aexp[-m;N]

0¢, D(m7cos’A+misin®2)’ 84, D(mfcos® A+m;sin® 1)

In general,
N _ n,(2)mj exp[-m;N]
0y D2 m(hmg
B

Nonlinear AN can be easily evaluated to an arbitrary order:

D ni(A)=1.

1 0"N



- Diagrammatic method for nonlinear AN

(still primitive; need to be elaborated)

N,... DN
;ZAN ZZ A:’]l - 5¢A&§¢A2 5¢An ; NMAz---An = 8¢A18¢A2 6¢Ah

‘basic’ 2-pt function: (54" (x)5¢°(y)) = hA'B\(¢)GO(X—y)

og IS assumed to be Gaussian
for non-Gaussian og, there will be basic n-pt functions

e connected n-pt function of C:
2-pt function

(£()E(Y)), = N, NAG (X —y)% N o NG, (x — )’

1

- X y +§NABCNABCGO(x—y)3+---

A A

A A A A
+ x<®.y+ X<Oy SEREEE
)

B BC BC




3-pt function

(C(DC(Y)E(2)). = NN s NEG (X —y)G,(y — z)+perm.
+ NN NG, (x-Yy)G,(y-2)G,(z —X)

1
+§ N ANABC N BCGO(X_y)zGo(y_Z)+ perm.

_|_..
X X
A AaC
A | +perm. + 2I'x A/ EC
A . y / 2
YB B B B
X
AIL
+ + perm. +
yA e 7 P



- IR divergence problem

Loop diagrams like
X

AaAC
AAC = NNy NGy (x-y)Gy(y-2)Go(z-X)
y Z
B B

In the m-pt function give rise to IR divergence in
the (m-1)-spectrum If P(k)~k"= with n < 1.

eg, the above diagram gives
P (K, Ky, Ky) ~ 8% (K, +K, +k;) [d*pP(P)P (I, + PP (I k, - pI)

SN o[l [S this IR cutoff physically observable?

(real space 3-pt fen Is perfectly regular it G,(x) Is regular.)



» Possible prescription for CMB (need justification)

Sachs-Wolfe: g(ﬁ)=za.mY.m(Q )N%‘I’(X nrg)
I,m 'T

conformal distance to LSS

consider a loop diagram of 2-pt function:

A A
% O y = NNGG(x-y)

- <a2

I Ioop Im loop

~ [ j J Kk P () i (ki) | kidk,P(k,) 7 (ko)

1|2

ngner 3J-symbol

The divergence disappears by excluding 1,=0 & 1,=0.



6. Summary.

© Superhorizon scale perturbations can never affect local
(horizon-size) dynamics, hence never cause backreaction.

nonlinearity on superhorizon scales are always local.

IHowever, nonlecal nonlinearity (non-Gaussianity) may:
appear due to guantum interactions on subhorizon scales.

© There exists' a nonlinear generalization of o/N formula Which
IS useful in evaluating non-Gaussianity from inflation.

elaboration of diagrammatic method may need to be done.

prescription to remove R divergence from loop diagrams
IS given. - need to be justified.
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