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MOTIVATION

The existence and properties of the black holes is the most non-trivial
prediction of the general relativity.

Black holes are believed to be
a very common object. They
are found in the centers of many
galaxies including Milky Way.

One may even observe the
individual star orbits in the
gravitational field of the black
hole.

Ghez et al, Astrophys.J. 620 (2005) 744
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The detailed properties of the black holes may become observationally
accessible in the near future. For instance, one will be able to measure the
black hole spin. 3

Fig. 1.| An image of an opti
ally thin emission region surrounding a bla
k hole with the 
hara
teristi
s of Sgr A* at the Gala
ti
 Center.The bla
k hole is here either maximally rotating (a� = 0:998, Figs. 1a-
) or non-rotating (a� = 0, Figs. 1d-f). The emitting gas is assumed tobe in free fall with an emissivity / r�2 (top) or on Keplerian shells (bottom) with a uniform emissivity (viewing angle i = 45Æ). Figs. 1a&dshow the GR ray-tra
ing 
al
ulations, Figs. 1b&e are the images seen by an idealized VLBI array at 0.6 mm wavelength taking interstellars
attering into a

ount, and Figs. 1
&f are those for a wavelength of 1.3 mm. The intensity variations along the x-axis (solid green 
urve)and the y-axis (dashed purple 
urve) are overlayed. The verti
al axes show the intensity of the 
urves in arbitrary units and the horizontalaxes shows the distan
e from the bla
k hole in units of Rg whi
h for Sgr A* is 3:9� 1011 
m � 3 �ar
se
onds.parti
ular example represents a modulation of up to 90%in intensity from peak to trough, and (2) the size of theshadow, whi
h here is 9:2Rg in diameter. This represents aproje
ted size of 27 �ar
se
onds, whi
h is already within afa
tor of two of the 
urrent VLBI resolution (Kri
hbaum etal. 1995). The shadow is a generi
 feature of various othermodels we have looked at, in
luding those with out
ows,
ylindri
al emissivity, and various in
linations or spins.To illustrate the expe
ted image for another extreme
ase, we show in Figure 1d the analogue to Figure 1a forthe 
ase with a� = 0 (i.e., no rotation), an emitting plasmaorbiting in Keplerian shells (as des
ribed above), and auniform j� for r < 25Rg. Even though these 
onditionsare distin
tly di�erent 
ompared to those of Figure 1a, thebla
k hole shadow is still 
learly evident, here representinga modulation in I� in the range of 50-75% from peak totrough (Fig. 1d), and with a diameter of roughly 10:4Rg.In this 
ase, the emission is asymmetri
 due to the strongDoppler shifts asso
iated with the emission by a rapidlymoving plasma along the line-of-sight (with velo
ity v�).The important 
on
lusion is that the diameter of theshadow|inmarked 
ontrast to the event horizon|is fairlyindependent of the bla
k hole spin and is always of or-der 10Rg. Indeed, this is 
onsistent with the observed0.8 mm size limit > 4Rg of Sgr A* from a la
k of s
in-tillation (Gwinn et al. 1991). The presen
e of a rotatinghole viewed edge-on will lead to a shifting of the apparentboundary (by as mu
h as 2.5 Rg, or 8 �ar
se
onds) withrespe
t to the 
enter of mass, or the 
entroid of the outer
emission region.Interestingly, the s
attering size of Sgr A* and the res-olution of global VLBI arrays be
ome 
omparable to thesize of the shadow at a wavelength of about 1.3 mm. Asone 
an see from Figures 1
&f the shadow is still almost
ompletely washed out for VLBI observations at 1.3 mm,while it is very apparent at a fa
tor two shorter wave-length (Figures 1b&e). In fa
t, already at 0.8 mm (notshown here) the shadow 
an be easily seen. Under 
ertain
onditions, i.e., a very homogeneous emission region, theshadow would be visible even at 1.3 mm (Fig. 1f).3. HOW REALISTIC IS SUCH AN EXPERIMENT?The arguments for the feasibility of su
h an experimentare rather 
ompelling. First of all, the mass of Sgr A* isvery well known within 20%, the main un
ertainty be-ing the exa
t distan
e to the Gala
ti
 Center. Sin
e,as we have shown, the unknown spin of the suspe
tedbla
k hole 
ontributes only another 10% un
ertainty, we
an 
onservatively predi
t the angular diameter of theshadow in Sgr A* from the GR 
al
ulations alone to be� 30 � 7�ar
se
onds independent of wavelength. As seenin Fig. 1, the �nite teles
ope resolution and the s
atterbroadening will make the dete
tability of the shadow afun
tion of wavelength and emissivity; however, the sizeof the shadow will remain of similar order and under no
ir
umstan
es 
an be
ome smaller.The te
hni
al methods to a
hieve su
h a resolution atwavelengths shortwards of 1.3 mm are 
urrently being de-

Falcke et al, ApJ lett, 528, L13 (2000)
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Can black hole properties serve as a discriminator between different models
of gravity?

The answer is not so obvious as black hole solution seems to be
“universal”: for instance, in the Brans-Dicke model the black hole solution
is identical to that of the Einstein theory, even though the gravitational law
is different. This is a consequence of the “no-hair” theorems.

Bekenstein PRD 5 (1972) 1239; PRD 5

(1972) 2403.

=⇒ It would be nice to have an alternative model of gravity where the
black hole solution is different from the standard one.

We address this question in the context of massive gravity.
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THE MODEL

The model we consider is the generalization of the ghost
condensate. It involves gravity and 4 scalar fields φ0, φi

which couple to gravity by the derivative coupling. The
action reads

Arkani-Hamed, Georgi,
Schwartz 2003;

Arkani-Hamed, Cheng,

Luty & Mukohyama
2004;

Dubovsky 2004

S =

∫

d4x
√
−g

{

−M2
PlR+ Λ4F (X,W ij)

}

where

X = gµν∂µφ0∂νφ
0

Vi = gµν∂µφ0∂νφi

Wij = gµν∂µφi∂νφj − ViVj/X

F (X, W ij) — an arbitrary function

Λ — cutoff scale
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There exists a Minkowski vacuum solution:

gµν = ηµν

φ0 = a t

φi = b xi

It breaks Lorentz invariance, but leaves rotational symmetry unbroken.

For this configuration Tµν may be set to 0 by the choice of a and b (discussed in detail

below).
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General classification of graviton mass terms:
Rubakov, 2004

Dubovsky 2004

The most general rotationally-invariant graviton mass term is

Lm = M
2
Pl



m
2
0h

2
00 + 2m

2
1h

2
0i − m

2
2h

2
ij + m

2
3(hii)

2
− 2m

2
4h00hii

ff

hµν — metric perturbations

Various cases:

Feirz-Pauli model: m2
0 = 0; m2

1 = m2
2 = m2

3 = m2
4.

Lorentz invariance: m2
0 = α2 + β2; m2

1 = m2
2 = −α2; m2

3 = m4
4 = β2.

Ghost condensate: m2
1 = m2

2 = m2
3 = m2

4 = 0.

Rubakov’s proposal: m2
0 = 0.
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We consider the case m2
1 = 0 .

Note: this relation can be ensured by imposing the symmetry xi
→ xi + ξi(t). This

case is phenomenologically very interesting.

One can show that in this case the resulting low-energy effective theory
has the following properties:

∗ No ghosts or UV instabilities

∗ No VDVZ discontinuity

∗ The cutoff scale is Λ =
√
mMPl

Dubovsky 2004
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Small perturbations

“Unitary gauge”: perturbations of Goldstone fields are zero. What remains
is:

δg00 = 2ϕ;

δg0i = Si − ∂iB;

δgij = −hij − ∂iFj − ∂jFi + 2(ψδij − ∂i∂jE),

∗ Tensor perturbations:

(−∂2
0 + ∂2

i −m2
2)hij = 0

=⇒ Two massive propagating degrees of freedom with the mass m2

∗ Vector perturbations: Like in GR: no propagating degrees of freedom.
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∗ Scalar perturbations: Gauge-invariant potentials ψ and
Φ = ϕ+ ∂0B − ∂2

0E:

ψ = ψE

Newton’s potential: Φ = ΦE + µ2 1

∂4
i

δT00

M2
Pl

where

µ
2
= m

2
2

3m4
4 − m2

0(3m2
3 − m2

2)

m4
4 − m2

0(m
2
3 − m2

2)

Note:

— µ goes to zero when all masses uniformly go to zero

— the extra term produces “confining” potential which goes like r
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∗ The condition µ2 = 0 can be imposed by setting

F (X,W ij) = F (XγW ij),

where γ is a parameter. Then graviton is massive, but Newton’s law
remains unmodified.

To summarize linear analysis:

∗ graviton has a finite mass m ∼ Λ2/MPl (just 2 polarizations!)

∗ the gravitational potential behaves like 1/r
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SCHWARZSCHILD BLACK HOLE

General spherically symmetric solution is too difficult to find =⇒ ask a
sumpler question:

Can one adjust scalar fields φ0 and φi so that the standard Schwarzshild
metric is a solution?

To answer this question one has to find such φ0 and φi that Tµν = 0 in the
Schwarzschild background.

Consider general expression for Tµν in the case F = F (XγWij).

Denote:
XγWij ≡ Zij; δF ≡ FijδZij

12
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Then

Tµν = 2Fij(Z)
{

γXγ−1Wij ∂µφ0∂νφ0 +
ViVj

X2
∂µφ0∂νφ0

+Xγ ∂µφi∂νφj −
Vi

X
∂µφj∂νφ0 −

Vi

X
∂νφj∂µφ0

}

−gµνF (Z)

where
X = gµν∂µφ0∂νφ0

Vi = gµν∂µφi∂νφ0

Wij = gµν∂µφi∂νφj −
ViVj

X
How at all this Tµν can be zero?!

13



SCHWARZSCHILD BLACK HOLE Benasque 2006

To see this let’s go back to the vacuum case.

Then

gµν = ηµν; φ0 = at; φi = bx
i

and one has

X = a
2
; Vi = 0; Wij = −b

2
δij; Fij = F̃ δij

Therefore,

T00 = −2F̃ γa
2γ−2

b
2
− F

Tij = (2F̃ a
2γ

b
2
+ F )δij

Thus in the vacuum one has Fij = 0 F = 0

=⇒ One has to require that in the black hole metric

Zij = XγWij = −δij

=⇒ One needs to solve (overdetermined) first order equations.
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This can be done for the Schwarzschild metric

ds2 =

(

1 − Rg

r

)

dt2 −
(

1 − Rg

r

)

−1

dr2 − r2(dθ2 + sin2 θdφ2).

One finds

φ0 = t+ 2
√

rRg −Rg ln

√
r +

√

Rg√
r −

√

Rg

φi = xi

These fields solve both the Einstein and field equations.

Note: this is the same field configuration as in the case of the ghost condensate model.

Mukohyama, PRD 71:104019, 2005
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KERR BLACK HOLE

This program fails in the case of the rotating black hole.

To see this one notes that in a particular gauge one has

Zij ∝Wij → (gij)
−1

=⇒ The requirement Zij = −δij implies that there exists a frame in which
the space part of the metric is conformally flat

Amazingly, precisely this question was addressed by people simulating
black hole merging. They have proven a
Theorem. There does not exist conformally flat slicing of a metric which
asymptotically goes to the flat space and has non-zero angular momentum.

Garat, Price PRD 61(2000) 124011;

Kroon Cl.Q.Gr.21(2004)3237
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=⇒ There do not exist fields φ0, φi which solve the equations Zij = −δij

=⇒ There does not exist a solution in our model with
the metric equal to the Kerr metric

17
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DISCUSSION

A natural question to ask now is: how does the correct solution look like?
The answer is not known. There is a number of possibilities:

• a static solution with a different metric and non-zero momentum? –
unlikely.

• permanent accretion? – unlikely

• no solution with a non-zero momentum at all? What happens then at
the collapse of the J 6= 0 matter? Is momentum radiated away?

• something else?...
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