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Let us consider only one generation of fermions (v, e, u, d).

In the IVB model lepton charged current and
electromagnetic interactions are

pyr7(+) em Ap
L= 2f(JW +he.) +eJA¥,
J, = 2 (Upyuer + Ury,.dr)
em — 2 — I =
J, = —eye+ gu%u — gd%d

Which involve three bosons W) and A, coupled to three
currents J,, JI, Js™. The generators of the group should be

the charges associated with those currents.
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Define the week and electric charges as

1
T, = §/d3xjo(x), T =T, Q= /d?’x]gm(x)
One can easily show that
T, T =215, [T3,7y] = +T%

in ferms of the ladder operators, however
1
T3 = §/d3x (VEVL — eTLeL + uTLuL — dTLdL)

cannot be expressed in terms of only the charge @:

[ Y
5‘]# I Q=T3+§
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1 _
Jo = — (v +erpen) + 5 (v, + diyds)

_ 4 _ 2
—263’)/”63 -+ guRfY,uuR — _dR/y,quR

3
The reasons

for that are obvious:
i) Q) is pure vector, while the SU(2) charges are

left-handed.
ii) If @ is going to be a generator of SU(2) it should be

traceless, with only electrons and neutrinos that is not
possible.

Additional independent generator 75 required to close
the algebra of SU(2) = additional gauge boson W .
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Contribution of this extra gauge boson, with its appropriate
non-Abelian couplings, essential o cure the bad high energy
behavior of v — W+ W~

Other choices to close the algebra need to introduce extra
leptons, which have not been observed, and do not predict

week neutral currents, which do have been observed.
One can also check that

Y, T =0, [V,T3]=0

therefore we can take the gauge group as the direct
product of SU(2) and and Abelian group with generator Y,
SU(2);, ® U(1)y and the electromagnetic charge will be just
a combination of Y and T5.
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Given the gauge group and its gauge field content

SU2), — W,, W;, W

one obtains the interaction Lagrangian by using the
covariant derivative

. y
d, — D, zé’u—igTWu—ig’gBu

while the strength tensors are

WW — 0MW,, — 0,,WH + g WM X Wy
B, = 0,B,—-90,B,
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then the Lagrangian for pure gauge fields is,
l o =, 1 Py
[:gauge - _ZWMVW - ZBM,/B .
it contains a non-Abelian with the exact

coefficient needed to solve the problems of the IVB model.
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In the one-family approximation we have seen that the
SU(2) is generated by the charges

T, = /d?’x (VZ@L +uEdL)
T = (1)
1 3 f f f f
Ty = 5 /d x (VLVL —erer +upur — chZL)
while
Y /d3 VLVL—I—QTLGBL)

= (ULUL - CZT dL)

3
4 2
—QGTRGR + guEuR = ngRdR]
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Y commutes with all T, then all members of the same SU(2)
multiplet should have the same hypercharge:

vy, and e;, should be organized into a doublet with Y = —1
left-handed quarks into a doublet of Y =1/3
right-handed fermions are singlets of SU(2).

LL = ( = ) it (1727_1)7
€L

en ~(1,1,-2), vg~ (1,1,0),

4
dR e (3717_3)7 Ur ~ (3717§>
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Right-handed neutrinos, are completely neutral with
respect to the gauge group and are not necessary. The
simplest choice is o remove them from the spectrum
(other choices will be discussed later on).

Given the gauge group and the fermion representations
we can immediately build the interacting Lagrangian by
changing ordinary derivatives by covariant derivatives.

This leads to the and
iInteractions.
In addition it the structure of the

interactions.
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Y assignment: it has been just a consequence of the
charge assignment of fermion charges Y = 2(Q — T3)
which was done on purely phenomenological grounds.

Since U(1)y is Abelian the theory does not say anything
about charge assignments, however our theory is chiral
and, chiral gauge theories could have if
charges are not assigned correctly. In the following
section we will show that with our hypercharge
assighments all pathologies cancel. In fact the
cancellation of those pathologies can be taken as a
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Anomalies could spoil the gauge invariance of a theory with
chiral fermions. To preserve the gauge invariance,

The contribution to the anomaly of triangle diagrams with
three gauge bosons G,, Gy, G. (associated to generators
T, T", T¢), is proportional to

A=Te ({121} ) e ({12, 79) T,

In our case the generators are 7% = 7%/2, Y.

Contributions of three W's or one W and two B's cancel
because Tr(77) = 0.

The only possible contributions come from two 17's and one
B or three B's.
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SU(2)*U(1) : Tr ({Ta,Tb}Y) =2 Y Y
doublets

1

U1 @ T(Y¥)e > Y- > Y

doublets singlets

= 2(—1)°+2Ng (;)3

1
= -6 (—1 + NC§>
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=
existence of complete families.

Anomalies involving gluons (or gravitons) and weak gauge
bosons also cancel with these assignments.

It is interesting to note that cancellation of all
anomalies and charges
in agreement with observed values.

More complete unification which could explain
representation assignments and anomaly cancellation.
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Each family contains 5 multiplets (6 if vz exist)
¢i . (QL) dR) UR, LL) eR)

then we can write the free Lagrangian for fermions as
Lo = Z ilzﬂ“au%

which has a SU(2);, @ U(1)y symmetry.

Note that by the global
SU(2), ® U(1)y invariance: Masses involve left-handed
fields and right-handed fields, since left-handed fields
are doublets and right-handed fields are singlets:
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To find the interacting Lagrangian promote the

To
Y-
Outts = Dyt = (0 — i9TW,, — ig'~ By )
with T = 7/2 acting on doublets and 7' = 0 acting on singlets.
Then }
Lw . Z i¢i7MDu¢i
which correctly generates and

Neutral currents appear in terms of W3 and B which at this
point are unphysical because they are massless.
Physical particles, with definite mass, are the

- which will be a . This can
be’r’rer' seen after SSB.
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To give masses to the W= and the Z via the Higgs

mechanism we need to introduce a set of scalars in such a
way that the symmetry is broken according to the following
pattern

SU(2), ® U(L)y = U(1)g

this requires at least three real scalars (to be absorbed
by the W=, and the Z) and of them in
order to be able to develop a charge conserving VEV.

In addition we would like the SSB mechanism to be able to
generate also fermion masses. We have seen that fermion

mass terms are doublets, therefore a will
satisfy all these requirements

(ZZ) Y(@)=1
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We add the Lagrangian
Lo = (D,®)" DFd — V(D)

with
V(®) = p? @70 + )\ (BTD)?

For 1 < 0 there is SSB. To preserve the
symmetry we choose the VEV of the doublet scalar as

B B 0
(@) = (0] @0) = (/ﬂ)

where
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In this case the corresponding gauge boson, the photon,
. In order to reach the physical spectrum
we parametrize the doublet scalar as

o \+/§H) exp (i?@%) (1)

which is written in terms of four real fields, the
and the

Gauge invariance allows us to choose ¢ at will. The

, removes all unphysical degrees of
freedom from the spectrum.
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Substitution in L4 leads to

B T g (w+H) [0
Lo = (({L ngWM ZQBH> 7 <1>
(0 H)® (v H)

2 4 '

—

We find a mass term for the Higgs boson,
my = v/—2u? = vV2A v, and mass terms for the gauge bosons

2

Ly = g (Wiw+w2w)
2
v
+ SO W, W —29¢ W, B + "B, B"
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the W, and W7 are degenerate and can be combined into
fields of definite charge

Wj:\}?(Wj$iW2)

the W and the B, mass terms can be rewritten in matrix

form as
2 2 / 3
v 3 g° —9g 4%
g (W,LHBM) ( i / /12 ) ( BM )
g4 g L

which can be diagonalized by an orthogonal transformation
leading to two eigenstates, that we will
identify with the and the other

which will be identified with the
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i COS@WW;?—SinHWBM

Ay = SiHHWW;j—I—COS@WBH

with tan 0y = ¢'/g .
When rewriting L, in terms of the mass eigenstates we will

see that this is the correct identification.
Then the mass terms are written as

1
Lar = my Wy W=t 4 omp 2,24

with
2 2 2 2

2 2 ) /2 (% g
Myy = —9g , my — — + —
W g 7 (g% +g") T o2 0
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The precise relationship between masses and the mixing
cos Oy, (which also gives the

)

2
My

— e —— 1
“ m7, cos? Oy

is a consequence of an accidental symmetry (the custodial
symmetry) of the Higgs potential for doublets. This
symmetry does not exist is for other multiplets of scalars.
The custodial symmetry is also broken by other pieces of
the Lagrangian (B-interactions and Yukawa couplings). This
will show up at the loop level in corrections to the p
paramefter.
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For N, families of fermions (and no vz's) we can write the
Yukawa interactions

L:Y — —ELY;(I)GR — @Lqu)dR — QLYu(iUR -+ h.c.

where, L;,Q;,er, dg,ur are all vectors in family space and

® = i7,®* is an iso-doublet with Y (®) = —1. The Yukawa
couplings, . are

The gauge-kinetic part of the Lagrangian is mvaman’r under
the following transformations in family space:

Ly — ULy, er— Ueer,
QLHUQQL, dR%UddR, UR%UUUR

where all the U's are unitary matrices.
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The Yukawa Lagrangian,however, is not invariant,
Yo = ULY.Ue, Yo—ULYUs, Y, = UGYU,

Yukawa couplings related by these transformations are

Choose U;, and U. to make Y. and
Choose U, and U, to make Y, and
Choose U, to make Y (we cannot longer use U to

make it diagonal).
After SSB we obtain

H _
Ly = —(1 —+ ?) (GLMGQR +dy Midp + upMyup + hC)
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where (M, and MM, and M, hermitian)

M, =Yw/vV2, My=Yw/vV2, M,=Y,v/vV2
The full Lagrangian is invariant under phase transformations
LL—>KLLL, GR_>KL€R

with K a diagonal matrix of phases:

To diagonalize /\/, we use a unitary matrix V
My =VDVT

and then perform the following transformation on the
d-quark fields
CZR — VCZR, CZL — VCZL
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Does not leave gauge interactions invariant, since it only
transform one component of the quark doublet.

Neutral current interactions have the form dzv*dz and

drv*d; then V cancels in neutral current interactions:
(GIM mechanism).

However, it does show up in charged currents. The
replacement d;, — Vd; immediately leads to the following
charged current interactions:

ECC — & {W: [’L_LL’Y’M dL—FDLy“eL] +h.C.}

V2

cannot be removed completely from the Lagrangian.
Is a physical quantity (the mixing matrix)
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