
3 Renormalization Group

• Running Coupling

• Asymptotic Freedom

• Running Mass

• Renormalization Group Equations

• Scaling

• Effective Field Theory

• Wilson Coefficients
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EFFECTIVE (RUNNING) COUPLING

αR(µ2) = α0 µ2ε
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2π
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+ C ′

]

+ · · ·
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Beta Function:

µ
dα

dµ
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One Loop:
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QED (Nf = 1):

βQED
1 =

2

3
α(Q2) Increases with Q2 ≡ −q2

α(Q2) =
α(Q2

0 )

1 − β1
α(Q2
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2π

log (Q2/Q2
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Virtual f f̄ Pairs in

QED Vacuum

Polarized Dielectric Medium

Charge SCREENING at Large Distances

α = α(m2
e ) = 1/137 < α(M2

Z ) = 1/129
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QCD:
+ + + + . . .

+ + + + + . . .
++ + + . . .

+ · · ·

βQCD
1 =

2NF − 11NC

6
< 0 lim
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→∞

αs(Q
2) = 0
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ASYMPTOTIC FREEDOM

α(Q2) =
α(Q2

0 )

1 − β1
α(Q2

0 )

2π

log (Q2/Q2
0 )
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α(Q2) =
α(Q2

0 )

1 − β1
α(Q2

0 )

2π
log

(

Q2/Q2
0

)

QED:

βQED
1 =

2

3

∑

f

Q2
f Nf > 0 lim

Q2
→0

α(Q2) = 0

Quantum corrections make QED irrelevant at low energies

QCD:

βQCD
1 =

2NF − 11NC

6
< 0 lim

Q2
→0

αs(Q
2) = ∞

Quantum corrections make QCD relevant at low energies
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α(Q2) Sums the Leading Logarithms

T (Q2) ∼ α(µ2)

{

1 +
β1

2

α(µ2)

π
ln

(

Q2/µ2
)

+ · · ·

}

∼ α(Q2) =
α(µ2)

1 − β1

2
α(µ2)

π
ln (Q2/µ2)

= α(µ2)
∑

n=0

[

β1

2

α(µ2)

π
ln

(

Q2/µ2
)

]n
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2 Loops (NLO)

βQED
2 =

NF

2
; βQCD

2 = −
51

4
+

19

12
NF

(βQCD
2 < 0 if NF ≤ 8)

+ ...

µ
dα

dµ
= α β(α) = α

"

β1
α

π
+ β2

„

α

π

«2

+ · · ·

#

α(µ2) =
α(µ2

0)

1 − β1
2

α(µ2
0)

π ln
(

µ2

µ2
0

)

− β2
2

(

α(µ2
0)

π

)2
ln

(

µ2

µ2
0

)

α(Q2) sums the leading
[

α(µ2
0) ln

(

Q2/µ2
0

)]n
and

next-to-leading α(µ2
0)

[

α(µ2
0) ln

(

Q2/µ2
0

)]n
logarithms
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RUNNING MASS

µ
dm

dµ
= −m γ(α) = −m

[

γ1
α

π
+ γ2

(α

π

)2
+ · · ·

]

ln

(

m

m0

)

=

∫ m

m0

dm

m
= −

∫

µ

µ0

dµ

µ
γ(α) = −

∫

α(µ2)

α(µ2
0)

dα

α

γ(α)

β(α)

m(µ2)

m(µ2
0)

=

[

α(µ2)

α(µ2
0)

]

−γ1/β1
{

1 +
β2

β1

(

γ1

β1
−

γ2

β2

)

α(µ2) − α(µ2
0)

π
+ · · ·

}

QED: m = Z2Z
−1
4 m0 =

[

1 −
α0 µ2ε

4π

3

ε̂

]

m0 γQED
1 =

3

2

γQED
2 =

3

16
−

5

12
NF
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m is a “renormalized” coupling

Depends on:

• The scale: m(µ2)

• The scheme: MS

• The QED/QCD Effective Field Theory

(the number of active flavours NF )

Matching Conditions
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QCD:

Known to 4 loops: Chetyrkin, Vermaseren-Larin-Ritbergen

NF = 3 :

β1 = −4.5 , β2 = −8 , β3 = −20.12 , β4 = −94.46

γ1 = 2 , γ2 = 7.6 , γ3 = 24.84 , γ4 = 88.53

Good perturbative convergence

mq(1 GeV
2)

mq(M
2
Z )

= 2.30 ± 0.05
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POLE MASS M ≡ Pole of the renormalized propagator

M = m

{

1 + r1
α(m)

π
+ r2

(

α(m)

π

)2

+ · · ·

}

; m̄ ≡ m(m2)

r
QED
1 = 1 ; r

QCD
1 =

4

3

QED: Natural definition. M ≡ physical mass

QCD:

• Confinement: Quarks are not asymptotic states

Is there any physical quark pole ?

• M is defined perturbatively

• Bad convergence of perturbation theory
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QCD MATCHING

(µ > M) L
(NF )
QCD L

(NF−1)
QCD +

∑

di >4

ci

Mdi−4
Oi (µ < M)

α(NF )
s (µ2) = α(NF−1)

s (µ2)







1 +

∞
∑

k=1

Ck(L)

[

α
(NF−1)
s (µ2)

π

]k






L ≡ ln
(

µ2/m2
q

)

m(NF )
q (µ2) = m(NF−1)

q (µ2)







1 +
∞
∑

k=1

Hk(L)

[

α
(NF−1)
s (µ2)

π

]k






• Matching conditions known to 3 loops: C1,2,3 , H1,2,3
(Chetyrkin et al, Larin et al)

• L dependence known to 4 loops: C4(L) , H4(L)

• αs(µ
2) is not continuous at threshold
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RENORMALIZATION GROUP EQUATION

R dimensionless observable depending on a single scale Q (m = 0)

• Naive scaling: R(Q2) = constant

• Renormalizable QFT: R = R [Q2/µ2, α(µ2)]

R does not depend on µ:

µ
dR

dµ
= 0 =

(

µ
∂

∂µ
+ µ

∂α

∂µ

∂

∂α

)

R =

(

µ
∂

∂µ
+ β(α) α

∂

∂α

)

R

i.e. R [Q2/µ2, α(µ2)] = R [1, α(Q2)]
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. . .

p
1

p
N

p
2

3
p

Γ0(pi ;α0 ,m0 ; ε) = ZΓ(ε, µ) Γ(pi ;α,m;µ)

(

µ
d

dµ
+ γ

Γ
(α)

)

Γ = 0 ; γ
Γ
(α) ≡

µ

ZΓ

dZΓ

dµ

(

µ
∂

∂µ
+ β(α) α

∂

∂α
− γ(α) m

∂

∂m
+ γ

Γ
(α)

)

Γ = 0

Γ[pi ;α(µ2),m(µ2);µ] =

Γ[pi ;α(µ2
0
),m(µ2

0
);µ0 ] exp

{

−

∫ α(µ2)

α(µ2
0
)

dα

α

γ
Γ
(α)

β(α)

}
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SCALING: Γ(ξ pi ; α, m; µ) = ξdΓ Γ(pi ; α, m/ξ; µ/ξ)

{

ξ
∂

∂ξ
− β(α) α

∂

∂α
+ [1 + γ(α)] m

∂

∂m
−

[

dΓ + γ
Γ
(α)

]}

Γ(ξ pi ; α, m; µ) = 0

Γ[ξ pi ;α(µ2),m(µ2);µ] =

ξdΓ exp

{

∫ α(ξ2µ2)

α(µ2)

dα

α

γ
Γ
(α)

β(α)

}

Γ[pi ;α(ξ2µ2),m(ξ2µ2)/ξ;µ]
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EFFECTIVE FIELD THEORY

L =
1

2
(∂φ)2 +

1

2
(∂Φ)2 −

1

2
m2φ2 −

1

2
M2Φ2 −

λ

2
φ2Φ

σ(φφ → φφ) ∼
1

E 2
×







(λ/E )4 , (m � M � E )

(λ/M)4 , (m,E � M)

+ + = E,m � M

λ2

s − M2
= −

λ2

M2

∑

n=0

s

M2
Leff(φ) =

∑

i

ci Oi (φ)

[Oi ] = di ; ci ∼
λ2

M2

1

Mdi−4
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One–Loop: Leff =
1

2
a (∂φ)2 −

1

2
b φ2 + c

λ2

8M2
φ4 + · · ·

= +

0 1

+

+ · · · = + · · · +
0 0 1

a = 1 + a1
λ2

16π2M2
+ · · · ; b = m2 + b1

λ2

16π2
+ · · ·

c = 1 + c1
λ2

16π2M2
+ · · · ; · · ·
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Wilson Coefficients: L =
∑

i

ci

Λdi−4
Oi

〈Oi 〉B = Zi(ε, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0

(

µ
d

dµ
+ γOi

)

〈Oi 〉R = 0 ; γOi
≡

µ

Zi

dZi

dµ
= γ

(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·

µ
d

dµ
ci (µ) 〈Oi 〉R = 0

(

µ
d

dµ
− γOi

)

ci = 0

ci (µ) = ci (µ0) exp

{
∫ α

α0

dα

α

γOi
(α)

β(α)

}

= ci (µ0)

[

α(µ2)

α(µ2
0)

]γ
(1)
Oi

/β1
{

1 + · · ·

}
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