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Gauge Symmetry

Quantum  Electrodynamics (QED)

SU(N) Algebra

Non-Abelian Gauge Symmetry

Quantum  Chromodynamics (QCD)

Gauge Fixing
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( )i mµ
µψ γ ψ= ∂ −LFREE  FREE  DiracDirac fermion:fermion:

PhasePhase InvarianceInvariance:: ;e eiQ iQθ θψ ψ ψ ψ ψ ψ−′ ′→ = → =

Absolute phases are  not observable  in  Quantum  Mechanics

GAUGE  PRINCIPLE:GAUGE  PRINCIPLE:
PhasePhase InvarianceInvariance shouldshould holdhold LOCALLYLOCALLY

( )xθ θ=

( )eiQ i Qθ
µµ µ θψ ψ∂ → ∂ ∂+BUTBUT

SOLUTION:SOLUTION: CovariantCovariant DerivativeDerivative

( ) eiQAD i De Q µµ µ µ
θψ ψ ψ≡ ∂ − →

One needs a spin-1 field satisfyingAµ
1A A
eµ µ µθ→ + ∂
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( )i D mµ
µψ γ ψ−=L

( ) ( )ei m Q Aµ
µ µ

µψ γ ψ ψ γ ψ= ∂ − +

γ

ψ
e Q

ψ

KineticKinetic termterm::

1
4K F F µν

µν= −L ( )eF Qµν ν
µ ψ γ ψ−∂ = MaxwellMaxwell

21
2M m A Aµ

γ µ=L

MassMass termterm::

NotNot GaugeGauge InvariantInvariant 0mγ =

16[ exp: m 2 10 eV ]γ
−< ⋅

GaugeGauge SymmetrySymmetry QEDQED DynamicsDynamics
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SuccessfulSuccessful TheoryTheory
γ

e+

µ −

µ+

e−

AnomalousAnomalous MagneticMagnetic MomentMoment

2l l
l

g e
m

µ ≡

1 ( 2)
2l la g≡ −

11(115 965 218.59 0.38) 10ea −= ± × 1 137.035 999 11 0.000 000 46α− = ±

11th (116 591 922 88) 10aµ
−= ± × 11[ Exp: (116 592 080 60) 10 ]−± ×
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C 3N =

q
q

q⎛ ⎞
⎜ ⎟≡ ⎜ ⎟
⎜ ⎟
⎝ ⎠

q
FREE  QUARKS:FREE  QUARKS:

[ ]i mµ
µγ= ∂ −q qL

SU(3)   SU(3)   ColourColour SymmetrySymmetry::

†;→ →q q q qU U

† † ; det 1= = =U U U U 1 U
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α

β

α β
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AB  AB  -- BA  BA  =  C=  C

A

B

BBAA

BB CC
AA
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† †matrices: ; det 1N N× = = =U U U U 1 U

{ }exp a
ai θ= TU 2† a = 1 , , 1; ; Tr ( ) 0 ;aa a N −= =T T T

CommutationCommutation RelationRelation:: ,a b abc ci f⎡ ⎤ =⎣ ⎦T T T

StructureStructure ConstantsConstants real ,  antisymmetricabcf

Fundamental  Fundamental  RepresentationRepresentation:: 1
2

a
F

aλ=T N N×

AdjointAdjoint RepresentationRepresentation:: ( )a abc
A bc i f= −T 2 2( 1) ( 1)N N− × −

( ) ( )Tr ( ) ; Tr ;a b a b a a
F F F FA A Ab FaF abT C C α βα β

δ δ δ= = =T T T T T T
2 11 ; ;

2 2F FA
NT C N C

N
−= = =
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† †2 2 matrices: ; det 1× = = =U U U U 1 U

{ }exp a
ai θ= TU † a = 1 , ,; ; Tr ( ) 0 ; 3aa a= =T T T

,a b abc ci ε⎡ ⎤ =⎣ ⎦T T TCommutationCommutation RelationRelation::

Fundamental  Fundamental  RepresentationRepresentation:: PauliPauli
1
2

a a
F σ=T

1 2 30 1 0 1 0
; ;

1 0 0 0 1
i

i
σ σ σ

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠
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Fundamental  Fundamental  RepresentationRepresentation:: GellGell--MannMann
1
2

a a
F λ=T

[ , ]a b abc ci f=T T T

1 2 3 4

0 1 0 0 0 1 0 0 0 0 1
1 0 0 ; 0 0 ; 0 1 0 ; 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0

i
iλ λ λ λ

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = = − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

5 6 7 8

0 0 0 0 0 0 0 0 1 0 0
10 0 0 ; 0 0 1 ; 0 0 ; 0 1 0
30 0 0 1 0 0 0 0 0 2

i
i

i i
λ λ λ λ

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = = − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

123 147 156 246 257 345 367 458 6781 1 1 1
2 23 3

f f f f f f f f f= = − = = = = − = = =
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C 3N =
q
q

q⎛ ⎞
⎜ ⎟≡ ⎜ ⎟
⎜ ⎟
⎝ ⎠

q
FREE  QUARKS:FREE  QUARKS:

[ ]i mµ
µγ= ∂ −q qL

SU(3)   SU(3)   ColourColour SymmetrySymmetry:: →q U q
2

exp
a

ai λ θ
⎧ ⎫
⎨ ⎬
⎩ ⎭

q=

GaugeGauge PrinciplePrinciple:                 :                 Local  Local  SymmetrySymmetry ( )a a xθ θ=

3( )sgiµ µ≡ ∂ − → µµ Gq I q UD D q

† † †; ( )
s

i
g

µ µµ µ µ→ ∂→ −D D GU U G U U U U

1
2

([ ))] (a
aG xαα ββ

µ µλ≡G 8  8  GluonGluon FieldsFields
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Infinitesimal   SU(3)   Infinitesimal   SU(3)   TransformationTransformation::

2
( )1q q ;

a
abc

aa a c
s

bi G f Gg
µ µ µβα

αβ

λδθ δθ δδ θδ ∂⎛ ⎞= = −⎜ ⎟
⎝ ⎠

Non  Non  AbelianAbelian GroupGroup:: 0abcf ≠

• depends on

• Universal 

• No  No  ColourColour ChargesCharges

aGµδ aGµ

sg
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KineticKinetic TermTerm::
†[ , ] [ , ]s

s

i i g
g

µν µ ν µ ν ν µ µ ν µν≡ = ∂ − ∂ − →G D D G UG G G UG

;
2

a

a a a
abc

a cbsG G G G Gg f Gµν µν µν µ ν ν µ µ νλ
≡ = ∂ − ∂ +G

1 1
2 4

Tr ( ) a
K aG Gµν µν

µν µν= − = −G GL

MassMass TermTerm:: 21
2

a
aM Gm G Gµ

µ=L

NotNot GaugeGauge InvariantInvariant 0Gm =

Massless Gluons
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QCD
1
2

Tr ( ) [ ]qi mµν µ
µν µγ= − + −G G q D qL

( ) ( )1
4

[ ]q
a a

a a
q

G G G G q i m qµ ν ν µ µ
µ ν ν µ α µ αγ− ∂ − ∂ ∂ − ∂ ∂ −= + ∑

1
2

[ ]( )a

q

a
sg q q Gαβ

µ
α µβγλ+ ∑

21 1
2 4

( ) s
a a d e

c cb bs abc abc ad eG G G Gg f g f G G G Gfµ ν µ ν
µ ν ν µ µ ν− ∂ − ∂ −

GluonGluon SelfSelf –– interactionsinteractions

Universal  Universal  CouplingCoupling (No  (No  ColourColour ChargesCharges))

3 4G , G

sg
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q

q

Z
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q

q
G

Z
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q

q

Z
q

qG

Z

q

q

G



GAUGE FIXING LGF = −
1

2ξ

(

∂µ
G

a
µ

)

(∂νG
ν

a )
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GAUGE FIXING LGF = −
1

2ξ

(

∂µ
G

a
µ

)

(∂νG
ν

a )

〈0|T [Gµ

a (x)G ν

b (y)] |0〉 ≡ i δab D
µν

F (x − y) =

i δab

∫

d4k

(2π)4
e
−ik·(x−y)

k2 + i ε

{

−gµν + (1 − ξ)
kµkν

k2 + i ε

}
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GAUGE FIXING LGF = −
1

2ξ

(

∂µ
G

a
µ

)

(∂νG
ν

a )

〈0|T [Gµ

a (x)G ν

b (y)] |0〉 ≡ i δab D
µν

F (x − y) =

i δab

∫

d4k

(2π)4
e
−ik·(x−y)

k2 + i ε

{

−gµν + (1 − ξ)
kµkν

k2 + i ε

}

++

q G

q G

a) b) c)

T = Jab
µν

εµ∗

a,r
εν∗

b,s
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GAUGE FIXING LGF = −
1

2ξ

(

∂µ
G

a
µ

)

(∂νG
ν

a )

〈0|T [Gµ

a (x)G ν

b (y)] |0〉 ≡ i δab D
µν

F (x − y) =

i δab

∫

d4k

(2π)4
e
−ik·(x−y)

k2 + i ε

{

−gµν + (1 − ξ)
kµkν

k2 + i ε

}

++

q G

q G

a) b) c)

T = Jab
µν

εµ∗

a,r
εν∗

b,s

PT ∼
1

2
Jab

µν
(Jcd

ρσ
)†

2
∑

r=1

εµ∗
a,r

ερ

c,r

2
∑

s=1

εν∗
b,s εσ

d,s

PC ∼
1

2
Jab

µν
(Jcd

ρσ
)† gµρ gνσ
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GAUGE FIXING LGF = −
1

2ξ

(

∂µ
G

a
µ

)

(∂νG
ν

a )

〈0|T [Gµ

a (x)G ν

b (y)] |0〉 ≡ i δab D
µν

F (x − y) =

i δab

∫

d4k

(2π)4
e
−ik·(x−y)

k2 + i ε

{

−gµν + (1 − ξ)
kµkν

k2 + i ε

}

Probability problem:

++

q G

q G

a) b) c)

T = Jab
µν

εµ∗

a,r
εν∗

b,s

PT ∼
1

2
Jab

µν
(Jcd

ρσ
)†

2
∑

r=1

εµ∗
a,r

ερ

c,r

2
∑

s=1

εν∗
b,s εσ

d,s

PC ∼
1

2
Jab

µν
(Jcd

ρσ
)† gµρ gνσ

PC > PT
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Same problem for virtual gluons:

+ . . .+ +

q

q q q

q

q q

q qq

a′)

d) d′)

b′) c′)

G G G
φ φ

φ φ

Im [T (q q̄ → q q̄)]

∼ |T (q q̄ → G G )|2

Unphysical contribution from non-transverse gluon polarizations (c,c’)

Gauge fixing: ∂µG
µ

a = 0 kµ Jµν 6= 0
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Same problem for virtual gluons:

+ . . .+ +

q

q q q

q

q q

q qq

a′)

d) d′)

b′) c′)

G G G
φ φ

φ φ

Im [T (q q̄ → q q̄)]

∼ |T (q q̄ → G G )|2

Unphysical contribution from non-transverse gluon polarizations (c,c’)

Gauge fixing: ∂µG
µ

a = 0 kµ Jµν 6= 0

GHOSTS: (Faddeev–Popov)

+ . . .+ +

q

q q q

q

q q

q qq

a′)

d) d′)

b′) c′)

G G G
φ φ

φ φ

LFP = −∂µφ̄a Dµφa

Dµφa ≡ ∂µφa−gs f
abcφbG

µ

c

Wrong (Fermi) Statistics Probability < 0
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