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NC COUNTING RULES

gs ∼ 1/
√

NC ; αs ∼ 1/NC ; 〈T (J1 · · · Jn)〉 ∼ NC

• Dominance of planar gluonic exchanges

• Non-planar diagrams suppressed by 1/N2
C

• Internal quark loops suppressed by 1/NC

Colour Confinement J |0〉 ∼ |1 Meson〉

〈J(k) J(−k)〉 =
∑

n

f2
n

k2 − M2
n

• Infinite number of mesons (∼ ln k2)

• fn = 〈0|J |n〉 ∼ √
NC ; Mn ∼ O(1)

• Mesons are free, stable and

non-interacting
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Crossing + Unitarity
Tree Approximation to some Local

Effective Meson Lagrangian



χPT

Low–Energy Expansion (p2n, mn
q ) : L =

∑

n
L2n

L2 =
f2

4
〈DµU†DµU + 2B0

(
U†M + M†U

)
〉

= Dµπ+Dµπ− − M2
ππ+π− + · · · +

1

6f2

(
π+

↔
Dµ π−

) (
π+

↔
D

µπ−
)

+ · · ·

M2
π

mu + md

=
M2

K0

ms + md

=
M2

K+

ms + mu
= B0 = −〈q̄q〉

f2

NC Counting:

• f2 ≈ f2
π ∼ NC ; B0 ∼ O(1) Mϕ ∼ O(1)

• U −→ ∑
n (ϕ/f)n ∼ O(1) ; Vn ∼ f2−n ∼ N

1−n/2
C

• L ∼ NC ; n-Loop ∼ 1/(16π2f2)n ∼ 1/Nn
C



O(p4) χPT

i) L4 at tree level (Gasser–Leutwyler)

L4 = L1 〈DµU †DµU〉2 + L2 〈DµU †DνU〉 〈DµU †DνU〉 + L3 〈DµU †DµUDνU
†DνU〉

+ L4 〈DµU †DµU〉 〈U †χ + χ†U〉 + L5 〈DµU †DµU
(
U †χ + χ†U

)
〉

+ L6 〈U †χ + χ†U〉2 + L7 〈U †χ − χ†U〉2 + L8 〈χ†Uχ†U + U †χU †χ〉

− i L9 〈F µν
R DµUDνU

† + F µν
L DµU †DνU〉 + L10 〈U †F µν

R UFLµν〉

F µν
J ≡ ∂µJν − ∂νJµ − i[Jµ, Jν] ; Jµ = vµ ± aµ ; χ ≡ 2B0 M

ii) L2 at one loop (unitarity) T4 ∼ p4
{
a log(p2/µ2) + b(µ)

}

• Chiral Logarithms unambiguously predicted

• Li’s fixed by QCD dynamics [1–loop divergences Lr
i (µ)]

iii) Wess–Zumino–Witten term (anomaly): π0 → γγ , η → γγ , · · ·



O(p4) χPT COUPLINGS

i Lr
i (Mρ) × 103 O(NC) Source Γi

1 0.4 ± 0.3 NC Ke4, ππ → ππ 3
32

2 1.4 ± 0.3 NC Ke4, ππ → ππ 3
16

3 −3.5 ± 1.1 NC Ke4, ππ → ππ 0

4 −0.3 ± 0.5 1 Zweig rule 1
8

5 1.4 ± 0.5 NC FK/Fπ
3
8

6 −0.2 ± 0.3 1 Zweig rule 11
144

7 −0.4 ± 0.2 1 GMO, L5,8 0

8 0.9 ± 0.3 NC MK0 − MK+, L5,
5
48

(ms − m̂)/(md − mu)

9 6.9 ± 0.7 NC 〈r2〉πV 1
4

10 −5.5 ± 0.7 NC π → eνγ −1
4

2L1 − L2 = (−0.6 ± 0.6) × 10−3 ∼ O(1)

c 〈DµUDνU †DµUDνU †〉 → 2 δL1 = δL2 = −1
2

δL3 = c



RχT

Include Resonance Nonet Multiplets (Ecker, Gasser, Pich, de Rafael)

V(1−−) , A(1++) , S(0++) , P(0−+)

LV
2 =

FV

2
√

2
〈Vµν f

µν
+ 〉 +

i GV√
2

〈Vµν uµ uν〉

LA
2 =

FA

2
√

2
〈Aµν f

µν
− 〉

LS
2 = cd 〈S uµ uν〉 + cm 〈S χ+〉

LP
2 = i dm 〈P χ−〉

uµ = i u† DµU u† = u
†
µ ; U = u2

f
µν
± = u F

µν
L u† ± u† F

µν
R u ; χ± = u† χ u† ± u χ† u
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O(NC) :

2L1 = L2 =
∑

i

G2
Vi

4M2
Vi

; L3 =
∑

i




−
3G2

Vi

4M2
Vi

+
c2di

2M2
Si






L5 =
∑

i

cdi
cmi

M2
Si

; L8 =
∑

i





c2mi

2M2
Si

−
d2
mi

2M2
Pi





L9 =
∑

i

FVi
GVi

2M2
Vi

; L10 =
1

4

∑

i





F2

Ai

M2
Ai

−
F2

Vi

M2
Vi






O(1) : 2L1 − L2 = L4 = L6 = 0 ; L7 = − d̃ 2
m

2M2
η1

BUT M2
η1

∼ O
(

1
NC

, M
)



SHORT–DISTANCE CONSTRAINTS

Vector Form Factor 〈π|vµ|π〉: FV (t) = 1 +
∑

i

FVi
GVi

f2

t

M2
Vi
− t

lim
t→∞

FV (t) = 0
∑

i
FVi

GVi
= f2

Axial Form Factor 〈γ|aµ|π〉: GA(t) =
∑

i

{
2FVi

GVi
− F 2

Vi

M2
Vi

+
F 2

Ai

M2
Ai

− t

}

lim
t→∞

GA(t) = 0
∑

i

(
2FVi

GVi
− F2

Vi

)
/M2

Vi
= 0

Weinberg Sum Rules: ΠLR(t) = −f2

t
+
∑

i

F 2
Vi

M2
Vi

+ t
−
∑

i

F 2
Ai

M2
Ai

+ t

lim
t→∞

t ΠLR(t) = 0

lim
t→∞

t2 ΠLR(t) = 0

∑
i

(
F2

Vi
− F2

Ai

)
= f2

∑
i

(
M2

Vi
F2

Vi
− M2

Ai
F2

Ai

)
= 0



Scalar Form Factor: F S
Kπ(s) = 1 +

∑

i

4 cmi

f2

[
cdi

+ (cmi − cdi)
M2

K + M2
π

M2
Si

]
s

M2
Si
− s

lim
s→∞FS

Kπ(s) = 0 4
∑

i

cdi
cmi = f2 ;

∑

i

cmi

M2
Si

(
cmi − cdi

)
= 0

SS − PP Sum Rules: ΠSS−PP(t) = 16B2
0

{
∑

i

c2mi

M2
Si

+ t
−
∑

i

d2
mi

M2
Pi

+ t
− f2

8 t

}

lim
t→∞

t ΠSS−PP (t) = 0 8
∑

i

(
c2mi

− d2
mi

)
= f2

Pseudoscalar Nonet:

L2
.
=

f2

4
〈χ U† + U χ†〉 ∼ −i

f√
24

η1 〈χ−〉 d̃m = − f√
24



1–Resonance Approximation: (Ecker, Gasser, Leutwyler, Pich, de Rafael)

FV = 2GV =
√

2FA =
√

2 f ; MA =
√

2MV ; dm = 1
2
√

2
f

cm = cd = 1
2 f (Jamin, Oller, Pich)

2L1 = L2 = 1
4 L9 = −1

3 L10 = f2

8M2
V

L3 = − 3 f2

8M2
V

+ f2

8M2
S

; L5 = f2

4M2
S

L8 = f2

8M2
S

− f2

16M2
P

; L7 = − f2

48M2
η1



Li’S FROM RESONANCE EXCHANGE

i Lr
i (Mρ) V A S η1 Total Totalb)

1 0.4 ± 0.3 0.6 0 0 0 0.6 0.9

2 1.4 ± 0.3 1.2 0 0 0 1.2 1.8

3 −3.5 ± 1.1 −3.6 0 0.6 0 −3.0 −4.3

4 −0.3 ± 0.5 0 0 0 0 0.0 0.0

5 1.4 ± 0.5 0 0 1.4a) 0 1.4 2.1

6 −0.2 ± 0.3 0 0 0 0 0.0 0.0

7 −0.4 ± 0.2 0 0 0 −0.3 −0.3 −0.3

8 0.9 ± 0.3 0 0 0.9a) 0 0.9 0.8

9 6.9 ± 0.7 6.9a) 0 0 0 6.9 7.2

10 −5.5 ± 0.7 −10.0 4.0 0 0 −6.0 −5.4

a) Input b) Short-Distance Constraints



Three–Point Functions:

• B. Moussallam

• M. Knecht, A. Nyffeler

• P.D. Ruiz-Femeńıa, A.Pich, J. Portolés

• V. Cirigliano, G. Ecker, M. Eidemüller, A.Pich, J. Portolés

• J. Bijnens, E. Gámiz, E. Lipartia, J. Prades

Constraints on O(p6) χPT couplings

Vertices with 2 or 3 Resonances. O(p4) Couplings:

• V. Cirigliano, G. Ecker, M. Eidemüller, R. Kaiser, A.Pich, J. Portolés

More Resonance Multiplets: Minimal Hadronic Ansatz

• M. Knecht, S. Peris, M. Perrottet, B. Phily, E. de Rafael

• P.D. Ruiz-Femeńıa, J. Portolés



1/NC Corrections:

• Resonance Widths

• F. Guerrero, A. Pich

• D. Gómez–Dumm, A. Pich, J. Portolés

• Unitarity Corrections Final State Interactions

• F. Guerrero, A. Pich

• E. Pallante, A. Pich, I. Scimemi

• J.J. Cillero, A. Pich, J. Portolés

• M. Jamin, J.A. Oller, A. Pich

• Quantum Loops in RχT

• J.J. Cillero, I. Rosell, A. Pich



Weak Currents Factorize at Large NC

KK
W

π π

K

π

π π π

O(N2
C) O(NC) O(1)

A[K0 → π0π0] = 0 A0 =
√

2 A2

No ∆I = 1
2 enhancement at leading order in 1/NC

• Multiscale problem: OPE 1
NC

log
(

MW
µ

)
∼ 1

3 × 4

Short-distance logarithms must be summed

• Large χPT logarithms: FSI 1
NC

log
(

µ
Mπ

)
∼ 1

3 × 2

Infrared logarithms must also be included [δI ∼ O(1/NC) , δ0 − δ2 ≈ 45◦]



O
[
p4, (mu − md) p2, e2p2

]
χPT

Nonleptonic weak Lagrangian: O(GF p4)

L(4)
weak =

∑

i

G8 Ni F2 O8
i +

∑

i

G27 Di F2 O27
i + h.c.

Electroweak Lagrangian: O(GF e2p2)

LEW = e2
∑

i

G8 Zi F4 OEW
i + h.c.

O(e2p2) Electromagnetic + O(p4) Strong Ki , Li

K → ππ, ππγ Inclusive, DAPHNE



A(X)
n = a

(X)
n

[
1 + ∆L A(X)

n + ∆C A(X)
n

]

1) O(p4) χPT Loops: Large correction [NLO in 1/NC]

∆L A(8)
1/2

= 0.27 ± 0.05 + 0.47 i ;

∆L A(27)
1/2

= 1.02 ± 0.60 + 0.47 i ; ∆L A(27)
3/2

= −0.04 ± 0.05 − 0.21 i

∆L A(g)
1/2

= 0.27 ± 0.05 + 0.47 i ; ∆L A(g)
3/2

= −0.50 ± 0.20 − 0.21 i

Pallante-Pich-Scimemi

2) All local O(p4) couplings fixed at NC → ∞ ∆C A(X)
n

Small correction to O(p2) results

3) Isospin Breaking: O
[
(mu − md) p2, e2p2

]
Sizeable corrections

Cirigliano-Ecker-Neufeld-Pich

4) Re(g8), Re(g27), χ0 − χ2 fitted to data



ε′
K

εK

∼
[

105 MeV

ms(2 GeV)

]2 {
B

(1/2)
6 (1 − Ωeff) − 0.4 B

(3/2)
8

}

Delicate Cancellation. Strong Sensitivity to:

• ms (quark condensate) ms(2 GeV) = 105 ± 20 MeV

• Isospin Breaking (mu 6= md , α) Ωeff = 0.06 ± 0.08

Cirigliano-Ecker-Neufeld-Pich

• Penguin Matrix Elements

χPT Loops (FSI): B
(1/2)
6,∞ × (1.35 ± 0.05) ; B

(3/2)
8,∞ × (0.54 ± 0.20)

Pallante–Pich–Scimemi ’01: Re
(
ε′/ε

)
=

(
18 ± 2µ

+8
−5ms

± 51/NC

)
× 10−4

Experimental world average: Re
(
ε′/ε

)
= (16.7 ± 1.6) × 10−4

Challenge: Control of subleading 1/NC corrections to χPT couplings



QUANTUM LOOPS IN RχT: VFF

I. Rosell, J.J. Sanz-Cillero, A.P., arXiv:hep-ph/0407240

V, S

π π
φ

  ~
πZ , lδ

π π
12

δ VF  ,δ VZ   ,X F

V V

π

π

X Z

V V V V

π
δ VZ  , δ V

2M  ,

π

δ VZ   ,δ VG   ,δZ   , X Gπ

V V V V
π

π

π

π

π

π

π

π

π

π

π

π
π

V

a) b) c) d)

V,S

π

π

π

π π

π

V, S

φ
π

V,S,A,P

π π

π

V,S,A,P

V,S,A,P

π

π

π

π
V,S

π

π

V,S

V,S

φ
π

π

δZ   ,π 6
l  , rV2

a) b) c) d) e) f) g)

            ~   ~ 

• 1/NC Expansion

• Renormalization: Counterterms

• Ultraviolet Behaviour



COUNTERTERMS

L̃4χ =
i ˜̀6
4

〈fµν
+ [uµ, uν]〉 − ˜̀

12 〈∇µuµ∇νuν〉 ; L̃6χ = i c̃51 〈∇ρfµν
+ [hµρ, uν]〉 + i c̃53 〈∇µfµν

+ [hνρ, u
ρ]〉

FV (s) = 1 +
FV GV

f2

s

M2
V − s

− ˜̀
6

s

F2
+ r̃

V 2

s2

F4

lim
s→∞FV (s) = 0

NC → ∞
FV GV = f2 , ˜̀

6 = 0 , r̃
V 2

≡ 4f2 (c̃53 − c̃51) = 0

L4Z =
XZ1

2
〈∇2V µν {∇ν,∇σ}Vµσ 〉 + · · ·

L4F = XF1
〈Vµν∇2fµν

+ 〉 + · · ·

L4G = i XG1
〈 {∇α,∇µ}V µν [uν, uα] 〉 + · · ·

EOM

XZ

{
M4

V

2
〈V µνVµν〉 +

M2
V FV√
2

〈Vµνf
µν
+ 〉 + · · ·

}

−XF

{
M2

V 〈Vµνf
µν
+ 〉 + · · ·

}

−XG

{
2i M2

V 〈V αν [uα, uν]〉 + · · ·
}

˜̀eff
6 = ˜̀

6 + 2XZFV GV − 2
√

2XF GV − 4
√

2XGFV , F eff
V = FV + 2XZM2

V FV − 2
√

2XFM2
V

G eff
V = GV + 2XZM2

V GV − 4
√

2XGM2
V , (M2

V )eff = M2
V + 2XZM4

V , r̃ eff
V 2 = r̃V 2



Low-Energy Limit: χPT

FV (s) = 1 − s

f2

{
` r
6(µ) +

1

96π2

[
ln

(
−q2

µ2

)
− 5

3

]}
+

s2

F 4

{
r r
V 2(µ) + · · ·

}
+ O

(
s3

F 6

)

− 1

96π2

[
¯̀6 + log

m2
π

M2
V

]
≡ ` r

6(µ) +
1

96π2
ln

M2
V

µ2
= − f2

M2
V

+ ˆ̀6 +
1

96π2

[
ln

M2
S

4M2
V

+
13

6

]

r r
V 2(µ) − f2

192π2M2
V

(
5 − M2

V

M2
S

)
ln

M2
V

µ2
=

f4

M4
V

+ r̂V 2 +
f2

192π2M2
V

{(
1 − M2

V

M2
S

)
ln

M2
S

M2
V

− ln 2 − 64

15
+

9

5

M2
V

M2
S

}

¯̀6 = 16.0 ± 0.5 ± 0.7 , r r
V 2(Mρ) = (1.6 ± 0.5) · 10−4 Bijnens-Colangelo-Talavera

ˆ̀6 = (−0.2 ± 0.9) · 10−3 , r̂
V 2

= (−0.2 ± 0.5) · 10−4

`NC→∞
6 = −f2/M2

V = −0.014 , rNC→∞
V 2 = f4/M4

V = 2.1 · 10−4



FV (s) = A(s)
M2

V

M2
V − s − Σ r

V (s)
+ B(s)

High-Energy Limit: s → ∞

A(s) =
M2

V

16π2F 2

{
− ln

−s

M2
V

[
ln

s

M2
V

− 2

]
+

1

2
ln2 s

M2
V

}
+ O (1)

Σ r
V (s) =

−s2

96π2F 2

{
ln

−s

µ2
− 5

3
+ 192π2F 2 Xr

Z(µ)

}

B(s) =
1

16π2F 2

{
− s2

[
1

6

(
1

M2
V

+
1

M2
A

) (
ln

−s

µ2
− 2

3

)
− 16π2

F 2
r̃ r
V 2(µ)

]
+

s

3
ln

−s

µ2
+ O (s)

}

BAD behaviour generated

by the 2-Resonance cuts

π

π

π

π π

π

V, S

φ
π

V,S,A,P

π π

π

V,S,A,P

V,S,A,P

π

π

π

π
V,S

π

π

V,S

V,S

φ
π

π

δZ   ,π 6
l  , rV2

a) b) c) d) e) f) g)

            ~   ~ 

π

π

π

π π

π

V, S

φ
π

V,S,A,P

π π

π

V,S,A,P

V,S,A,P

π

π

π

π
V,S

π

π

V,S

V,S

φ
π

π

δZ   ,π 6
l  , rV2

a) b) c) d) e) f) g)

            ~   ~ 



• 〈S0
I=0 π−|d̄γµγ5u|0 〉 = −2 i FSπ(q

2)

(
gµν − qµqν

q2

)
pν
π , qµ = (pπ + pS)

µ

S S S

π π π

π A

a) b) c)

L2
SA = λSA

1 〈 {∇µS, Aµν}uν} 〉

λSA
1 = −

√
2 cd

FA
= − 1√

2

FSπ(q
2) =

2cd

F
−

√
2λSA

1
FA

F

q2

M2
A − q2

=
M2

A

M2
A − q2

• 〈R0
I=1(p1)R−(p2)| d̄γµu |0 〉 =

√
2 (p2 − p1)

µ FRR(q2) , R = S, P

a) b)

A

RR

R R

L2
V RR = i λV RR 〈V µν ∇µR∇νR 〉

λV RR =

√
2

FV
=

1

F

FRR(q2) = 1 +
FV√

2
λV RR q2

M2
V − q2

=
M2

V

M2
V − q2



SUMMARY

• NC → ∞ provides a sensible approximation to the mesonic world

• Useful tool for quantitative non-perturbative analyses at low energies

• Some observables/physics only appear at subleading topologies

- U(1)A Anomaly

- Anomalous dimensions of four–quark (non-penguin) operators

Short-distance logarithms

- χPT loops (Final State Interactions)

Long-distance logarithms

• Successful leading–order phenomenology

Challenge: Rigorous control of subleading corrections


