On finding substructures of finite algebras with quantum algorithms
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Let A be a non-associative and non-commutative F,-algebra with F,, a finite
field of prime cardinality p, with a fixed basis g = {ej,...,e,}. There exists a
unique set of constants {Mijk};fj7k=1 C K suchthate;-e; = >}, M;jex, for all
i,j € {1,...,n}. That set is known as the multiplication table of the algebra.
Consider the additive group G = (A4, +), i.e., the elements of the algebra with
the addition operation. G is a finite abelian group, moreover G = (Z/pZ)" . The
right, middle, and left nuclei, the nucleus and the center of A are sets which can
be written in terms of the [F,-basis 8 and the multiplication table, and they pro-
vide information about the algebra. For instance, when A is a finite semifield,
i.e., a finite division ring, these sets are related to properties of the correspond-
ing coordinates projective planes [1]. Finding those sets (which are substruc-
tures of A) can be stated in terms of the Hidden Subgroup Problem (HSP), and
it is clearly important in the context of the classification of finite semifields, see
for instance [3]. In fact, finding each substructure can be transformed into an
instance of the HSP, which in general can be stated as: Given the multiplication
table of a finite dimensional F,-algebra A, and a function f which is constant
on a subgroup H = (s1,s2,...,s;) of G and is distinct on cosets of H, find
s1,82,...,5. In order to solve it, we explicitly and efficiently construct quan-
tum circuits that, from the multiplication table of A, implement hiding functions
f that can be used to determine these sets using only a polynomial humber
of quantum gates, in fact of order O(n°r3), with O(nr) queries to the oracle,
where r = [log,(p)] (i.e., with an asymptotically linear number of evaluations of
the function f). Additionally we prove that, in general, this can not be achieved
classically with a polynomial number of accesses to the function f if given only
access to a black box oracle to evaluate f, without additional information on the
algebra.
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