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Controlled wave equation

Let Q = (0,1) x (0,1) C R? and divide its boundary in two parts
00 =Ty UTy such that Ty = {(1,y) |0 <y <1} U{(z,1)|0 <z < 1}
and FO n Fl = @

0
Given any T > 0 and initial data ( Zl > €H:=L*Q) x H1(Q)
the exact controllability in time 7" of the two—dimensional controlled
linear wave equation

ug(t, @, y) — Au(t,z,y) =0 t>0, (z,y) €Q
u(t,z,y) =v(t, z,y) t>0, (z,y) € I'o
u(t,z,y) =0 t>0, (z,y) ey
U(O,J),y) = uo(x,y), U’t(07$7y) = u1($7y) (J:,y) € Q
(1)
consists of finding a function
_ 'Ul(tvxay) x:170§y§1 9 2
U(tngy)_{ 'UQ((J},J:,Z/) y:1,0§$§17 in L ((O,T)XF(]),
called control, such that the corresponding solution (u,u:) of (1)
verifies
U(T7I7y) = ut(Tv':Cay) =0 ((I7y) € Q) (2)



Variational result

The function v € L?((0,T) x I'y) is a control which drives to zero the
solution of (1) in time T if and only if, the following relation holds

T __
| vtte) G e oy —
0o JIo v

— (L, 9(0)) 1.3, — / O, 5720, %, y) dirdy, 3)
Q

0
for every < il € HL(Q) x L3(Q), where < 5 > € HL(Q) x L*(Q)
¢

is the solution of the following adjoint backward problem

eu(t,z,y) — Ap(t,z,y) =0  t>0, (z,y) €Q

o(t,,y) =0 t>0, (z,y) € 00 @
QO(T>'7;7y) = wo(x,y) (x,y) e
(Pt(T7xay) = 901(907y) (x,y) e Q.



Spectral analysis

By denoting W = ( Sf ), equation (4) is equivalent with
t

0
wi)=wo=( %), ®)
¥
0 -1
where A(A 0 )

Eigenvalues of A: (Min)(m,n)eN* <N+, Where

AE = +1y/m? +n2.

Eigenfunctions of A form an orthogonal basis in H}(Q) x L*(Q):
1

b =V2 ( ﬁ ) sin(mmz) sin(nmy). (6)



Moment problem for the wave equation

The null-controllability of the wave equation is equivalent to solve the
following moment problem:

0
For any ( Zl ) = Z Amn @, find v € L2((0,T) x I') such
(m,n)EN* xN*

T
/ / e‘”‘intv(t,s)dsdt:amn, & (7)
To

/ / Amnty! (t,y dydt—l—/ / Amnty? (t,x)dzdt = amn. (8)

A solution (v!,v?) of the moment problem may be constructed by
means of two biorthogonal sequences to the families

.
(el&,,n,t) .
(m,n)eN* xN*

that



Biorthogonal sequence

Definition
Let m € N* be fixed. The sequence (6;;%), . € L (=%, %) is
(1, m)-biorthogonal to the family (e“‘rinnt)neN* in L2 (-2, L) if

T T
2 . 2 .
/ : eg;?g(t)e—“iqfdt = Ongs / O}ﬁi(t)e—%qtdt =0 (n,q€N¥%).
T T

2 2

Let n € N* be fixed. The sequence (62;)
(2, n)-biorthogonal to the family (e”‘fmt>

/

el?(-£,L)is

in L2 (-L,Z) if

meN*

meN*
T
2

T
02E (He=Pontdt = Gy, / 02T (t)e~Pontdt =0 (m,p € N¥).

T
2

e



¢
If (61:E )neN* s (1, m)-biorthogonal to the family (e mn )neN*

(92 i)

(i

ng
H~ ﬂ-m\ﬂ z

*

is (2, n)-biorthogonal to the family (e mnt) in
meN*

and

then a "formal” solution of the moment problem is given

o0 1
) ( Zn 1 Z” (f) S11’1(77’71-?/) ) , Where

oo w2 (¢) sin(mmz)
o0
)= Y amabin(t)  (nENY)
meN*; m>n

oLE@)  (m e NY).

’mn mn

K

32

o
Ms



Main problems

m the existence of the biorthogonal sequences (O}nﬁ)n and (6%F)

to the family (ei’\int)(mm) in L2 (-2, 1)

m
m evaluation of the norms of (9,1,;?5)," and (Hﬁ;f)m

This estimates are needed to show the convergence of the series in (9)
and to have a bound of the norms of v} and vZ,.

S. Micu, L. Teresa, Asymptotic Analysis, 2010

I (6m),, 2oy <C (n=m),

| (07271:15),71 20 < C (m > n).



A constructive way to obtain a biorthgonal sequence

B (UE))(m.n)en-xn~ entire functions.
Hio |UE,(2)| < Aez
H2 > Ui, € L2(R),

e { Trr (Ama) = g W (M) = 0

Paley—Wiener Theorem (1934)
T T
0L, € L? <—2, 2) such that ¥ (2) = 6F

Plancherel’s Theorem (1910)
T
2

EE 2 _ i 4L 2
/_ 1621 dt—%/R]\IJmn(x)‘ da.

Sl



Finite differences for the 2-D wave equation

Let J, K € N¥, i = Ty, Fio = gy and 245 = (o, bha),
0<j<J+1,0<k<K+1,
Ih={(0,k)[0<k<K+1}U{(,0)[0<j<J+1},

M= {(J+ LK) |0<k<K+1U{GK+1)[0<j<T+1}

u;lolr(t) . uj+1k(t)_2u2k%(t)+uj—lk(t) _ ujk+1(t)_Qu;'L%(t)J"ujk—l(t) —0
t>0,1<j<J 1<k<K

ujk(t) =0 t € (0,7), (j, k) €T},

wg1,k(t) = vy (1) te(0,7), (j,k) €T}

uj k41(t) = v3(t) te(0,T), (j, k) eI

ujk(0) = ufy, wy(0)=uj, 1<j<J 1<k<K

Discrete controllability problem: Given 7" > 0 and 1o
( g'(l) ) = (udp, ujp)1<j<t 1<k<k € C*K, there exists a control
function v;, = ( Z:;Z € L?(0,T) such that the corresponding
solution (ujk), < < ; 1<p<r Of (10) verifies
u;k(T) = wy(T) = 0 (1<j<J1<k<K) (11)
D



Control of the projection of the solution

E. Zuazua, J. Math. pures et appl, 1999

m The constants on the boundary observability inequality blow-up
as the mesh-size tends to zero.
This is do to the largest eigenvalues of the corresponding adjoint
system which are very different from the continuous ones
(numerical spurious high eigenfrequencies).

m We recuperate the uniform observability inequality if we consider
only the projections of the solutions over the space generated by
the low frequencies:

/\max{hl,h2} < 26, 0 € (O, 1)

This is equivalent to the uniform controllability of the projection
of the solution over this space.
The aim of this work is to show that we can guarantee the uniform
controllability of the entire solution by filtering the high frequencies of
the initial data only.



Spectral analysis

The eigenvalues are given by the family (1A%, (h1,h2))1<m<s, Where
1Sn<K

4 mmh 4 nmh
+ _ 2 1 ) 2
A (B, ho) = i\/h% sin (2 ) + —h% sin ( 5 ), (12)

and the corresponding eigenvectors are

1
O, (h1, hy) = V2 ( Rl ) ) (sin (mphy ) sin (n7rhs)) e

12K

(13)
Moreover, the vectors (® (hi,hs))1<p<, form an orthonormal basis
in C2/X o



Moment problem for the discrete problem

The system (10) is null-controllable in time T if, and only if, for any
0
initial data ( gl ) € C¥K of the form

< g? ) = D 0@, ha), (14)

1<p<J
1<q¢<K

there exists v, € L?(0,T) such that, for any 1 <m < J, 1 <n < K,
we have
Tr1 1 St
/ <— sin (mmJhy) o5 (t) + — sin (nmK hy) 5&(1&)) ePmntdt = o .
0 hl h2
(15)



Discrete control

Let 6 € (0,1). If (Hli)1<n<K

ixt ¢ DI
(6 " >1<n<K and (0’””)1<m<J

(1, m)-biorthogonal to the family
is (2,n)-biorthogonal to the family

eiNmnt ) in L? , then
( remey L2 7)

h _ T (T )
se 1 it
Z Q77 € }”)07) 5 — ¢
?/'n,(t> = n<j<o(J+1) ! (j’]T]hl) ! 2

0 it n>0(J+1),

I + T
+ "2 -tz 01 == ([ 2 t
Z Ymh in (kmKhs) ‘ mk ( 2 )

U (1) = m<k<8(K+1)
0 if m>06(K+1).



The biorthogonal sequences

Theorem
An2(h2 4 o An2(t o
Let 0 € (0,1). There exist a time 77 > %, T > %,
,h% >0 and a constant C' > 0 such that for every hy € (0, 1)),
he € (0,h5) 1 <m < §(J+1)and 1 <n < §(K + 1) there exist two

biorthogonal sequences (O}nin)l <n<K and (anin)l <m<y 1O the family

. . i\t .
of exponential functions (el AWZ) in L (-3, 3), and
1<g¢<K

A
(e’ /\pn) in L? (—Z2, Z2), respectively, with the property that
1<p< 202

H9;@ﬂ|Lz(_g7a) <C (m<n<d(K+1)), (16)
1025 my <€ (n<m<dI+1). A7)



The construction of the biorthogonal sequences

m A Weierstrass Product:

1,4+ = )‘7jr:lq Z= /\;qu
(PO Pyrz)= [ =% ]I = s (1<n<K),
mn

1<q<r ST Amq 1<q<K — Amg

qF#n

exp %(@ + W)gal(x)) (|$| < ;- sin %)
(P2)|PLE@)| <C{ 1 (Asin2I < o] < \/h2 sm2 e+ %)
exp (92 () (|x| > |/ sin® 2 1 ),

where

4 . o mrh




The construction of the biorthogonal sequences

m The multipliers:

P. Lissy, I. Roventa, Math. Comp., 2019

exp (—pa(z)) (|:v| > \/74{ sin® mghl + %)

4 .2 mmhy 4
C (|x| < \/E sin® 5L +F§)

S. Micu, L. Teresa, Asymptotic Analysis, 2010

exp <—%(Z—f + )1 (x)) |z| < 7o sin m’;hl

C |z| > 7= sin mahy



The construction of the biorthogonal sequences

m The entire function
Uk(z) =
sine(z—AE
Pt (2) Mg, (= = X5,) G (2 = A5, i5em) (2 €0).

m Th. Paley-Wienner = (0L%), = (\Tfl*i)” biorthogonal

mn II},TI,



Uniform boundedness of the sequence of controls

Let 6 € (0,1). There exist h{, hJ and Tj such that for any hy < h9,
ha < hS, T > Tp and initial data

0
(f1 )= X omudbaln.n) ecs

1<m<J
1<n<K

there exists a control v, € L? ((0,T); C/™X) for the problem (10)
with the filtered initial data

( > Z amn T hl,h2>

1<m<8J
1Z2n<6K

such that the family (vp)p>o is uniformly bounded in
L? ((0,T); C/*K). Moreover, there exists a subsequence which is
weakly convergent to a control v of the continuous problem (1).



THANK YOU!!!



