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Introduction

Motivations

Definition (To swimm)

To propel oneself in water by natural means (such as movements of the limbs, fins, or
tail).

The action of swimming is seen as a control problem. Given two points, can the fish
reach one from another?

The displacement of the fish
is due to fluid-structure interac-
tions.
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Introduction

The fluid

L
The Reynolds number: Re = &
n
Re <1 | Re > 1
> Re
Stokes Navier-Stokes Fuler Equatllons
. : (perfect fluid),
Equations Equations turbulence
Examples :

| [ L(cm) [ U(ems )] T(s) [ Re |

Bacteria 10°° 1073 107% [10°
Spermatozoon || 1073 1072 1072 [ 1073

fish 50 100 05 |[5.10
Pigeon 25 10° 51071 | 10°
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Introduction

The coupled problem

Fluid domain F7(¢)
Navier-Stokes equation

/ Continuity of velocities

Swimmer domain

+ Newton's principle, ma = X F
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Introduction

The coupled problem

Fluid domain F7(¢)
Steady-state Stokes equation

/ Continuity of velocities

Swimmer domain

+ Forces equilibrium, 0 = L F
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Introduction

The deformations |

All deformations are not interesting for the motion...

Theorem (Scallop Theorem,

If the swimmer's deformation is reversible in time, then the displacement of the swimmer
is null.

No motion

C

% in Stokes fluid

Taylor's experience
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Introduction

The deformations |1
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o Motion
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in Stokes fluid

Purcell's swimmer

Helical deformation
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Introduction

@ Swimmer models:
o Experiences:
o G. Taylor,
Analysis of the swimming of microscopic organisms, 1951
o Exhibition of physical specificities:
e E. M. Purcell,
Life at low Reynolds number, 1977
o S. Childress,
Mechanics of swimming and flying, 1981
@ A. Shapere and F. Wilczek,
Geometry of self-propulsion at low Reynolds number and
Efficiencies of self-propulsion at low Reynolds number, 1989
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Introduction

erences ||

o Controllability results:
o With Euler fluid:
@ T. Chambrion and A. Munnier,
Locomotion and control of a self-propelled shape-changing body in a fluid, 2011
o With Navier-Stokes fluid:
° ...
o With Stokes fluid:
o F. Alouges, A. DeSimone and A. Lefebvre,
Optimal strokes for low Reynolds number swimmers: an example, 2008

@ J. San Martin, T. Takahashi and M. Tucsnak,
A control theoretic approach to the swimming of microscopic organisms, 2007

An optimal control approach to ciliary locomotion, 2016

@ Number of controls:
o J. San Martin, T. Takahashi and M. Tucsnak (2007) — 6
o F. Alouges, A. DeSimone et al. (2013) — 4
e J. L. and A. Munnier (2014) — 4
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© Modeling the swimming problem
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Modeling

The swimmer mechanism

The swimmer is located by the position of it's mass center h(t) € R® and an angular
position Q(t) € SO(3).
X(t) Id + ¥,

TN TN

Q(t)Id + h(t)

/ -

J. Lohéac (CRAN Controlllability of ciliated type microswimmers Benasque — 23/08/2019 10 /31
y Yl



Modeling

Construction of X

Given © € C*(S?, TS?), we define the map

2 — 0§
y > exp,(©(y)) = cos[O(y)|y + sinc|O(y)| O(y).

Consider § = (d1,...,04) € CX(S?, TS?)?, for every s = (s1,...,54) € RY, we set

d
Xs(s) = exp, <Z 5j5j(Y)>~
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Modeling

Construction of X

Given © € C*(S?, TS?), we define the map

2 — 0§
y > exp,(©(y)) = cos[O(y)|y + sinc|O(y)| O(y).

Consider § = (d1,...,04) € CX(S?, TS?)?, for every s = (s1,...,54) € RY, we set
d
Xs(s) = exp, <Z 5ﬁj(}/)>~
=1

Given §, we define [7(6) C IR, the set of s € R? such that Xs(s) is a
C'-diffeomorphism of S?, and 7 () the connected component of 7 (J) containing 0.

J(8) is a nonempty open subset of IR, \
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Modeling

Hypothesis on W

Set

G(R?) = {4,06 C"(R?) | lxll Ap(x)=0, i€{1,2,3}, j€ {o,.,.,k}}

im
—00
endowed with the norm
kK 3
Ck(]R3) = Xi .
lleoll s sup |05 ¢(x)]
j=0 i=1 x€R?
We define
Pk = {w € CA(R®)® | Idgs + V is a C-diffeomorphism of 1R3}

and Df the connected component of Df containing 0.

D§ is a nonempty open subset of C&(IR*)>.

J. Lohéac (CRAN) Controlllability of ciliated type microswimmers Benasque — 23/08/2019 12 /31



Modeling

Hypothesis on W

Set

Gy = {oecm |

m
| — o0

dp(x) =0, i €{1,2,3}, je{o,.v.,k}}

endowed with the norm
K

3
ol cxms) = ZZ sup |04 o(x)].

j=0 i=1 X€R3
We define
B§ = {W € G(R’)’ | Tdgs + W is a C'-diffeomorphism of IR’}

and Df the connected component of Df containing 0.

D§ is a nonempty open subset of C&(IR*)>.

We assume W, € D, so that the shape of the swimmer is
5. = (Idgs + Vo) (),

with ¢ = (Wo, §) the swimmer configuration.
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Modeling

Global deformation

Finally, we set
Xc(s) = (Idgz + Wo) o Xs(s) (c = (Vo,0), s € J(9)).

X(s)is a C*-diffeomorphism from S? to S..

Proposition

The set
AK(d) = {(wo,a, s)e DE x CHS2, TS x RY | s e 5(5)}

is a nonempty connected open set of C¥(IR®)® x C*(S?, TS?)9 x R?.
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Modeling

Rigid motion of the swimmer

While immersed in the fluid, the swimmer can rotate and translate. The physical
deformation of the swimmer is

X'(h,Q,s)(y) = QXc(s)(y) + h.

We also set
S'(h, Q) = QS. + h.
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Modeling

Rigid motion of the swimmer

While immersed in the fluid, the swimmer can rotate and translate. The physical
deformation of the swimmer is

X'(h,Q,s)(y) = QXc(s)(y) + h.

We also set
S'(h, Q) = QS. + h.

The deformation velocity is then

dXc(s)
dt

Vit x) = QQ(x — h) + h+ Q (xc(sr1 (QT(X - h)))

=QQ(x—h)+h+Q <Zd: 5105 Xc(s) (Xc(s),l (QT(X _ h))))

Jj=

(x € ST(h, Q)).
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Modeling

The coupled problem |

—Aut+vVpi =0 in F'(h, Q),
divut =0 in F'(h, Q),

|x||ii)noo u'(t,x) =0,
ut= vl on S'(h,Q),

/ o(uT, er)nJr dr =0,

St(hQ)

/ (x—h)x o(u", p')n"dr =0,
ST(h,Q)

with o(uf, pf) = Vul + v’ — p'1s, the Cauchy stress tensor.
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Modeling

The coupled problem Il

By the change of variables, u'(t,x) = Qu (t, Q(t) " (x — h(t))) and
p(t,x) =p(t,Q(t) " (x — h(t))), we obtain,

—Au+Vp=0 in Fc,
divu=0 in Fc,
lim wu(t,x) =0,
|x|—o0
d
u=/{+w x x+Zs'j05ch(s)oXC(s)_1 on S,
j=1

/ o(u,p)ndl =0,

c

/ x x o(u,p)ndl =0,

with ) )
h=Q¢ and Q= QA(w),

where A(w) is such that A(w)x = w X x.
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Modeling

A geometric control problem |

ue
Define for i € {1,2,3} and j € {1,...,d} the solutions ut®  of the Stokes system
vi(s)
u; =€
with boundary conditions ut = e x x on S..
Vi(s) = Di(s) = Dy Xe(s) 0 Xe(s) ™
Then we have,

u(t,x) = Z€ (t)ub(x) + Zw,(t)u'+3 x) + Zsj(t s(t))(x)-
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Modeling

A geometric control problem Il

Noticing that,

/ e -o(u,p)ndl = 2/ D(u) : D(u.) and

c c

[ (erx20 - a(u.ppnar = 2/ D(u): D™®) (i € {1,2,3}),

the relations / o(u,p)ndl =0 and / x x o(u,p)ndl =0 read as

c

K. (ﬁ) — Ne(s)s,

with

K.=2 (/ D) : D(uf')>

and  N(s) = -2 (/ D(ug):D(vg(s))) )
ijeq1,....6} Fe i€{1,...,6}

je{1,...,d}
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Modeling

A geometric control problem Il

The mapping (c,s) € A*(d) = (Ke, Ne(s)) € Mg(IR) x M 4(IR) is analytic.
In addition, for every c, K. is positive definite.

Consequently, the system can be rewritten as

h=Qt, (1a)
Q = QA(w), (1b)
s=A, (1c)

14 1
(w) = KIN(s)A, (1d)

with state (h, Q,s) € R?® x SO(3) x R? and control X € R?.
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Modeling

Well-posedness

Proposition

For every (ho, Qo, 50) € IR* x SO(3) x J(8), the system (1) endowed with the initial
condition (h, @,5)(0) = (ho, Qo, o) and control X\ € Lj,.(IRy)9 (resp. € CP~*(IR.)9)
admits a unique maximal solution (h, Q, s) which is absolutely continuous (resp. of
class CP).

t
Furthermore, given T > 0, if for every t € [0, T], so + / A(7)dr € J(9), then the
0
solution (h, Q, s) is well-defined on [0, T].

20 / 31
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Lie brackets computati

e Lie brackets computations

J. Lohéac (CRAN) il iliated type microswimmers 23/08/2019 21 /31



Lie brackets computations

formulation in a Lie group |

Define the Lie group

E(3,d) = {P(h, Q,s), (h,Q,s) € R® x SO(3) x ]Rd} ,

VI
with P(h, Q,s) = 0 1 I € Mais(R).
o (5 1)

¢(3,d) = {p(&w,)\), (f,w,)) € R x R? x md},

GO

Its Lie algebra is

with p(L,w, ) = (
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Lie brackets computations

formulation in a Lie group Il

(Al )
Defining f.(s) = p (£(s),wi(s), &) = 0 0 (0 e-) € ¢(3,d),
0 J
0 O
with (f}}c((ss)o = KZ'Nc(s)ej, the system writes
dP(Z’tQ7S) I(Q); J_Zlf(hv Q7S)Ajv

with 1(Q) = P(0, Q,0) = ((g (1)) °

Is 0
o (5 3)
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Lie brackets computations

Lie brackets computations |

Remind that
[/, f]](h,Q,s) = Df!(h,Q,s) - f{(h, Q,s) — Df(h, Q,s) - f/(h,Q,s).
We have,
[, £] = 1(Q)p (05 Vi — 05V + VIA V),
[£5, 17, £1]] = 1(Q)p (ask (asj Vi — o, vg‘) FOLVIAVI+ VIO, V]
HVEN (V= 0, VI+ VIA VD)),
with V/(s) = (5 i_))) = K'Ne(s)e, VIA VI = (

(
we(
p(z,w,O)z(A(O“) ! 8)

wh X Ly —wi x

; ; and
wl X wl

o

/N

N

£ ~

N

—
Il
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Lie brackets computations

Lie brackets computations Il

dim Liegs 0,5 { £+ £} = dim Liego,, 9 {2, £}

Furthermore,
d + 6 > dim Liep 1, +) {fc17 sc0g fcd}
> d+dim (Span {Fl ([fcjv £1(0, 13’5))  Bf E AL d}}

+Span {5 (I 12, K010, Ts,5)) , jok € {1, d} }).
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Lie brackets computations

Lie brackets computations IlI

In order to compute these brackets, one needs to compute the derivatives of
s VI(s) = KT N.(s)e;. But

95 Ne(s)ej = —2 <8§ (/f Dl D(%(S))))fe{l,...ﬁ}

. _ o(w, r)ndl
— ( /f CD(u;:D(afvz(s»)ie{w}=— // " otwmar |

c

with (w, r) solution of

—Aw+Vr=0 in Fe,
divw =0 in Fe,
w = 9 Di(s) = o (aijc(s) o Xc(s)_l) on S,

lim w(x)=0.
|x| =00
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Generic controllability result

© Generic controllability result
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Generic controllability result

Main Theorem

Theorem

Givend >3, £,1>0, €= (Vo,8) € SC*(d), T >0 and
(h,Q,5) € C°([0, T], R®* x SO(3) x J()).
There exists ¢ = (Wo,0) € SC*°(d) such that

lle—¢ll <e,
and there exists s € C>([0, T], IR?), with
s(t) € 7(6), s(0)=35(0), s(T)=5(T) and |s(t)-5(t)l<n  (te]0,T]),
such that the corresponding position (h, Q) of the swimmer, with the initial conditions
h(0) = h(0), Q(0) = Q(0)
satisfies

sup_(|h(t) — h(t)| +1Q(t) — Q(1)]) <

te[0,T]

together with
h(T)=h(T), Q(T)=Q(T).
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Generic controllability result

Schedule of the proof

© Pick d = 3 and Consider the case Wy = 0.

o According to Lamb (1932) in the case of a Sphere, the solution of the Stokes problem
can be explicitly computed in terms of a sum of functions involving spherical
harmonics.

o We make a particular choice of §, based on spherical harmonics.

o To compute the drag and torque forces, we use the strategy proposed in Brenner
(1963).

o Finally, we check that dim Lie(g 1, 0 { (0,6)" (0 5)° 075)} = 3+ 6 for a correct choice of
vector fields 1, 2 and d3.

That is to say that we check that the dimension of the Lie algebra evaluated at s =0
is maximal.

@ To conclude we use the analytic properties of the vector fields with respect to s
and c, the fact that the dimension of the Lie algebra is independent of h and Q and
Chow Theorem.
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@ Conclusion
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Conclusion

Open problems

o Controllability with 2 parameters?

@ Swimmer controllability in a bounded domain?
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Conclusion

Open problems

o Controllability with 2 parameters?

@ Swimmer controllability in a bounded domain?

THANK YOU, FOR YOUR ATTENTION!
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