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1-d fractional heat equation

z=0 (x,t) € (=1,1)° x (0, T), (FH)

z+ (—d2)°z=ux. (x,t)e(-1,1)x(0,T)
z(-,0) =2 x e (=1,1).

e wC (—1,1) o 7€ L[P(—1,1).

We are interested in analyzing controllability properties under positivity
state/control constraints.
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The fractional Laplacian

Fractional Laplacian

(—d2)°z = CsP.V. / M dy.

R X —y|'*3s

—1 25 1+2s
C. — — cos(¢1) > _ s (52)
(/11;{ |¢[1+2e % 721 —s)

2/25



Fractional Sobolev spaces

Fractional Sobolev space

HS(—1,1) —{zeLz —1,1) / /1 |Z(X)_f9;s|2dxdy<oo}

o Intermediate Hilbert space between L?(—1,1) and H'(—1,1).

Scalar product

(Z,W)ps(—1,1) ::/_ zwdx+/ / (2(x) = 2())(w(x) = w(y)) dxdy

|X y|1+25

Fractional Sobolev norm
1
T z(x) — z(y)[2 2
HZHHS( 1,1) </ |Z|2dX+/ / ||(x) y|1Er};S| dxdy>
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Known controllability results

Theorem (B. and Hernandez-Santamaria, IMA J. Math. Control Inf., 2018)

There exists u € L?(w x (0, T)) such that the fractional heat equation
(FH)is

e null-controllable at time T > 0 ifand only ifs > 1/2.

e approximately controllable at time T > 0 for all s € (0,1).

Remark: the equation being linear, by translation if s > 1/2 we have
controllability to trajectories Z.
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Proof

Null controllability: through the moment method, based on the following behavior of
the spectrum.

Eigenvalues (kwasnicki, J. Funct. Anal., 2012)

ve (50520 (3)

Approximate controllability: The result follows from the following property.

Parabolic unique continuation

Given s € (0,1) and p” € L?(—1,1), let p be the unique solution to the adjoint
equation. Letw C (—1, 1) be an arbitrary open set. If p=00nw x (0, T), then p =0
on(—1,1) x (0, T).

This, in turn, is a consequence of the unique continuation property for the Fractional
Laplacian.

Fall and Felli, Comm. Partial Differential Equations, 2014.
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Constrained controllability

e The fractional heat equation preserves positivity: if zy is a given
non-negative initial datum in L2(—1,1) and v is a non-negative function,
then so it is for the solution z of (FH).

B., Warma and Zuazua, 2019

Question

Can we control the fractional heat dynamics (FH) from any initial datum
2y € L(—1,1) to any positive trajectory Z, under positivity constraints on the
control and/or the state?
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Constrained controllability

Theorem (B., Warma and Zuazua, 2019)

Lets > 1/2, zy € L?(—1,1) and let Z be a positive trajectory, i.e., a solution of (FH)
with initial datum 0 < Zy € L2(—1,1) and right hand side U € L>°(w x (0, T)). Assume
that there exists v > 0 such thatU > v a.e inw x (0, T). Then, the following assertions
hold.

1.

There exist T > 0 and a non-negative control u € L*°(w x (0, T)) such that the
corresponding solution z of (FH) satisfies z(x, T) = Z(x, T) a.e. in (—1,1).
Moreover, if zy > 0, we also have z(x,t) > 0 for every (x,t) € (—1,1) x (0, T).

Define the minimal controllability time by
Tin(20,2) = inf{T >0:3 0<uel®(wx(0,T)) st

2(-,0) = 20 and z(-, T) = 2(-, T) }.
Then, Tpin > 0.

For T = Tpn, there exists a non-negative control u € M(w x (0, Tpin)), the
space of Radon measures on w X (0, Tpin), such that the corresponding solution
of (FH) satisfies z(x, T) = Z(x, T) a.e. in (—1,1).
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Proof - main ingredients

The proof requires two main ingredients:

1. Controllability through L* controls, consequence of the following
observability inequality

-
1P 02 5y < c( [/ s z‘)|dxdz‘)

2

2. Dissipativity of the fractional heat semi-group.
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Some preliminary results

Let {uk }k>1 be a sequence of real numbers satisfying the conditions:
1. There exists v > 0 such that px1 — px > ~y forallk > 1.
2. Zk21 ;1,;1 < +o00.

Then, forany T > 0, there is a positive constantC = C(T) > 0 such that, for any finite sequence
{¢k}k>1 it holds the inequality

2

SlalPe T < c
k>1

> ket

k>1

L1(0,7)

PROOF:
Under the above hypothesis on {1 }x>1, the function (1) := 3=, cke "K' satisfies

ekl < ClIFll1g 7y, D lekle® 170" < C(t) |Fll1 0.7y  C(2) uniformly bounded vt > 0.
k>1

Then

2 —2uy T - t L — t —2uy T 2
> lenlPe? kT = 3 faclet k) (joglelh e < CIFIIF g -
k>1 k>1
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Some preliminary results

Lemma
Consider the eigenvalue problem for the Dirichlet fractional Laplacian in (—1,1):

(—d2)5¢k = Mok, x € (—1,1)
¢k =0, x € (—1,1)°.

Then for any open subset w C (—1,1), there is a positive constant 8 > 0 such that
||¢kHL1(w) >pB>0.

PROOF (main idea):
The proof is based on the fact that

/wldu((X)ldx Z/W sin (uk(1 +X)+ a _43)”) _ 0(1\/—55)#;1_23 ax
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L' observability

Proposition

Forany T > 0 and pr € L3(—1,1), let p € L2((0, T); HS(—=1,1)) N
C([0, T]; L3(—1,1)) with pr € L2((0, T); H=$(—1, 1)) be the weak solution of
the adjoint system

—pt+(—d2)°p =0, (x,8)e(-1,1)x(0,7)
p=0, (x,1) € (—1,1)° x (0, T)
p(" T) = pT(')v X e (_171)

Then, for any s > 1/2, there is a constant C = C(T) > 0 such that

T 2
Hp(-,0)|‘i2(71,1) <C (/0 / |p(x, 1) dth) .
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L> controllability

Theorem

For any zy € L?(—1,1), s > 1/2 and T > 0, there exists a control function u
L>°(w x (0, T)) such that the corresponding unique weak solution z of (FH) with
initial datum z(x,0) = zy(x) satisfies z(x, T) = 0 a.e. in (—1,1). Moreover, there is a
constant C > 0 (depending only on T) such that

Ul oo (wx 0,7y < CllZoll2(—1,1) -

PROOF:

Classical duality argument.
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Proof of the main result - 1: constrained controllability

e Subtracting Z in the equation, it is enough to show that there exist a time T > 0
and a control v € L (w x (0, T)), v > —v a.e. inw x (0, T), such that

§+ (B =vxo, ()E(=1,1)x(0,T)
£€=0, (x, )€ (=1,1)°x (0,T) = &(x,T)=0.
£(1,0)=2() = 2(), x€(=1.1)

e This is equivalent to the observability inequality

)
10, ) e g 1y < C(T —7) (/ /p(x,t)|dxdt>

e Using that the eigenvalues {\x}¢>1 form a non-decreasing sequence, and the
dissipativity of the fractional heat semi-group:

G- 0) 22y 4y < €27 160, 7)oy 1,

—2M T _r T 2
< e QT )</0 /wp(x,t)dxdt>.

2
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Proof of the main result - 1: constrained controllability

e By duality, the control v can be chosen such that
Vo (wx(0,ry) < €M7 C(T = 7) |20 — EOH??(—M) :
e Taking 7 = T/2, we obtain
IVIEse wx 0,7y < €M7 C(T) |20 *30||i2(_1,1) ~

e The observability constant C(T) is uniformly bounded for any T > 0. Hence, for
T large enough we have

”V”ioo(wX(O,T)) <V

e This implies that v > —v. Therefore, the control v > —v steers ¢ from zy — Z; to
zero in time T > 0, provided T is large enough. Consequently, z is controllable to
the trajectory Z in time T.

e If zp > 0, thanks to the maximum principle, we also have z(x, t) > 0 for every
(Xa t) € (7171) X (07 T)
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Proof of the main result - 2: positivity of T,

e Solution of (FH) in the basis of the eigenfunctions {¢x }x>1:

2060 = 3 2D (x).

k>1

t
zk(t):zgeww/() e M=y (r) dr,  uk(h) ::/ U(X, 1) (x) dix.

w

o z(x,T)=2Z(x,T)ae.in(-1,1):

z(T) = /11 206, Tge(x) dx =: ¢ = (k— 20T = /OT e~ MT="yy(7) dr.
e Forevery0 <7 <T:
Gk —20e T < /OT Ug(r) dr < ¢rewT — 20
e Assume by contradiction that, for every T > 0, there exists a non-negative control
function uT steering zy to Z(-, T) in time T, and that Z(-, T) # Z,. Then:

-
lim / Uk(T)dT—Ckfz,? Ty = z,?:(kf'y
T—0*t
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Proof of the main result - 2: positivity of T,

o zy € L2(—1,1):

SRR =Y (G-20G+2?) <+oo = lim (E-2G+9?) =0,
k>1 k>1 oo

e Since {¢k}k>1 is an orthonormal complete system in L2(—=1,1), ¢k — 0in
L?(—1,1) as k — 4oo. Hence:

1
Jim @Dz = Jim [ 200 T)ou(0) dx
= lim ¢(4=0 = ~=0.
k—+o00

Consequently
1
0=20— ¢ = / (20(X) — Z(x, T))éx(x) O, for all k> 1.
—1

e This is possible if and only if zy(x) = Z(x, T) a.e. in (-1, 1), which contradicts our
previous assumption.
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Proof of the main result - 3: minimal-time control

Constrained controllability of the system (F#) holds in the minimal time T, with controls in the
(Banach) space of the Radon measures M(w X (0, Tin)) endowed with the norm

[ 1l M x (0, Typi)) = SUP { / o (X, 1) du(x, 1) :
w X (0,

Tmin)

» € C(@ x [0, Trin], R), max ]|4P| :1}'

wX[0, Tin

Solutions of (F#) with controls in M(w x (0, Tmin)) are defined by transposition

Transposition solution

Given z € L2(—1,1), T > 0,and u € M(w x (0, T)), the function z € L'((—1,1) x (0, T)) is
a solution of (F ) defined by transposition if

[ bty dutx) = (2. Typn) — [ 20(0p(x,0) .
wx(0,T) 1

where, for every pr € L°°(—1, 1), the function p € L>°(Q) is the unique solution of

_pt+(_d3)sp:07 (X7I)E(—1,1)>< (01 T)
p=0, (x,t) € (=1,1)¢ x (0, T)
p(-, T) = pr, x € (=1,1).
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Proof of the main result - 3: minimal-time control

o Denote Ty := Tpin + 4, k > 1.
There exists a sequence of non-negative controls {u7k }y~1 C L>(w x (0, Ty))

such that the corresponding solution z¥ of (FH) with zX(x, 0) = zy(x) a.e. in
(—1,1) satisfies z¥(x, Tx) = 2(x, Tx) a.e. in (—=1,1).

o Extend these controls by U on (T, Tmin + 1) to get a new sequence in
L (w x (0, Trming1))-
e pr>0 = p(x,t) >0 >0forall (x,t) € (—1,1) x (0, Tmin + 1). Then,

Trnin+1
=0 / / u'k(x, t) dxdt
L1 (@ (0, Tyip+1)) 0 w

Tmint1 1
< / / p(x, HyuTk(x, t) dxdt
0 —1

1
= <Z('7T)7PT>—/_1Zo(X)p(x,0) ax < M.

i

e {uTk})>y is bounded in L'(w x (0, Tmint1)), hence, it is bounded in the space
M(w x (0, Tmins1))- Thus, extracting a sub-sequence, we have:

uTk 20 weakly —x in M(w x (0, Trins1)) @s k — +oo.
The limit control U satisfies the non-negativity constraint.
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Proof of the main result - 3: minimal-time control (cont.)

e For any k large enough and Tpin < To < Tpins1, We have

;
[ e au(x ) = G Tohpr) — [ 2000p(x,0) ok
wx(0,Tp) —1
e pr: first non-negative eigenfunction of (—d2)®
p € C([0, T]; D((=d5)*)) < C([0, T] x [~1,1]).

e By definition of weak* limit, letting kK — 400, we obtain
1
[ ) a0 = @ To)pr) — [ 2(0p(x,0)
wx(0,Ty) —1

which implies that z(x, Ty) = Z(x, To) a.e. in (—1,1).
e Taking the limit as Ty — T, and using the fact that
[Ul(w % (Tmin, To)) = |@l(w X (Tmin, To)) = 0, as To = Tin

we deduce that z(x, Tpin) = Z(x, Tmin) @.€.in (=1,1).
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Numerical simulations

e We consider the problem of steering the initial datum zy(x) = ; cos ( o the
target trajectory Z solution of F# with initial datum Zo(x) = 6 cos (5

right-hand side U = 1.

32X )
x) an
e We choose s = 0.8 and w = (—0.3,0.8) C (—1, 1) as the control region.

e The approximation of the minimal controllability time is obtained by solving the
following constrained minimization problem:

minimize T
T>0
zt+ (—02)$z = uxw, a.e.in(—1,1)x(0,T)
z(-,0) =2y >0, a.e.in(—1,1)
z>0, a.e. in(—1,1) x(0,T)
u>0, a.e inwx(0,T).
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Numerical simulations

To perform the simulations, we apply a FE method for the space discretization
of the fractional Laplacian on a uniform space-grid

Xi:_1+ﬁx7 i=1,..., Ny,

with Ny = 20 . Moreover, we use an explicit Euler scheme for the time
integration on the time-grid

_ T o0 ..n,

liiﬁt’ J

with N; satisfying the Courant-Friedrich-Lewy condition. In particular, we
choose here N; = 100.
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Numerical simulations

o We obtain the minimal time T, ~ 0,2101.

e In this time horizon, the fractional heat equation F# is controllable from
the initial datum z, to the desired trajectory Z(-, T) by maintaining the
positivity of the solution.

— | —
° 8.3.10° 1.7.10* 2.5.10* 3310
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Numerical simulations

e The impulsional behavior of the control is lost when extending the time horizon beyond Tpn.

04

0
1

s s

as as
2 a

as as

25 25
z

ag 15

o o5 i o

This control has been computed by solving the minimization problem:

.

min (12 T) =20, T2y 1)

T>0

z+ (—d?)¥z = ux,, ae in(=1,1)x(0,T)
z(-,0) =2 >0, a.e.in(—1,1)

z>0, a.e.in(—1,1) x (0, T)
u>0, a.e.inw x (0, T).
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Numerical simulations

e Finally, when considering a time horizon T < Ty, constrained
controllability fails.

7 700
6 600
5 500
4 400
3 300
2 200
1 100
% 0.5 1 % 0.5 1
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