Methods based on shape derivative for the optimal
design on annulus

Petar Kunstek
Joint work with Marko Vrdoljak
University of Zagreb, Croatia

VIII Partial differential equations, optimal design and numerics
21 August 2019

‘-i. Hrzz

Croatian Science
Foundation

WSTEU 24
o "Gk,

%

PMF

0, O
Ly, C
N, -
0. MaTemS

5,
\Y

I 185,
ULTET 9%®

8O
&
7,
Zag,

IP:3706

Petar Kunstek

Benasquel9 Benasque, 2019. 1/27



Part I: Construction of classical solutions for
optimal design problems
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Introduction

Let © ¢ R be open and
bounded set.

Two phases each with different
isotropic conductivity: «, 3
0<a<p).

Q« i8 the prescribed volume of

the first phase o (0 < go < |Q]).

x € L>(Q) such that

x =1, phase «
x =0, phases °

Conductivity can be expressed
as

A(x) = xal+(1-x)8L,

where
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Introduction

State functions u; € Hy(2), i = 1,2,...,m are given as a solution of the

following boundary value problems:

—div(AVuw;))=f; inQ .
(S) { w—0 on 99, i=1,2,...,m,

with A = xaI+(1 — x)B8I. Denote u = (uq, ..., Up).
Energy functional:

where p; >0, 1 =1,2,....,m.

Petar Kunstek Benasquel9

Benasque, 2019.

4/27



Statement of the problem

Optimal design problem:

J(x) = Z“i /Q fiu; dr — max
i=1

s.t. x € L™*(Q,{0,1}), / xdx = qa,
Q
u solves (S) with A = yaI+(1— x)AI.

(P)

If solution x exists for (P) we call it classical solution.

Important: For general optimal design problems the classical
solutions usually do not exist.
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Results from general theory

I(0) =" i fQ fiu; dz — max
(I) st. 0eL>®(Q,[0,1]), o0 = qa, where u; satisfies
—div(\, V) = fi, w € Hj(Q), i=1,2,...,m

-1
where \; (z) = (M +

[

1—-6(z)
]

For spherically symmetric problem such that:
o ) = R(Q) for any rotation R
e f; are radial functions

it can be proved that there exists radial solution 6% of (I).

In particular, it can be shown that if 67, is classical it is also a solution
of problem (P). Also, state functions u; and fluxes o; = aVu,; are
radial functions and o; are unique.
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Define

m
T e
=1

Lemma

The necessary and sufficient condition of optimality for solution 6* of
optimal design problem (1) simplifies to the existence of a Lagrange
multiplier ¢ > 0 such that

U>c = 0*=1,
(1) UV<e = 60=0.
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Single state optimal design problem

Single state equation:
0

ry

—div(A, (xVu) =1 in
(2) { Z =0 on 0f)

Optimization problem:

1(0) :/ud:c—>max
Q

(3)

s.t. 6eL>(Q,]0,1]), / 0 = qn, where u satisfies (2)
Q

Petar Kunstek Benasquel9 Benasque, 2019. 8 /27



Single state optimal design problem

One can rewrite (2) in polar coordinates :

v (rdil /\gu'(r))’ =1in (ri,r2), wu(r1)=wu(ry) =0.
——

o

Observe that o satisfies

T Y
O':—a—‘—rdi_l, v>0

o(r) : (0,00) — R is a strictly decreasing function.
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The necessary and sufficient
condition of optimality for 8* states

lo*| >c = 6*=1,
lo*| <c = 6*=0.

There are only three possible
candidates for optimal design:

L relrn,ry)

1) 0*(r)=4¢ 0, r€ry,ro)

1, ré€r_,ro
2 o=
veo-{8 e
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Simplification to a non-linear system

From condition of optimality a non-linear system (with unknowns
v,¢,m4+,7_) is created:

T2

Sd/é’(p)pd_ldp = (o

T1

(NS) T2 . T2 )
u(rg) =0 <— /< > d /d
(r2) V) e t) ¥ ) am
T1 T1
\ olry)=c¢, o(r-)=—¢ where ¢ > 0
where

—1
o)=L & a(r):<9g)+1_§("")) .

Important: For solving (NS) optimal design is assumed.
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(Optimal design for annulus d = 2,3, f=1)

With previous assumptions problem (I) admits optimal solution with
two possible designs:
1, re [7"1, T+>
1) *(ry=< 0, refry,ro) alpha- -alpha
17 re [T*7 T2]
1, refr,ry)
* — ) ) -
2) 0*(r) = { 0 1€ fr,r) alpha
If g, is small design 2) is optimal.
alpha- -alpha

alpha-

(ga < critical value) (gq > critical value)
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Part II: Numerical methods based on shape
derivative
description of methods, numerical solutions in 2D & 3D.
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Shape derivative

Perturbation of the set 2 is
given with

Q, = (Id +t)Q

where 1) € WF>(R? RY).

Definition (Shape derivative)

Let J = J() be a shape functional. J is said to be shape differentiable
at  in direction v if

exists and the mapping 1) — J'(, ) is linear and continuous.
J'(Q, 1) is called the shape derivative.

v
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Single state problem

For single state optimal design problem (with transmission condition):

J(x) = /qudaz — max

s.t. x € L>*(Q,{0,1}), / xdx = qq,
Q
u solves (S) with A = yaI+(1—x)A1

(4)

shape derivative is given with:

J (1) = / A(—div(y) + V¢ + VY )Vu - Vude
Q
+/ 2div(fy)ude
Q

where w is solution of BVP (S) on domain €2 with A = yaI+(1—x)5L
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Gradient method based on shape derivative

Heuristics: do several iterations of the method, check results and adapt
parameters.

Algorithm 1: iteration of the method

1 Input : interface is given implicitly (LSF) or explicity as discretized
set of points - triangulation mesh 7y

2 Create function space Vh na 75 (P1,P2,...)

3 Determine ascent vector ¢ € Vh from shape derivative (consists of
solving several PDEs)

4 Output: update interface (depends highly on considered
reprezentation of interface)

e above implemented methods are fairly stable with minimal user
intervention

e in 2D it quickly approximates the optimal shape and script is
under 100 lines of code
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Numerical results
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Numerical results
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(a) 3D representation of material 5  (b) slice of volume representation
(yellow) at z=0
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(a) 3D representation of material 5  (b) slice of volume representation
(yellow) at z =10
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(a) 3D representation of material 5  (b) slice of volume representation
(yellow) at z =10
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Part III: Second order shape derivative
Work in progress
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We are interested in the second order expansions of J:

J(A$)Q) = J(Q) + T () + 21", 9) + o []})
Important: This is not a variations of first order shape derivative
TS0 1,102) # (7'( 92)Y (€ 2) = Tim (7' +19)0; ) ().
but the following identity holds

JN Qs 01,102) = (J'(Q401)) (0 902) — J'(Q; Vaprada).
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By standard method of using local derivative u’(¢):

() =
a/(w1~na)(w2-na){ﬂ[2’gza — |Vua|? 81 Hgfj —Vua|2”ds
T
—ﬂ/<w1~na><w2~na>{H[2 2us " (ugl?| + 52 Hg |vuﬁ2]}d5
M / Vall (1) - Vil (o) da + 22T 2B / ) - Valy (3h2) d
B
ou / ’
2a6 8ua(¢2) ol (62) ;”Efﬂ (1) 8,3(1/12) +“/B(1/’2)au§7$fl) ds
/ (wl,wz){ ‘BZ“ |Vua|2} ds - 6/ wl,wz)[ ’8—5’ |Vu[32] ds
r
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where

Z(h1,2) = Vnl (Y1) - (Y2)r — Ve (1 - na) - (P2)r — V(s - 1a) - (Y1)r

and u is a solution of (S). Local derivative /(1) € H'(Qa U Qp) is a solution of the
following transmission problem with discontinuous jumps on the interface:

()

A/ (P) = in Qa UQg,
uo () — up(¥) = %ﬁ(wa na) (Y - na) onT,
aVugy (1) - o — BVuz(¥) - ng = ( — B) dive(Vru(y - 1a)) on T,
o' () = on 99Q.
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Volume representation:

(6)
I (1, h0) = /a [— div ey divepe I+Ve, : VT 1-Vip Vol —V¢QV¢Z] Vu - Vudz

Q
+ [a[-Vu19us - V6aVur - Vol o - VeI V4T ] Vu- Vuda
Q
+ /a [div Y1(Vapa + VT ) + div e (Ve + Vzﬂ—)] Vu - Vude
Q
—+ 2/ [fdivepr divepe + 1 - Vidivee + o - Vidiver + Hfvo - 1] ude
Q
—2/v¢1 :Vw;fudac—&-%/aVv(w1)~Vv(1/)2)dx
Q Q

where u is a solution of (S) and v(t) € H§(Q) satisfies following equality for any ¢ € H§(Q):

(7) /ava) Vedz = 2/div(f’¢;)gadx+2/a [7 div(¢)1+vw+v¢7] Vu - Ve da.

Q Q Q
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