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INTRODUCTION
ABSTRACT LINEAR PARABOLIC CONTROL PROBLEM

Oy+ Ay =Bu in]0,T],
y(0) =yo € X,

Our controlled parabolic problem is (S) {

e A:D(A) C X — X is a suitable unbounded operator.
e B: U+ D(A*) acontrol operator, B* its adjoint. We assume

HB*ef'A*w

< Cl¥Ylly, Vi € D(AT).

L2(0,T;U)

THEOREM (WELL-POSEDNESS OF (§) IN A DUAL SENSE)

For any yo € X andu € L*(0,T; U), there exists a unique y = yu.y, € C°([0,T], X)
such that
X

o), ¥)x— <y0,e-’f‘*¢> = /O t (u(s),B*e—“—SM*zp)U ds, Wt € [0,T),V4 € X.

NuLL-cONTROLLABILITY (NC) PROBLEM

For given A, B, T : does it exist, for any yo € X, au € L*(0, T; U) such that y(T) = 0 ?

F. Boyer Minimal null-control time issues for parabol



INTRODUCTION

VERY SHORT OVERVIEW OF PARABOLIC CONTROL RESULTS

SCALAR HEAT EQUATION

(Fattorini-Russell, °74), (Lebeau-Robiano, *95), (Fursikov-Imanuvilov, ’96).
NC holds at any time 7 > 0, for any Distributed/Boundary control domain, in any
dimension.

SYSTEM OF COUPLED HEAT EQUATIONS - AS MANY CONTROLS AS EQUATIONS

NC holds at any time 7 > 0, for any Distributed/Boundary control domain, in any
dimension.
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INTRODUCTION

VERY SHORT OVERVIEW OF PARABOLIC CONTROL RESULTS

SCALAR HEAT EQUATION

(Fattorini-Russell, ’74), (Lebeau-Robiano, ’95), (Fursikov-Imanuvilov, ’96).
NC holds at any time 7 > 0, for any Distributed/Boundary control domain, in any
dimension.

SYSTEM OF COUPLED HEAT EQUATIONS - AS MANY CONTROLS AS EQUATIONS

NC holds at any time 7 > 0, for any Distributed/Boundary control domain, in any
dimension.

SYSTEM OF COUPLED HEAT EQUATIONS - LESS CONTROLS THAN EQUATIONS
NC property
e may depend on the geometry/position of the control domain,

@ may depend on the control time 7',

There is some kind of hyperbolic behavior for such parabolic PDEs.

REMARKS
@ distributed control is no more equivalent to boundary control,

@ very few results are available in dimension d > 1.

F. Boyer



OUTLINE

e NECESSARY SPECTRAL CONDITIONS FOR NULL-CONTROLLABILITY

F. Boyer



NULL-CONTROLLABILITY

ProrosiTION

A function u € L*(0, T; U) is a null-control at time T > 0 for the problem
9y + Ay = Bu, y(0) = yo,

if and only if the function v(t) = u(T — t) satisfies

/OT (v(t)7 Bre ™ ¢)U dt = — <yo, e TA ¢>X, Vo € X.

ASSUME FOR THE MOMENT
@ Scalar control : U=R, B*:D(A*) - R
@ Non-negative real point spectrum : A := g,(A*) C (0,400)

A"px = Agx, with [[ga]l = 1, VA € A

MOMENT EQUATION

For any yo € X, a null-control v € LZ(O7 T;R) should satisfy (at least)

(B*$5) (/OTv(z)e—” dt) — <yo,e_AT¢A>X, VA € A.
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NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, a null-control v € L?(0, T; R) should satisfy (at least)

(B*65) (/Tv(t)e*”do —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 1 :

F. Boyer Minimal null-control tim



NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, a null-control v € L?(0, T; R) should satisfy (at least)

(B*65) (/Tv(t)e*”do —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 1 :

(B7¢x #0, WAe ]

~ This is nothing but the Fattorini-Hautus condition for Approximate Controllability
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL
MOMENT EQUATION

For any yo € X, a null-control v € L?(0, T; R) should satisfy (at least)

(B*65) (/Tv(t)e*”dz> —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 1 :

(B7¢x #0, WAe ]

~ This is nothing but the Fattorini-Hautus condition for Approximate Controllability

ExAMPLES

Ay — 07y = u(t)d,,, on (0, 1),

App. Cont. & xy € Q, (Dolecki, *73)
—0? 1 0

Oy + ( 0 —daf) y=0, y(t0) = (u(t)) .

App Cont. & (d =1lor \/;1 g Q), (Ammar Kodja-Benabdallah-Gonzalez Burgos-de Teresa, *14)
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL
MOMENT EQUATION

For any yo € X, a null-control v € L?(0, T; R) should satisfy (at least)

(B*65) (/Tv(t)e*”dz> —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 1 :

(B7¢x #0, WAe ]

~ This is nothing but the Fattorini-Hautus condition for Approximate Controllability

ExAMPLES

Ay — 07y = u(t)d,,, on (0,1),
App. Cont. & xy € Q, (Dolecki, *73)

s ( _tg)res o= (25).

App. Cont. & Vd & Q.
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL
MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*6») (/Tv(t)e*”do —_ <yo,e*”¢A> , VA€ A.
0 X

NECESSARY CONDITION 2 : Strong enough observation of eigenfunctions

Mgy
Yoy —px < \/T”VHH(OJ), YA€EA, VyweX,
Box [/ ’
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL
MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*6») (/Tv(t)e*”do —_ <yo,e*”¢A> , VA€ A.
0 X

NECESSARY CONDITION 2 : Strong enough observation of eigenfunctions
y e*)\T(Zs)\
0, 2

T Brés [y

e
= sup ———
xeA | Bl

< ﬁ”vHLZ(O,T)v VAEA, Vy €X,

—AT
< +o00.
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NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*65) (/Tv(t)e*”do —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 2 : Strong enough observation of eigenfunctions

e*)\T(Zs)\
Yo, * S \/THVHLZ(OJ‘)a VA € A7 Vyo € Xa
B*ox /[« '

Y
e
— Sup 5 < +00.
xeA | Bl
We obtain a minimal null-control time condition
. —In|B*
T > lim sup M
A—+o0 A
AEA
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL
MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*65) (/Tv(t)e*”dz> —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 2 : Strong enough observation of eigenfunctions

—1In|B*
T > lim sup M
A—~+o0 A
AEA
ExAMPLE
Letxo ¢ Q (D, 73)

Oy — 83)’ = u(t)(s-\m on (Oa 1)7

T > limsup — In | sin(kmxo) |

m su 2l := To(xo)

Moreover, for any 7 € [0, +00], there exists xo € Q s.t. To(xo) = 7.
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NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that
T
(B*¢») (/ v(z)e**’dr) =— <yo,e*”¢A> , VAeA.
0 X
NECESSARY CONDITION 3 : Let A\, u € A, with A\ # p. U = d/B*pa
T
/ v()e Mdt = — <yo,ef)‘r1/1)\> ,
0 X
T
| verar= = (e,
0 X
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NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that
T
(B*p») (/ v(t)eiMdt) = — <yo,e7”¢)\> , YA EA.
0 X

NECESSARY CONDITION 3 : Let A\, u € A, with A\ # p. Py = /B pa

T =Xt —ut —AT _ ,—uT
/ e g <y07 w> _
0 A—p A—p X
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that
T
(B*p») (/ v(t)eiMdt) = — <yo,e7”¢>,\> , YA EA.
0 X
NECESSARY CONDITION 3 : Let A\, u € A, with A\ # p. U = dr/B o

T =Xt —AT _ —nuT _
/ o) (i _e—mi> di— —o T <yoyw> .
0 A—p A—p A—p [y
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NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that
T
(B*p») (/ v(t)eiMdt) = — <yo,e7”¢>,\> , YA EA.
0 X
NECESSARY CONDITION 3 : Let A\, u € A, with A\ # p. U = dr/B o

T =Xt —AT _ —nuT _
/ o) (i _e—mi> di— —o T <yoyw> .
0 A—p A—p A—p [y

'l/})\ - 7/};1,

A—p

= sup <e_’\T
A pEA
AFEp

><—i—c>o7
X

F. Boyer Minimal null-control time is for parabolic systems



NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that

T
(B*(bA) (/ V(t)e_/\tdt> = - <YO>3_AT¢A> ) VA € A
0 X
NECESSARY CONDITION 3 : Let A\, u € A, with A\ # p. U = dr/B pa

T =Xt —AT _ —puT
[0 (A o T o ()
0 A—p A—p A—p [y

wu

= Ssup <e > < +o00,
A HEA
AFEp

X

We obtain another minimal null-control time condition

In H w“

T > limsup | sup X
A—+oco HEA >\
AEA JTEDN

F. Boyer Minimal null-control tim r parabolic systems



NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that

(B*$x) (/OT v(t)eiA’dt) =— <yo,e7>‘T¢)\>X, VA € A.

NECESSARY CONDITION 3 :

N
ln‘ S w—

T > limsup | sup
A—+4o00 HEA A
AEA BFEX

X

@ Case 1: (1) forms a Riesz basis of X.

—In|)\ —
T > limsup | sup M
A—+oo HEA )\
AEA JTE-DN

~ The minimal control time is related to the condensation of eigenvalues

F. Boyer
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NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that
T
@ o) ([ v ar) == (me o) L wren
0 X

NECESSARY CONDITION 3 :

In H w;:w“
T > limsup | sup Flx
A—+oo MEA A
xeA  \p#X
@ Case 1: (1) forms a Riesz basis of X.
2 2
-2 0 . —In|k* —dlf|
y(1,0) = (ZE;;) . e For any 7 € [0, +00], there exists vd ¢ Q s.t.

To(d) =T.

F. Boyer Minimal null-control time issues for parabol



NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any yo € X, we look for v € L*(0, T; R) such that
T
(B* o) (/ v(l)e_mdt) =— <yo,e_AT¢A> , VA€eA.
0 X

NECESSARY CONDITION 3 :

Ya—Yu
In H S

T > limsup | sup X

A— 400 HEA A
AEA HFEX

@ Case2: (1x)x does not form a Riesz basis of X :
th LU — Yy : e Q
e quantity D may be bounded even if |\ — p| is small.

MAIN OBSERVATION

Condensation of eigenfunctions may compensate condensation of eigenvalues.

F. Boyer Minimal null-control time for paraboli



NULL-CONTROLLABILITY
NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*$x) (/T v(t)eiA'dt> = — <yo,ef/\T¢>A> , VA eA.
0 X

NECESSARY CONDITION 3 :

Yr—Y
In Hik—u“

T > limsup | sup
A—+oco HEA )\
AEA BFEN

@ Case2: (1x)x does not form a Riesz basis of X :

2
Leta € L*(0, 1) be small enough. We can prove that

Ay + o ! =0 WA=
L0 R ra)? 0 In || 4=
limsup | sup ————X | =0.
([ 0) _ 0 Aat\oo MEA, A
RAL - lxl(f) . A€ JTEDN

F. Boyer
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NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*65) (/Tv(t)e*”do —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 4 : Suppose there exists a generalized eigenvector ¢}
A" ¢\ = Aph + ¢, with B¢} = 0.

A simple computation leads to

! —tA —TX ¢]>\
/0 (T—te "v(t)dt=e <yo7 Bron >X.

T > lim sup
A—+o00 A
AEA

F. Boyer Minimal null-control time for paraboli



NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

MOMENT EQUATION

For any y € X, we look for v € L*(0, T; R) such that

(B*65) (/Z(r)ﬂ’dz) —_ <yo,e*”@> , VA€ A.
0 X

NECESSARY CONDITION 4 : Suppose there exists a generalized eigenvector ¢}

1
T > limsup ————2—.
A—+o00 A
AEA

1
eAC & In(q) := / gloa dx #0, VA € A.
Letg € L=(0,1) (AK-B-GB-dT.’16)

—8? X
Oy + ( 0 (i<8g) y=0, .
x T > lim sup

u
e For any 7 € [0, 4+00] there exists ¢ € L*(0, 1)
s.t. To(q) = 7.

0
o It can be shown that || ¢} ]|, ~ [Ix(¢)| ",

M = To(q)

F. Boyer Minimal null-control time issues for parabol



NULL-CONTROLLABILITY

NECESSARY CONDITIONS FOR A SCALAR CONTROL

SUMMARY OF THIS DISCUSSION
o A minimal time of null-control may appear for such systems in different kinds of
spectral situations:

. —In |B*
T > lim sup M
A—+oco A
AeA
In | £ < : —In|A — gl
. P T > limsup | sup —————
T > limsup | sup f 2 A—4oo \ peEA A
A A - AEA b
;Eﬁ;\oo ﬁi/\ e nF
1
—In |||B¢i>\¢7HX
T > lim sup 2
A——+oo A
AEA

e Are those conditions optimal ?
e Are there more involved spectral situations ?
e What happens when all the phenomena happen simultaneously ?

F. Boyer Minimal null-control time



OUTLINE

© PROVING NULL-CONTROLLABILITY THROUGH THE MOMENTS METHOD
@ The usual way
@ The less usual way
@ The new way : block moments method
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OUTLINE

© PROVING NULL-CONTROLLABILITY THROUGH THE MOMENTS METHOD
@ The usual way
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THE MOMENTS METHOD
THE USUAL WAY

AssUMPTIONS : (¢x)aca is a complete family of X, B*¢y # 0, VA € A.
MOMENTS EQUATIONS

The function u € L*(0, T) is a null control at time 7 > 0 if and only if

—AT

T
T—ne Mdt= -5 (yo,b5),, VA C€A.
| ur=oe s O )

THEOREM (()Iﬁntz. 1914), (Luxemburg-Korevaar, ’71), (Dolecki, *73), (Fattorini-Russel, '74!)

° IfZAeA & < 400, there exists a biorthogonal family (gx)xea C I? (0,7)

7
/ gx(t)e ™ dt = 6x,, YA 1€ A.
0

o Ifin addition we assume the gap condition infx, |\ — p| > 0 then

laxllzo,r < C.e™, YA€ A.

@ Thus, for T > lim sup M

A—00

, the problem is null-controllable at time T.

F. Boyer Minimal null-control time issues for parabolic systems



THE MOMENTS METHOD

THE USUAL WAY

AssUMPTIONS : (¢x)aca is a complete family of X, B*¢y # 0, VA € A.
MOMENTS EQUATIONS

The function u € L*(0, T) is a null control at time 7 > 0 if and only if

T —AT
—\t e
A M(T_t)e dt:_B*d))\ <y05¢>\>xv V)\GA
—In|B*
For T > lim sup M, the construction of the control « is the following
A—o00
S
uT —1) =) ———(0,0x)xar(1).
A B
=y (1)
ImporTANT REMARK : Each term vy of the series solves the “partial” moment problem
T N AT
V)\(l)e_ dt = ——— (}’0>¢>\> )
/0 B*Qs)\ X
T
/ va()e " dt =0, Ve A\ {A}.
Jo

F. Boyer Minimal null-control time issues for parabolic systems



THE MOMENTS METHOD

THE USUAL WAY, WITH MULTIPLE EIGENVALUES

AsSUMPTIONS : (¢, ®))aca is complete in X, B*¢y # 0, B¢} =0,V € A.
MOMENTS EQUATIONS

The function u € L*(0, T) is a null control at time 7 > 0 if and only if
! =Xt e M
/0 u(T —t)e™Mdt = “Bron (o, Pa)x, YA EA,

Te*/\T

i
/Ou(T—z)(—z)e*”dr: Bar <y07¢A> Fay Do dxs VAEA.

THEOREM ((Fernundez Cara-Gonzalez Burgos-de Teresa, ’10), (AK-B-GB-dT, ’16), )

® If> \ca 5 < +00, there exists a biorthogonal family (qx,) xea C L*(0,T)
je{0,1}

T
/ ‘IN/‘([)( )k Mg = O H6] k YA€ ANV ke {0 1}
0

e Ifin addition we assume the gap condition infx_, |\ — p| > 0 then
laxillzzeo,ry < Cere, VA € A, Vj € {0,1}.

ll#x Il
@ Thus, for T > lim sup ﬂ, the problem is null-controllable at time T.
A—00
AEA

F. Boyer Minimal null-control time issues for parabolic systems



OUTLINE

o PROVING NULL-CONTROLLABILITY THROUGH THE MOMENTS METHOD

@ The less usual way

F. Boyer



THE MOMENTS METHOD
THE LESS USUAL WAY
AsSUMPTIONS : (¢x)aeca is a complete family of X, infaca [B*¢x| > 0, and

Z % < +o00.
AEA

No cap conprtion @ Let ¢(A) € [0, +00] be the condensation index of the family A
... it only depends on the way the eigenvalues are asymptotically close.

THEOREM ((AK-B-GB-dT, ’14))

o There exists a bi-orthogonal family (qx)xea C L*(0,T) such that
||‘ZAHL2(0,T) < Cs,Te(((AH_E)Aa VA€ A.
This estimate is essentially optimal.

o For [T > c(A)| the problem is null-controllable at time T.

o If (¢x) e is a Riesz basis, the problem is not null-controllable for |T < c¢(A).

F. Boyer Minimal null-control time issues for parabolic systems



OUTLINE

o PROVING NULL-CONTROLLABILITY THROUGH THE MOMENTS METHOD

@ The new way : block moments method
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THE BLOCK MOMENTS METHOD
SIMPLE EIGENVALUES

USUAL ASSUMPTIONS : (¢x)xea is a complete family of X, B*¢x # 0, VA € A, and
Z % < +o00.
AEA

LESS USUAL ASSUMPTION : WEAK GAP CONDITION

Ip>0,p>1, Card(AN[p,p+p]) <p, Yu>0.

TYPICAL EXAMPLE :

V4
A=A,

i=1
where each family A; satisfies the usual gap condition inf |\ — u| > 0.

A, uEN;
AEp

F. Boyer Minimal null-control time



THE BLOCK MOMENTS METHOD
SIMPLE EIGENVALUES

USUAL ASSUMPTIONS : (¢x)xea is a complete family of X, B*¢x # 0, VA € A, and
Z % < +o00.
AEA

LESS USUAL ASSUMPTION : WEAK GAP CONDITION

Ip>0,p>1, Card(AN[p,p+p]) <p, Yu>0.

TYPICAL EXAMPLE :
P
A=A,
i=1
where each family A; satisfies the usual gap condition \ ian A —p| > 0.
T HEA

AEp
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THE BLOCK MOMENTS METHOD
SIMPLE EIGENVALUES

USUAL ASSUMPTIONS : (¢x)xea is a complete family of X, B*¢x # 0, VA € A, and
> LIS
3 .
AEA
LESS USUAL ASSUMPTION : WEAK GAP CONDITION

Ip>0,p>1, Card(AN[p,p+p]) <p, Yu>0.

ProprosiTION

We can write

A:UGk,

k>1
with
Card(Gy) < p, diam(Gx) < p,
(min Giy1) — (max Gy) > r, for somer > 0.
Numbering in each group : Gr={ X1, Mg }s By = Py -

F. Boyer Minimal null-control time issues for parabolic systems



THE BLOCK MOMENTS METHOD
SIMPLE EIGENVALUES
We drop the index k

DIVIDED DIFFERENCES IN A GIVEN GROUP Gy
e Foranyj € {1,..., g1}, we set [ )\j] := 1) = Bff¢l_ €X.

e For any i # j we set
1.2 YV = YA
WA, ] = )Jv N €X.

@ and so on ... following the usual diagram

Al === 1 =Y[N]
\
1/)[/\17)\2}
/ \
X == == P2 = P[] YA, A2y As]
P2, As] B[, A2, A3, Ad]
A= === by =[N P[A2, Az, Ad]
T~ _—
1/)[/\37)\4]
/

A= === b =]

F. Boyer Minimal null-control time issues for parabolic systems




THE BLOCK MOMENTS METHOD
SIMPLE EIGENVALUES

THEOREM ((B-B-M. ’18))

Assume that U = R and
(dx)ren is complete in X,

> % < 400,
AEA

+ Weak gap condition,
and define

I (max]szs& 6D, o Amnx)
Ty = lim sup .

k—+o0 Ak, 1

Then, we have
@ For T > To, the system is null-controllable.

@ For T < To, the system is not null-controllable.

RemARK : The negative part (T < Tp) was essentially proved in the previous section

F. Boyer Minimal null-control time for paraboli



THE BLOCK MOMENTS METHOD

SKETCH OF PROOF OF THE POSITIVE RESULT

Assuming T > Ty, we are led to find v € L* (0, T) solving a moments problem

T
/ v(t)e Mdt = wx, VA€ A. (*)
0

THE USUAL WAY FAILS
@ Poor (yet optimal !) estimates of the biorthogonal family.
e Impossible to take advantage of any particular structure of the data (wx)xea.-

F. Boyer Minimal null-control time



THE BLOCK MOMENTS METHOD

SKETCH OF PROOF OF THE POSITIVE RESULT

Assuming T > T, we are led to find v € L* (0, T) solving a moments problem
T
/ v()e Mdt = wy, VA€ A. (*)
0

THE USUAL WAY FAILS
@ Poor (yet optimal !) estimates of the biorthogonal family.
e Impossible to take advantage of any particular structure of the data (wx)xea.

ProrosiTION (BLOCK BY BLOCK RESOLUTION)
For each Gy, there exists a vy satisfying
! A
/ vi(t)e™ ' dt = wiy, Vj €L, ..., g},
0

T
/ w(t)e Mdt =0, YA€ A\ Gy,
0

that satisfies the (essentially optimal) estimate

Hvk||§CEes/\"’l max  |w[Xe1, -y Ae]]-
1e{l, e}

Finally, v = Z vk formally solves (%).
k

F. Boyer Minimal null-control time for paraboli



THE BLOCK MOMENTS METHOD

TooLs

@ Complex analysis : Laplace transform, Blaschke products, etc ...
@ Interpolation theory
@ Nice algebraic properties of divided differences
COMMENTS
o Contains (almost) all the known abstract results in the literature for scalar controls
of such systems (with weak-gap condition).
@ The study of each particular system is reduced to a careful spectral analysis in

each group.

@ All the constants in the estimates are somehow uniform with respect to A. In
particular they give interesting information even when 7y = 0:

~> Systems depending on parameters
~> Semi-discrete systems
~ eftc ...

MORE OR LESS STRAIGHTFORWARD EXTENSIONS

@ For complex eigenvalues as soon as imaginary parts are not too large.

@ For eigenvalues with (bounded) algebraic multiplicities.
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ExAMPLES

07 1 . (0
aty"' ( 0 _83 +]‘(*8\2)) y= 07 Y(tv 0) - (u([)) )

with a bounded f : R™ — R for instance.
@ Weak gap condition with p = 2.
@ The condensation index ¢(A) can be arbitrary large.

f)=e ¥ = c(A) = a.
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ExAMPLES

07 1 . (0
aty"' ( 0 _83 +]‘(*8\2)) y= 07 Y(tv 0) - (u([)) )

with a bounded f : R™ — R for instance.
@ Weak gap condition with p = 2.
@ The condensation index ¢(A) can be arbitrary large.

f)=e ¥ = c(A) = a.

o Natural choice of groups : Gy = { M1 = K272, Mo = K% 4 f(Kn?)}.
Up to normalization, we have

et (x) = ((1)) sin(kmr),  draly) = ( f(k217r2)) sin(km).

ka2 — Pk ka— Py (0 . ,
A1, Meo] = Mo s sin(kmx), bounded !

THEOREM

The above system is null-controllable at any time T > Q.
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ExAMPLES

—8? 1 0
dy+| 0 —F+f(-07) 0 y=0, y(t,0)={u()
0 0 —0; 4 g(—9%) u(t)

with f(s) = e~*°, and g(s) = e, a, 8 > 0.
@ Weak gap condition with p = 3.
@ The condensation index ¢(A) can be computed

c(A)=a+ 8.
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ExAMPLES

~ 1 0
I+ | 0 —R+f(-0}) 0 y=0, y(t,0) = { u()
0 0 —8 +g(—8%) u(t)

with f(s) = e~*°, and g(s) = e, a, 8 > 0.
@ Weak gap condition with p = 3.
@ The condensation index ¢(A) can be computed

c(A)=a+ 8.

@ The results in (AK-B-GB-aT, *14) imply the null-controllability for any
T > c(A).
However, this minimal control time is over-estimated.

THEOREM

Let
To = min(a + 3,20).

o IfT > To, the above system is null-controllable at time T.

o If T < Ty, the above system is not null-controllable at time T.
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ExAMPLES

— 1 _
o+ ( 0 - +a(.x)) =0,

= () e 0)

We have already seen that ¢(A4) can be arbitrary large but ...

THEOREM

For any a € L*(0,1) small enough, the system is null-controllable at any time T > 0.

REMARK

If a is not small enough, the result still holds as soon as yy belongs to some finite
codimension space.
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ExAMPLES

A CASCADE SYSTEM WITH ROBIN BOUNDARY CONDITIONS

(Bhandari-B, preprint "19)

-9 0
&er( 1 _82>y:0,
—0y1 + Biy1 = u(r), atx =0
Oy1 + Biy1 =0, atx =1
—0xy2 + Boy2 = 0, atx =20
o2 + Bay2 = 0, atx =1

MoOTIVATIONS : TREATMENT OF DIRICHLET BOUNDARY DATA BY PENALISATION.
o Standard approach in numerical analysis.
e For §; > 0, we have solutions in the usual energy spaces even for low regularity
data u € L*.
@ For 3 large, we expect that u/(; is almost a Dirichlet control
u(r)

1
——0Oy =—Z atx=0.
B Oy 1 B atx=0
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ExAMPLES
A CASCADE SYSTEM WITH ROBIN BOUNDARY CONDITIONS

(Bhandari-B, preprint "19)

-9 0
a/y+( 1 —82))}:07
—0y1 + Biy1 = u(r), atx =0
Oy1 + Biy1 =0, atx =1
—Oy2 + B2y, = 0, atx =20
o2 + Bay2 = 0, atx =1

THEOREM

For any 1, B> > 1, and any time T > 0, there exists a control ug, g, € L*(0,T) s.t.

lugi,6:li20,ry) < Cr(1 + B1)lyoll-

Up to a subsequence, 20 [‘3’[52 converges towards a Dirichlet control as 1, f2 — +00.

REMARKS :

e Existence of a control for any 7', 8; does not need the block moment approach.

@ However, the precise estimate crucially needs the block moment approach to
deal with the condensation of eigenvalues when 3, and 3, are close.

@ Some extensions to the multi-D case.
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OUTLINE

© SOME EXTENSIONS AND APPLICATIONS
@ Block Moment method for non scalar controls
@ Application to the boundary controllability of a 2D coupled system
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OUTLINE

o SOME EXTENSIONS AND APPLICATIONS
@ Block Moment method for non scalar controls
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EXTENSION TO NON SCALAR CONTROLS

SAME ASSUMPTIONS AS BEFORE EXCEPTED THAT U 1S NOW ANY HILBERT SPACE
o To simplify : assume algebraically (and geometrically) simple eigenvalues.
@ The control problem becomes : find v € L*(0, T; U) such that

T
| e 005762, di=—e T o.62)y A€ A
0

@ Since by := B* ¢, is now any element in U, we cannot “divide” by b.
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EXTENSION TO NON SCALAR CONTROLS

SAME ASSUMPTIONS AS BEFORE EXCEPTED THAT U 1S NOW ANY HILBERT SPACE
o To simplify : assume algebraically (and geometrically) simple eigenvalues.
@ The control problem becomes : find v € L*(0, T; U) such that

T
| e 005762, di=—e T o.62)y A€ A
0

@ Since by := B* ¢, is now any element in U, we cannot “divide” by b.
THE USUAL CASE : WHEN THERE IS NO SPECTRAL CONDENSATION (Lagnese, *83)

o Assume that A satisfies the usual gap condition.
We can use a biorthogonal family (¢gx)x with good estimates and look for v in the
following form

W) = = 37 e (o, ) ga ()2

2
XEA oAl

The minimal control time is

—1In||b
To = lim sup 7H '\”U.
A—+o0 A
AEA
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EXTENSION TO NON SCALAR CONTROLS

SAME ASSUMPTIONS AS BEFORE EXCEPTED THAT U 1S NOW ANY HILBERT SPACE

o To simplify : assume algebraically (and geometrically) simple eigenvalues.
@ The control problem becomes : find v € L*(0, T; U) such that

T
| e 005762, di=—e T o.62)y A€ A
0

@ Since by := B* ¢, is now any element in U, we cannot “divide” by b.
THE GENERAL CASE : TAKING INTO ACCOUNT SPECTRAL CONDENSATION
THEOREM ((B.-Morancey, ’19?))

Assume that A satisfy the weak gap condition.
There exists an “explicit” matrix My of size gk X gk associated to each group Gy such
that the minimal NC time of the system is

Ty = lim sup M
k=00 2,1

THE FORMULA NICELY DEGENERATES IN THE EASY CASES:
@ When all the observations by (in the group Gy) are colinear : same result as in the
scalar case.
@ When all the observations by (in the group Gy) are orthogonal : same result as the
one by Lagnese’s technique = we don’t see the effect of spectral condensation.
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EXTENSION TO NON SCALAR CONTROLS

ExAMPLES

BOUNDARY CONTROL WITH TWO CONTROLS

e (§ bren =) ()

THEOREM
Letd # 1.
@ One control : (AK-B-GB-dT, °14)
Assume that u, = 0, and \/2 & Q, then the minimal null-control time is
To(d) = c¢(Aa).

@ Two controls : (B-M, *19?)
For any d > 0, there is no minimal null-control time

Ty = 0.

F. Boyer Minimal null-control time



EXTENSION TO NON SCALAR CONTROLS

ExAMPLES

DISTRIBUTED CONTROLS

—0? 1 0
dy+| 0 —824+f(-07) 0 y = o1 (t,X)B1 + 1o, ua(t,x)Ba,
0 0 —8; +g(—%)

with f(s) = e~, and g(s) = e, a, 8 > 0.

THEOREM
0

Assume that w; Nw, = O and By, B, = | * | € R® are linearly independent.

@ One control :
Assume that uy = 0, then there is a minimal control time

To = B + min(a, B).

@ Two controls :
There is no minimal control time
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OUTLINE

© SOME EXTENSIONS AND APPLICATIONS

@ Application to the boundary controllability of a 2D coupled system
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OUNDARY CONTROLLABILITY OF A 2D COUPLED SYSTEM

STATEMENT OF THE RESULT

LET US RECALL THE FOLLOWING 1D RESULT wiTH d # 1

Oy + (_08*% _;af)y =0, y(1,0) = (u(()t)) > Y1) = (8)

THEOREM ((AK-B-GB-dT, ’14))

e If\/d € Q, the system is not approximately controllable.

o If\Vd & Q, the system has a minimal null-control time Ty (d) that may be any
number in [0, +o0).
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BOUNDARY CONTROLLABILITY OF A 2D COUPLED SYSTEM

STATEMENT OF THE RESULT

LET US RECALL THE FOLLOWING 1D RESULT wiTH d # 1

Oy + (_08*% _;af)y =0, y(1,0) = (u(()t)) > Y1) = (8)

THEOREM ((AK-B-GB-dT, *14))

e If\/d € Q, the system is not approximately controllable.

o If\Vd & Q, the system has a minimal null-control time Ty (d) that may be any
number in [0, +o0).

THE SaME sYSTEM IN 2D : Let Q = (0, L;) x (0, L,) be a rectangle and I' C 09.
—_A 1 0
6,y+( 0 —dA)y_O’ ¥, ) = (lru(t,.))'

THEOREM ((B-Olive, *19?))

If T intersects two non parallel sides of OS2, then the system is null-controllable at any
time T > 0, for any value of d.
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BOUNDARY CONTROLLABILITY OF A 2D COUPLED SYSTEM

THE STRATEGY

Let A; = {K’L? /7%, k> 1},i = 1,2 be the eigenvalues of —9? on (0, L;).
IN THE CASE WHERE [ IS THE UNION OF TWO NON PARALLEL SIDES
The null-control problem is equivalent to:

A STRANGE “MOMENTS’’ PROBLEM
Find two families (fy)xea, C L*(0,T), (g4)uen, C L*(0,T) such that
T 7
/ IO +/ gu(®e MM dr=wy,,  YAE AL pE A
0 0
T i
/ f)‘(t)e—ll(/\+u)rdt+/ gu(t)eﬂl(wru)tdt:w,p\,,/#, VA€ A, p € A,
0 0

. 2 2
with z Wxllz20,m) + z lgullz0,r) < +oo.
AEA HEA,

Here, w,,« are given and satisfy nice exponential estimates.

MAIN DIFFICULTY

It may happen that A +  is close from d(\ + fi) for some A € Ay, p, i € Ay

— Spectral condensation troubles = Block moment approach
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Thanks for your attention !

A. Benabdallah, F. Boyer, M. Morancey, A BLOCK MOMENT METHOD TO HANDLE SPECTRAL
CONDENSATION PHENOMENON IN PARABOLIC CONTROL PROBLEMS, preprint,

https://hal.archives-ouvertes. fr/hal-01949391
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