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IBVP with space dependent damping

Orp + 0sJ =0 zel=(0,1), t>0
O + Opp = —2k(z)g(J)
o Initial conditions: (po, Jo) € L>(I)

e Boundary conditions:  J(0,t) = J(1,t) =0
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IBVP with space dependent damping

{8tp+azj:0 zel=(0,1), t>0

8J + Oyp = —2k(x)g(J)

e Initial conditions: (po, Jo) € L>(I)
e Boundary conditions:  J(0,t) = J(1,t) =0
e Damping: ke L>(I), essinfk>0, geC!, ¢ >0, g(0)=0
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IBVP with space dependent damping

{athraIJO zel=(0,1), t>0

0y + Opp = —2k(2)g(J)

e Initial conditions: (po, Jo) € L>(I)
e Boundary conditions:  J(0,t) = J(1,t) =0
e Damping: ke L>(I), essinfk>0, geC!, ¢ >0, g(0)=0

Invariant domain:

f*
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Main result (Amadori, A., Dal Santo, JMPA 2019)

Theorem Let k(z) satisfy
O<k1§k(l)§]€2 VxE(O.l)
and define
— 3 / _ !
dl—klgng(J)>0, dg—kgﬁ%%g(J)

where D is a closed bounded interval which is invariant for J.
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Main result (Amadori, A., Dal Santo, JMPA 2019)

Theorem Let k(z) satisfy
O<I€1§k(l)§k2 Vxe(().l)
and define
— 3 / _ !
dl—klgng(J)>O, dg—kgﬁ%%g(J)

where D is a closed bounded interval which is invariant for J. Assume
that
e2d2 _ 9d, < 2N

Then there exist C; > 0, that depend only on the coefficients and on
data, such that for t > 0

||JAI(7t)HOO < Cle + Cgeic?’t
[paz(s1)]|co < C1AT + Coe™ 3t

where (paz, Jaz) are WB approximate solutions, Az = 1/N.
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Main result/Remarks

0<dy =k ming <ds=kymaxg

||JAx('7t)Hoc < CiAz + 026703t
1paz(,t)]loo < C1AT + Cre™ %5t

e If dy =dy = d (linear g, constant k) then the result holds for every
d > 0. Moreover one has

1
Cy = 3 log(1 —2de™?")| ~ d asd — 0.

3/19



Main result/Remarks

0<dy =k ming <ds=kymaxg

[Jaz ()]0 < CrAT + CZQ*CSt
loaz (- t)|leo < CrAz + CheCst

e If dy =dy = d (linear g, constant k) then the result holds for every
d > 0. Moreover one has

1
Cy = 3 log(1 —2de™?")| ~ d asd — 0.

e As Az — 0, it provides an exp. decay in L for the exact solution.
By density, extension to (po, Jo) € L>=(I).
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Main result/Remarks

0<dy =k ming <ds=kymaxg

| Jaz (- t)]loo < C1AT + Che Cst
P2z (- 1)]|oo < C1AZ 4+ Che~ 5t

e If dy =dy = d (linear g, constant k) then the result holds for every
d > 0. Moreover one has

1
C3 =5 [log(1 —2de™)| ~d  asd 0.

e As Az — 0, it provides an exp. decay in L for the exact solution.

By density, extension to (po, Jo) € L>=(I).

Remark:

Surprisingly, the total variation of Ja, does not necessarily vanish at
t — 00
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Sketch of the proof/1

e By iteration,
o(t"+) = B,o(0+),  B,= [B(")B("_l) : ~-B(2)B(1)} € Myy .

e First, a proposition which relates the L>-norm of J(-,t"), p(-,t") as
n — oo to the evolution of the £1—norm of the operator B,,.

4/19



Sketch of the proof/1

e By iteration,
o(t"+) = Boo(0+),  Bp= [B(")B("—U : ~-B(2)B(1)} € Moy .

e First, a proposition which relates the L>-norm of J(-,t"), p(-,t") as
n — oo to the evolution of the £1—norm of the operator B,,.

Proposition:

There exists 51 > 0 independent on n, IV such that for every
te (t", )

1782 (- )llco < Cr Az + 15,5 (0+)|x
loas (- t)lloo < C1 Az +2[1B,& (0+)

where o (0+) is the projection of o(0+) onto E_, the (2N — 2)-dim
eigenspace related to \; with |\;| < 1.
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Sketch of the proof/2

Use of Birkhoff decomposition (linear damping)
Let k(z) = k, ¢’ be constant. Then ¢ = ¢(1,...,1)

A _
dAx J—

€= 1+ dAx’

B(e)=(1—-¢)B(0)+cBy = (1 + ;\i[) - [B(O) + dBl]
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Sketch of the proof/2
Use of Birkhoff decomposition (linear damping)
Let k(z) = k, ¢’ be constant. Then ¢ = ¢(1,...,1)

A _
dAx J—

€= 1+ dAx’

B(e)=(1—-¢)B(0)+cBy = (1 + ]‘f[) - [B(O) + dBl]

Proposition (nonlinear damping):

If 0 <dy =k ming (J) < dy = kamaxg'(J), then
d )\t do
n <
B(c") < <1+N) [B(O)+NB1] Vn

(inequality entrywise) .
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Sketch of the proof/3

e Next, we prove that ||B,,&||,: decays exp. fast as n — oo for every
cck_.

We focus on the power ,
By = BEGNM) p@N-1) ... p(?) (1)

so that t" = 2NAt =2, o(2+) = Boy o (0+) .
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Sketch of the proof/3

e Next, we prove that ||5,,0 ||, decays exp. fast as n — oo for every
cck_.

We focus on the power ,
By = BEGNM) p@N-1) ... p(?) (1)
so that t" = 2NAt = 2, o(2+) = Boy o (0+) .

e Why?
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Sketch of the proof/4: an "exponential” formula.

Theorem:
Let d > 0 and N € 2N. Let Ion be the identity matrix in Mspy. Then

d 2N N 2N—-1 2N—1
[B(O) + NBl] = Ly +(2d)P+ > ¢nvB(0)¥By(0 Z n;.nB(0)
=0

for a suitable P € My (sum of two rank-one matrices).
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Sketch of the proof/4: an "exponential” formula.

Theorem:
Let d > 0 and N € 2N. Let Ion be the identity matrix in Mspy. Then

d 2N N 2N—-1 2N—1
[B(O) + NBl] = Ly +(2d)P+ > ¢nvB(0)¥By(0 Z n;.nB(0)
=0

for a suitable P € Myy (sum of two rank-one matrices). Moreover

2N—-1 1
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Sketch of the proof/4: an "exponential” formula.

Theorem:
Let d > 0 and N € 2N. Let Ioxn be the identity matrix in Msy. Then

d 2N N 2N—-1 2N—1
[B(O) + NBl] = Ly +(2d)P+ > ¢nvB(0)¥By(0 Z n;.nB(0)
j=0

for a suitable P € Myy (sum of two rank-one matrices). Moreover

2N—-1 1

> ¢v < sinh(2d) — 2d + ~ fo(d),
7=0

2N—1

Z n; N < cosh(2d) —1 + —fl( ).

Jj=1

Tools: hypergeometric functions, modified Bessel functions.
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Sketch of the proof/4: an "exponential” formula.

Theorem:
Let d > 0 and N € 2N. Let Ioxn be the identity matrix in Msy. Then

d 2N N 2N—-1 ) 2N—1 )
[3(0) == NBl] = Ly + 2P+ > GnB(0)¥B(0)+ Y n;nB(0)¥
j=0 j=1

for a suitable P € Myy (sum of two rank-one matrices). Moreover

2N—-1 1

> ¢v < sinh(2d) — 2d + ~ fo(d),
7=0

2N—1 1

Z n; N < cosh(2d) —1 + N fi(d).

=il

Tools: hypergeometric functions, modified Bessel functions.

Key point: The first order in d is identified 4+ estimate on higher order in
d.
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A contraction estimate
Thanks to a careful decomposition of 0 € E_, we get:

Proposition:
There exists a constant Cy = Cy(dy, d2) such that as N — oo
Cn — e 21 (e?®2 —2dy) = C(dy,ds) < 1

and that
|Bona |, < Cnlall,, &€ E-
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A contraction estimate

Thanks to a careful decomposition of o € E_, we get:

Proposition:

There exists a constant Cy = Cy(dy, d2) such that as N — oo
Cn — e 241 (e _ 2d,) = C(dy,do) < 1

and that
[Banall, <l e B

... then, iterate the estimate above:
For h >0, 2h <t" < 2(h+ 1), At = N~! one has

1 = -
1 as (- t")lleo < 55TV Jo + (Cx)"[[F(0)], -

A similar estimate holds for ||paz (-, ") ]/co
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IBVP with intermittent damping

zel =(0,1), t>0
{@J + 0zp = —2k(x)a(t)g(J) ©.1)
e Initial conditions: (po, Jo) € L>(I)

e Boundary conditions: J(0,t) = J(1,t) =0
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IBVP with intermittent damping

0 0zJ =0
w0+ zel=(0,1),t>0
O + Opp = —2k(z)a(t)g(J)
e Initial conditions: (po, Jo) € L>(I)

e Boundary conditions: J(0,t) = J(1,t) =0

e Damping: ke L>(I), essinfk>0, geC!, ¢ >0, g(0)=0
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IBVP with intermittent damping

Op + 0.7 =0 zel=(0,1),t>0
O + Opp = —2k(z)a(t)g(J)
e Initial conditions: (po, Jo) € L>(I)

e Boundary conditions:  J(0,t) = J(1,t) =0
e Damping: ke L>(I), essinfk>0, geC!, ¢ >0, g(0)=0

e On-Off damping: for some 0 < 77 < T3 one has

)1 telo,Ty), B
a(t)—{o e[ Ty). x(t+Tz)=x(t) Vt>0.
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Figure: On-Off damping for some T} and T»
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Convergence of energy (Martinez, Vancostenoble, 2002)

Assume k(z) > k> 0and g(J) = J. Let T» = qT; with 2 < g€ N.

o If

1 —1 1
Tle{v"'7q}7 T1>77 ng
q q q—1

Then there exists initial conditions for which the energy estimate remains
constant with time: E(t) = E(0) > 0 for all ¢ > 0.

e Otherwise the energy decays exponentially to 0 as ¢ — co.

11/19



Main result
Theorem Assume Ty — T} is integer, let k(x) satisfy
0 <k <k(z) <kg Ve (0,1)
and define

— 3 / _ !
dl—klgng(J)>O, dg—kgﬁ%%g(J)

where D is a closed bounded interval which is invariant for J.
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Main result
Theorem Assume Ty — T} is integer, let k(x) satisfy
0<I€1§k(l)§k2 VLL’E(O.l)
and define
— 3 / _ /
dl—klgng(J)>O, dg—kgﬁ%%g(J)

where D is a closed bounded interval which is invariant for J. Assume

that

P

Then there exist C; > 0, that depend only on the coefficients and on
data, such that for t > 0

1TC )|z < Cre™ % (|| Jollze + llpoll =)
lpC, ) llzoe < Cae™ " ([l o]l + llpollze) -

where (p,J) are the exact solution for the problem.
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Interactions

e We construct the WB approximate solutions as in the previous case for
initial data in BV (I).
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Interactions

e We construct the WB approximate solutions as in the previous case for
initial data in BV (I).

Wave sizes change: ¢ = —————— € [0,1)

() =( s () 8552 (0|




Interactions/?2

Setng =2 [ZT—Alt] , Ng =2 [QL&] then

mAt <Ti < (1’L1 + 2)At7 no At < Ty < (nz + 2)At

Figure: | ON—OFF | Interaction Figure: | OFF—ON | Interaction

at time ni At. at time nayAt.
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[teration

o Let o(t"+)=0, for n = (h — 1)ng + i, where 1 < h € N and

i=1,---,n9, by iteration we have,
B(€)' 0 (h—1)ny 1<i<ng
o - B(€)' 0 (h—1)ny+CG(h=1)ng+n; i=ny
n— . .
B(0)' "™ B(e)" o (h—1)ny TB(0) " "0 G (h-1)ng+n,q n1<i<ng

B(0)"27 " B(e)" o (h—1)ny +B(0)"2 7" G (h_1)ng4n; TGhny  i=n2

where

A
On =17 g'(s)0~

T
(07 _g(Jil)ag(J:I)v e 7_9(J:N71)79(J:N71)70>
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Exponential formula

e The exponential formula for the matrix B(c)"

Theorem:
Let d >0 and N € 2N. Then

d N N N-1 ) N-1 )
BO+ 8| = BOY+@P+ X GBOPB0)+ Y 150
j=0 j=1

for a suitable P € My (sum of two rank-one matrices).
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Exponential formula

e The exponential formula for the matrix B(c)"

Theorem:
Let d >0 and N € 2N. Then

N N
BO+ 8| = BOY+@P+ X GBOPB0)+ Y 150

for a suitable P € Msy (sum of two rank-one matrices). Moreover

N-1 1
¢j,n <sinh(d) —d + N fo(d),
7=0

e 1
; n;n <cosh(d) —1 + Nfl(d)'
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Sketch of the proof

e First, a proposition to study the evolution of the the matrix using the
exponential formula for B(c)V.
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Sketch of the proof

e First, a proposition to study the evolution of the the matrix using the
exponential formula for B(c)

Proposition:

For any o € R?Y and for a suitable choice of v, the following holds true

d

N
%) ol + Cx@maxlan ol

m3X|B(C)NO'n U’ _2?\] (1+
where
d\ " 1
Cx(d)= (1+N) [ed—d + < lfold) + @]

and Cn(d) = (1 —de %) as N — 0.
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Sketch of the proof/2

e Then by iteration, for all t™ with n = (h — 1)ng + i, where
1<heNandi=1,---,no, there exist C; that depend only on
the coefficients and on data, such that

[Taz (") |loo < CLAZ + (Cx)" max o7 - 0|

where
max |og - v| = Jmaz < ([ Jollze~ +[lpollze<)

e Estimates for the exact solution: we pass to the limit using density
argument and this can be done for initial data in L.
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Work in progress

» For the system
Op+0:J =0, 0O+ 0,p=—2k(z)g(J) z€(0,1)

e Study the case of localized source: k(z) > 0 on a subinterval of
(0,1) and k = 0 otherwise, being ¢’ > 0
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Work in progress

» For the system
Op+0:J =0, 0O+ 0,p=—2k(z)g(J) z€(0,1)

e Study the case of localized source: k(z) > 0 on a subinterval of
(0,1) and k = 0 otherwise, being ¢’ > 0

e Study the case of nonmonotone damping, that is the case where the
function g is not necessarily strictly increasing.

» Intermittent damping: Proof the results for any 77 and 75 with
1<Ty <Ts.

Thank you!
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