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The free system

Let T > 0 (final time), N € N* (the spatial dimension), 2 be a bounded,
connected, open subset of RV of class C2, Q@ := (0, T) x Q and w a
nonempty open subset of Q, (dy, d», d3, ds) € (0, +00)?.
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The free system

Let T > 0 (final time), N € N* (the spatial dimension), 2 be a bounded,
connected, open subset of RV of class C2, Q@ := (0, T) x Q and w a
nonempty open subset of Q, (dy, d», d3, ds) € (0, +00)?.

We are interested in the following 4 x 4 reaction-diffusion system

Ouj — diAu; = (—1) (ugu3 — wpuy) in (0, T) x £,
VI<i<4, ¢ 4= on (0, T) x 09,
U,‘(O, ) = Ujo in Qa

This system is a model for the evolution of the concentration u;(.,.) in
the reversible chemical reaction

Ui + Uz = Us + Us,

Global existence of weak solutions holds in any dimension.
The uniqueness is an open problem (for N > 3).



Controllability

(uf,u3, 0}, up) €10, +00)* such that

Ui Uz = Uy Uy.
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Controllability

(uf,u3, 0}, up) €10, +00)* such that

uyuy = uyuy.
J € {1,2,3} denotes the number of controls.
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u,-(O, ) = Ujo in Q.



Controllability

(uf,u3, 0}, up) €10, +00)* such that

uyuy = uyuy.
J € {1,2,3} denotes the number of controls.

(S)
QUESTION : For every up € L°°(2)*, does there exist
(hi)1<i=; € L>(Q) such that the solution u of (S) satisfies

Vie {172a3’4}7 U,'(T, ): uj-.



Two main results

Orup — diAu; = (—1) (uyus — upus) + hi1,1;<; in (0, T)
Bn —
ui(0,.) = uio

)

on (0, T) X 897
in Q.

(S)



Two main results
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Two main results

atu,- — d,‘ALI,‘ (—l)i(U1U3 — U2U4) + h,-lw].,-:;j in (0, T) X Q,
Qui — on (0, T) x 09,
U,‘(O7 ) = Ujo in Q.
(S)
Theorem

(S) is locally controllable in L>(S2) with controls in L*°(Q).
Theorem

(S) is globally controllable in L>(Q2) with controls in L>(Q) in large
time and in small dimension (N < 2).



The beginning : Null-controllability of the heat equation

Theorem (Lebeau-Robbiano (1995) and Fursikov-Imanuvilov
(1996))

For every uy € L?(Q), there exists h € L?(Q) such that the solution u of

{ Oru—Au=hl, in(0,T)xQ,
gu—0
on

on (0, T) x 09,
u(0,.) =up in Q,
satisfies u(T,.) = 0.



The beginning : Null-controllability of the heat equation

Theorem (Lebeau-Robbiano (1995) and Fursikov-Imanuvilov
(1996))

For every uy € L?(Q), there exists h € L?(Q) such that the solution u of

Oru—Au=hl, in(0,T)xQ,
gu =0 on (0, T) x 99,
u(0,.) = up in Q,

satisfies u(T,.) = 0.

Proof.

1. Null-controllability < Observability inequality for the adjoint system.

2. Carleman estimates = Observability inequality for the adjoint
system.



Null-controllability of linear parabolic cascad systems

Toy-system (a; € L>(Q)) :

Oty — diAuy = anuy + apup + azuz + hil,

Oty — dhAun = ax1uy + axppn + axus

6tU3 - d3AU3 =
du _

on

u(0,.) = up

asp Uy + aszus

in (0, T) x Q,
in(0,7)xQ
in (0, 7) x Q,
on (0, T) x 99,
in Q.
(Ca)



Null-controllability of linear parabolic cascad systems
Toy-system (a; € L>(Q)) :

Ortn — diAuy = agug + apptp + agzuz + hl, in (07 T) x Q,
) x Q

Orly — do At = ao1 Uy + asolip + a3z in (0, T
6tU3 — d3Auz = azols + aszzuz in (0, T) X Q,
u=0 on (0, T) x 99,
u(0,.) = up in Q.

(Ca)

Proposition (Gonzalez-Burgos and de Teresa (2010))
If there exist (t1,t) C (0, T), wo C w and € > 0, such that

a.e. (t,x) € (t1, o) X wo, ax(t,x) > e, as(t,x) > ¢,

then (Ca) is null-controllable in L.



Null-controllability of linear parabolic cascad systems
Toy-system (a; € L>(Q)) :

Ortn — diAuy = agug + apptp + agzuz + hl, in (07 T) x Q,
) x Q

Orly — do At = ao1 Uy + asolip + a3z in (0, T
Oruz — d3Auz = azols + aszzuz in (0, T) x Q,
u=0 on (0, T) x 99,
u(0,.) = up in Q.

(Ca)

Proposition (Gonzalez-Burgos and de Teresa (2010))
If there exist (t1,t) C (0, T), wo C w and € > 0, such that

a.e. (t,x) € (t1, o) X wo, ax(t,x) > e, as(t,x) > ¢,
then (Ca) is null-controllable in L.

controls controls controls
h1 ~ uy ~ u ~ us.



Null-controllability of linear crossed-diffusion systems

Proposition (Guerrero (2007))
Let (a11, a12,d) € R3. Toy-system :

Orup — diAuy = annuy + apup + hil,
8tU2 — dgAUz = dAUl

Then, the following conditions are equivalent.

1. System (CD) is null-controllable in {ug € [*(Q)? ; |, u2,0 = 0}.

2. d#0.



Null-controllability of linear crossed-diffusion systems

Proposition (Guerrero (2007))
Let (a11, a12,d) € R3. Toy-system :

Oty — diAuy = anug + aptb + hil, in (07 T) x Q,

8tU2 — dgAUz = dAUl in (07 T) X Q, (CD)
gu=0 on (0, T) x 9%,

u(0,.) = up in Q.

Then, the following conditions are equivalent.
1. System (CD) is null-controllable in {ug € [*(Q)? ; |, u2,0 = 0}.
2. d#0.

controls controls
hl ~oup v Ug.

Remark
The case of non constant coupling coefficients is not totally solved.



Null-controllability of semilinear parabolic systems -

linearization in 0
fi, h € C®(R%R).

Ortn — diAuy = (w1, r) + M1,
Ortr — b Aup = h(ur, )

ou __
5. =0

u(0,.) = up
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Coron, Guerrero, Rosier (2010))

If gl’z((O, ;)) # 0, then (NL) is locally controllable in L>(2) with control
in L*(Q).



Null-controllability of semilinear parabolic systems -

linearization in 0
fi,h € C“(R2;R)

Oruy — diAuy = glfl (0,0)u + g‘fl (0,0)up + M1, in (0, T) x Q,
Ottp — dhAup = ()u (0 O)Ul + ﬂ( )U2 in (0, T) x Q,
%:0 on (0, T) x 09,
u(0,.) = up in Q.,

(NL)

Proposition (Ammar Khodja, Benabdallah, Dupaix (2006) -
Coron, Guerrero, Rosier (2010))

If gl’z ((OQS)) # 0, then (NL) is locally controllable in L>(2) with control
in L*(Q).

Proof.

1. The linearized system in (0, 0) is null-controllable in L2.
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fi,h € C°°(IR2;R)
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(NL)
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Proof.
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Null-controllability of semilinear parabolic systems -

linearization in 0
fi, h € C®(R%R).

Oy — diAwy = f(ur, ) + M1, in (0, T) x Q,
Ortn — daAup = (g, ) in (0,7T) xQ, (NL)
gu =0 on (0, T) x 09,

u(0,.) =up in Q.

Proposition (Ammar Khodja, Benabdallah, Dupaix (2006) -
Coron, Guerrero, Rosier (2010))

If %(O7 0) # 0, then (NL) is locally controllable in L>(2) with control
in L=(Q).
Proof.

1. The linearized system in (0,0) is null-controllable in L.

2. The linearized system in (0,0) is null-controllable in L.
3. Fixed-point argument in L°°.



Null-controllability of semilinear parabolic systems - return
method

fi,f, € C*(R%R), 22(0,0) = 0.

Oruy — diAuy = fl(ul, Ug) + hl, in (0, T) x Q
8tU2 d2AU2 = f2(U1, U2) in (O7 T)

gu =0 on (0, T) x 09,
u(0,.) = up in Q.,



Null-controllability of semilinear parabolic systems - return
method

fi,f, € C*(R%R), 22(0,0) = 0.

Oruy — diAuy = fl(ul, Ug) + hl, in (0, T) x Q,

8tU2 d2AU2 = f2(LI1, UQ) in (07 T) X Q, (NL)
gu =0 on (0, T) x 09,

u(0,.) = up in Q.

STRATEGY : linearization around a non trivial trajectory (o7, T, hy) of
the nonlinear system which goes from 0 to 0. This procedure is called the
return method and was introduced by Coron for Euler equations.

Proposition (Ammar Khodja, Benabdallah, Dupaix (2006) -
Coron, Guerrero, Rosier (2010))

We assume that there exist (t1,t2) C (0, T), wo C w and € > 0 such that
0fh

m (U1, 1) > € on (t1, t2) X wg. Then, then (NL) is locally controllable in
LOO(Q) with control in L>=(Q).



Null-controllability of semilinear parabolic systems - return
method
fi,f, € C*(R%R), 22(0,0) = 0.

Ortn — diAup = fl(ul, U2) + hl, in (0, T) x Q,
8tU2 d2AU2 = f2(U1, UQ) in (07 T) X Q, (NL)
gu =0 on (0, T) x 09,

u(0,.) = up in €2,

STRATEGY : linearization around a non trivial trajectory (o7, T, hy) of
the nonlinear system which goes from 0 to 0. This procedure is called the
return method and was introduced by Coron for Euler equations.

Proposition (Ammar Khodja, Benabdallah, Dupaix (2006) -
Coron, Guerrero, Rosier (2010))

We assume that there exist (t1,t2) C (0, T), wo C w and € > 0 such that
gf (U1, 1) > € on (t1, t2) X wg. Then, then (NL) is locally controllable in

LOO(Q) with control in L>=(Q).

Example : f(uy, u2) = u3 + Rup (R € R) (Coron, Guerrero, Rosier
(2010))




Restatements of the system

(uf,u3,uf, up) €[0,4+00)* such that

uyuz = uyuy.
J € {1,2,3} denotes the number of controls.
O:uj — diAu; = (—l)i(U1U3 — U2U4) + h,‘lwligj in (0, T) x €,
ou;
=0
U,‘(O7 ) = U,‘)o

on (0, T) x 99,
in Q.

()



Trajectory of the nonlinear controlled system

Uy Uz = Uy Uy.

Gtu,- — d,'AU,' = (71)i(U1U3 — U2U4) + h,’lwl,'gj in (0, T) X Q,
du; __
5r=0

ui(0,.) = uip

on (0, T) x 09,
in Q.

(S)



Trajectory of the nonlinear controlled system

Ui Uz = Uy Uy.

ﬁtu,- — d,'AU,' = (71)i(U1U3 — U2U4) + h,’lfw-].,'gj in (O, T) X Q,
%:0 on (0, T) x 09,
ui(0,.) = uio in Q.

(S)

Y = L2(0, T; HY(Q)) n WX2(0, T; (HY(Q))).



Trajectory of the nonlinear controlled system

Qu — @ on (0, T) x 09,

atu,- — d,'AU,' = (71)i(U1U3 — U2U4) + hi]-;p]-r':!j in (O, T) X Q,
ui(0,.) = uip in Q.
(S)

Y = L2(0, T; HY(Q)) n WX2(0, T; (HY(Q))).

Definition

For uy € LOO(Q)4, ((Ui)1§,§4, (hi)lgigj) is a trajectory of (S) if
L ((u)i<icas (h)i<igy) € (Y NL=(Q))* x L=(QY,
2. (uj)i<i<a is the (unique) solution of (S).

Moreover, ((ui)i<i<a, (hi)i<i<j) is a trajectory of (S) reaching
(0 <i<a if

VIE {1,...74}, U,'(T’_):



Invariant quantities of the nonlinear dynamics : 2 controls
((ui)i<i<a, (hi)1<i<j) is a trajectory of (S) reaching (v )i<i<a.

% </(U3(t,X) + U4(t7 X))dX) =0 forae. 0 <t< T.
Q



Invariant quantities of the nonlinear dynamics : 2 controls
((ui)i<i<a, (hi)1<i<j) is a trajectory of (S) reaching (v )i<i<a.

% </(U3(t,X) + U4(t7 X))dx) =0 forae. 0 <t< T.
Q

- ﬁ /Q (us.00x) + uso(x) ) bx = w5 + uj. (MC-3,4)



Invariant quantities of the nonlinear dynamics : 2 controls
((ui)i<i<a, (hi)1<i<j) is a trajectory of (S) reaching (v )i<i<a.

% </(U3(t,X) + U4(t7 X))dX) =0 forae. 0 <t< T.
Q

17
= —/ <U3A’0(X) + U470(X)> dx = u3 + uy. (MC-3,4)
2 Jq
Moreover,
Or(us + ug) — dyA(us + ug) = (ds — dg)Aus  in (0, T) x Q,
Bestm) — g on (0, T) x Q.



Invariant quantities of the nonlinear dynamics : 2 controls
((ui)i<i<a, (hi)1<i<j) is a trajectory of (S) reaching (v )i<i<a.

% (/(Us(DX) + ug(t, X))dx) =0forae 0<t<T.
Q

= g [ (#2000 + o)) e = 05 + . (MC-3.4)
Moreover,
{ Ot -+ us) = elA{us + us) = s i (0.T) x Q.
wzo on (0, T) x 99.

If d3 = d,, then the backward uniqueness for the heat equation gives
that

vVt € [0, T], (U3 + U4)(t, ) = (U3 + U4)(T, ) = U;: + UZ.
Consequently,

<d3 = d4) = (U3.,o +usg = uz + UZ). (SMC-3,4)



Invariant quantities of the nonlinear dynamics : 1 control

<j) is a trajectory of (S) reaching (v, )i<i<a.
1 * *
9] / (uz_o(x) + U3,0(X)) dx = u; + u3, (MC-2,3)
Q

u3o(x) + U470(X)> dx = u; + uy. (MC-3,4)



Invariant quantities of the nonlinear dynamics : 1 control

/) is a trajectory of (S) reaching (v, )1<i<a.

<j
1 * *
9] (uz_o(x) + U3,0(X)) dx = u; + u3, (MC-2,3)
Q
1 ' * *
9] / (U3,o(x) + u410(x)) dx = u3 + uj. (MC-3,4)
Q

(k £1€{2,3,4), di = d,) = (uk,o Yo = uf + uf). (SMC-k,|)



Backward uniqueness

Theorem (BU - Bardos, Tartar (1971))
Let k € N*, D = diag(dh, ..., dx) where d; € (0,+00),
C € Mk(L>®(Q)), Co € L®(Q)k. Let ¢ € Y* be the solution of

¢t — DAC = C(t,x)¢ in(0,T)xQ,
{ 5 =0 on (0, T) x 09,
€(0,.) =¢Go in Q.

If{(T,.) =0, then for every t € [0, T], ¢(t,.) = 0.



More restrictive conditions on the initial data : 2 controls
((ui), (hi)) a trajectory of (S) reaching (u}) such that (u3, u;) = (0,0).

Oruz — d3Aus = —uquz + tpuy  in (0, T) x Q,
atU4 — d4AU4 = Uypuz — UplUy in (O7 T)

9 _ ) on (0, T) x 09.



More restrictive conditions on the initial data : 2 controls

((ui), (hi)) a trajectory of (S) reaching (u}) such that (u3, u;) = (0,0).

Oruz — d3Aus = —uquz + tpuy  in (0, T) x Q,
8tU4 — d4AU4 = uijusz — Uy Uy in (07 T) X Q,
9 _ ) on (0, T) x 09.

((us,ua)(T,) = (0,0)) & (Ve € [0, T], (us, ua)(t,.) = (0,0)).



More restrictive conditions on the initial data : 2 controls

((ui), (hi)) a trajectory of (S) reaching (u}) such that (u3, u;) = (0,0).

Oruz — d3Aus = —uquz + tpuy  in (0, T) x Q,
atU4 — d4AU4 = uijusz — Uy Uy in (O7 T) X Q,
9 _ ) on (0, T) x 09.

((us,ua)(T,) = (0,0)) & (Ve € [0, T], (us, ua)(t,.) = (0,0)).

(s, 6) = (0,0)) = ((u0, us0) = (0,0))-



More restrictive conditions on the initial data : 2 controls

((ui), (hi)) a trajectory of (S) reaching (u}) such that (u3, u;) = (0,0).

Oruz — d3Aus = —uquz + tpuy  in (0, T) x Q,
8tU4 — d4AU4 = uijusz — Uy Uy in (07 T) X Q,
9 _ ) on (0, T) x 09.

((U3,u4)(T,.):(0,O)) = (Vte [0, 71, (U3,u4)(t,.):(o,0)).

((55.u) = 0.0)) = ((v30,1a0) = (0,0)):

Conversely, ug € L>°(Q)* such that (u3 0, us0) = (0,0), (S) becomes

8tu1 - dlAul = hllw in (O, T
8tU2 d2AU2 = hzlw in (0, T
Qo — 9 — on (0, T) x 99,
(Ul, U2)(0 ) (Ul,O; u2)0) in Q.



More restrictive conditions on the initial data : 2 controls

((ui), (hi)) a trajectory of (S) reaching (u}) such that (u3, u;) = (0,0).

Oruz — d3Aus = —uquz + tpuy  in (0, T) x Q,
8tU4 — d4AU4 = uijusz — Uy Uy in (07 T) X Q,
9 _ ) on (0, T) x 09.

((U3,u4)(T )= (o, 0)) (VtE[O sl (U3,U4)(t,.):(0,0)).

((55.u) = 0.0)) = ((v30,1a0) = (0,0)):

Conversely, ug € L>°(Q)* such that (u3 0, us0) = (0,0), (S) becomes

(’9tu1 - dlAul = hllw in (O, T
8tU2 d2AU2 = hzlw in (O, T
Qo — 9 — on (0, T) x 99,
(Ul, U2)(0 ) (Ul,O; u2)0) in Q.

Globally controllable.



More restrictive conditions on the initial data : 1 control

((ui), (hy)) a trajectory of (S) reaching (u}) such that v = 0. Then, for
example, u5 = 0 (because ufuj = uiuy).

((uQ, w)(T,.) = (0,0)) = (Vt € [0, T], (us, w)(t,.) = (0,0)).



More restrictive conditions on the initial data : 1 control

((ui), (hy)) a trajectory of (S) reaching (u}) such that v = 0. Then, for
example, u5 = 0 (because ufuj = uiuy).

(2, u)(T,) = (0,0)) & (Ve € [0, T], (15, 2)(t,.) = (0,0)).

{ 8tu4 — d4ALI4 =0 in (0, T) X Q,

G — 0 on (0, T) x 99.

((u3 5) = (0, 0)) ((uz,o,u3,0,u4,o):(o,o,uz)).



More restrictive conditions on the initial data : 1 control

((ui), (hy)) a trajectory of (S) reaching (u}) such that v = 0. Then, for
example, u5 = 0 (because ufuj = uiuy).

((uQ, w)(T,.) = (0,0)) = (Vt € [0, T], (us, w)(t,.) = (0,0)).

6tU4 — d4ALI4 =0 in (0, T) X Q,
G — 0 on (0, T) x 99.

((u;, ) = (0,0)) N ((um, Us.0, Us.0) = (0,0, uZ)).

Conversely, up € L*°(Q)* such that (2, U3, s o) = (0,0, u3), (S)
becomes

du — on (0, T) x 99,

8tU1 — dlAul = hllw in (0, T) X Q,
on
u1(0, ) =uio in Q.



More restrictive conditions on the initial data : 1 control

((ui), (hy)) a trajectory of (S) reaching (u}) such that v = 0. Then, for
example, u5 = 0 (because ufuj = uiuy).

((uz,U3)(T )= (o, 0)) = (Vte [0, T1, (U3,uz)(t,.):(0,0)>.

{ 6tU4 — d4ALI4 =0 in (0, T) X Q,

G — 0 on (0, T) x 99.

((u3 5) = (0, 0)) ((uzﬁo,u&o,u&o):(0,0,UZ)>.

Conversely, up € L*°(Q)* such that (2, U3, s o) = (0,0, u3), (S)
becomes

9u — 0 on (0, T) x 99,

8tU1 — dlAul = hllw in (0, T) X Q,
u1(0, ) =uio in Q.

Globally controllable.



To sum up : Constraints on the initial condition
3 controls : We introduce

X (d), () = LZ(Q)*.



To sum up : Constraints on the initial condition
3 controls : We introduce

X (d), () = LZ(Q)*.

2 controls :

(u3,uz) #(0,0)
d3 = dy uso + Usp = Ug + UZ
d3 # dy ﬁ Jo(uzo + uap) = uj + uj

Xo, (). (ur) = {Uo € L>°(Q)* ; up satisfies the associated condition}.



To sum up : Constraints on the initial condition

3 controls : We introduce
Xs(d) () = LZ(Q)*.
2 controls :
(u3,uz) #(0,0)
d3 = dy uso + Usp = U; + UZ
d3 # di | 57 Jo(uso + uao) = uj + ug
Xo, (). (ur) = {Uo € L>(Q)* ; up satisfies the associated condition}.
1 control :
NEA
dy = d3 = dg

u20+u30_u +uz,u30+u40_u +u

d3 =dy, dy #d3

1 -
o jnu2,0+u3’0)7u +u3,U30+u407u +uy

dy F d3, d3 Fdy, dy #dy

] jQ(U2,o+"3,o):u +ugs ITJ (u3,0 + ug,0) =

dy =d3,d3 # dy u2’0+U3’0:u;+u;, ‘%j (U30+u40)—u +u:
1
dy = dy, dp # d3 up0 — ug0 = uy — Uy, an(“3,0+”4,0): 3 oy
L * 1

+u

X1 (), (u)

= {up € L°(Q)* ; up satisfies the associated condition}.




Local controllability result

Theorem
For every j € {1.2.3}, for every (u}) € (R")* such that uju; = ujuj,
(S) is locally controllable in X; (4) (.~ with controls in L™ (Q)’.



Local controllability result

Theorem

For every j € {1.2.3}, for every (u}) € (R")* such that uju; = ujuj,
(S) is locally controllable in X; (4) (.~ with controls in L™ (Q)’.
Remark

This local controllability result can be improved in a global controllability
result for easy cases :

1. (v}, uy) = (0,0) for 2 controls,
2. u3 =0 for 1 control.



Global controllability result - small dimension - large time

Theorem

We assume that N =1 or 2 (N = dimension). Let j € {1,2,3} and
(uf)1<i<a € (RT)* be such that ujuj = uiuj. Then, for every

uo € Xj (d)),(ur) Satisfying a condition of positivity, there exists T* > 0
(sufficiently large) and W € L>((0, T*) x Q) such that the solution u of

Oru; — diAu; = (—1)i(U1U3 — UQU4) + h,’lwl,'gj in (0, T*) X Q,

9u =0 on (0, T*) x 99,
u,-(O, ) = U0 in Q.
satisfies

u(T*,.)=u".



Sketch of proof of the local controllability result - j = 3
LINEARIZATION of (S) around (u})

{ Ot — diAu; = (—1)(vjur — Ujus + ufus — w3 ug) + hil, 15,
ou;

oup 0

on ’
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LINEARIZATION of (S) around (u}) :
Ot — diAu; = (—1)(vjur — Ujus + ufus — w3 ug) + hil, 15,

ou;
an =0,
U,'(O, ) = Uujo-

controls controls controls
hy > u, hy e by s,



Sketch of proof of the local controllability result - j = 3
LINEARIZATION of (S) around (u}) :
Ot — diAu; = (—1)(vjur — Ujus + ufus — w3 ug) + hil, 15,

ou;
an =0,
U,'(O, ) = Uujo-

controls controls controls
hy > u, hy e by s,

And uy 7 Orus — dyAuy = ujun — ujup + uius — Usus.



Sketch of proof of the local controllability result - j = 3
LINEARIZATION of (S) around (u}) :

Ot — diAu; = (—1)(vjur — Ujus + ufus — w3 ug) + hil, 15,

ou;
an =0,
U,'(O7 ) = Uujo-

controls controls controls
hy "~ u hy e, hs T s,
And uy 7 Orus — dyAuy = ujun — ujup + uius — Usus.
First case : (u7,u, u}) # (0,0,0). For example, u # 0, then

controls
uy ~>  Us.



Sketch of proof of the local controllability result - j = 3
LINEARIZATION of (S) around (u}) :

Ot — diAu; = (—1) (v ur — Ujua + ufus — w3 ug) + hil, 15,

ou; _
an =0,
U,'(O7 ) = Uujo-

controls controls controls
~>

h ur,hy "~ hy T s,

And s 7 Ocis = caus = Yt My s — o s

First case : (u7,u, u}) # (0,0,0). For example, uj # 0, then

controls
~ Uy,

Second case : (uf, u3, u;) = (0,0,0), return method. Linearization
around a non trivial trajectory of (S) which comes from (0, u3,0,0)
and goes to (0, u3,0,0) :



Sketch of proof of the local controllability result - j = 3
LINEARIZATION of (S) around (u}) :

Ot — diAu; = (—1) (v ur — Ujua + ufus — w3 ug) + hil, 15,

ou; _
an =0,
U,'(O7 ) = Uujo-

controls controls controls
hy "~ u, hy e by s,

And s 7 Ocis = caus = Yt My s — o s

First case : (u7,u, u}) # (0,0,0). For example, uj # 0, then
controls
~ o Ug.

Second case : (uf, u3, u;) = (0,0,0), return method. Linearization
around a non trivial trajectory of (S) which comes from (0, u3,0,0)
and goes to (0,u3,0,0) : (0,u5,73,0,0,0, h3) with

m e CP(Q), 3 >0, U3 #0, supp(w3) C (0, T)Xw, hs = ;U3 — 3 ATs.



Sketch of proof of the local controllability result - j = 3
LINEARIZATION of (S) around (u}) :

Ot — diAu; = (—1) (v ur — Ujua + ufus — w3 ug) + hil, 15,
du;

i =0,
on

(0 )—UIO

con trols

uo, h3 us.

controls contro/s
~>

hy
And s 7 Ocis = caus = Yt My s — o s

First case : (u7,u, u}) # (0,0,0). For example, uj # 0, then

controls
~>

17h2

Ug.

Second case : (uf, u3, u;) = (0,0,0), return method. Linearization
around a non trivial trajectory of (S) which comes from (0, u3,0,0)
and goes to (0,u3,0,0) : (0,u5,73,0,0,0, h3) with

m e CP(Q), 3 >0, U3 #0, supp(w3) C (0, T)Xw, hs = ;U3 — 3 ATs.

Then, Orus — dyAuy = Tz — ujug in (0, T) x Q.

con trols

As 3 u3 7£ 0 Ug.



Proof of the local controllability result - j = 2, d3 = d,
We can assume that (u3, u;) # (0, 0).



Proof of the local controllability result - j = 2, d3 = d,
We can assume that (uj, uz) # (0, 0).

Backward uniqueness : (us + us)(t,.) = uj + uj = m.
(S) reduces to

Oeui — diAu; = (—1) (ugus — ua(m — u3)) + hil, 1,0,
V1<i<3, { 2u—y,

U,'(O, ) = U,"o.
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(S) reduces to

Oeui — diAu; = (—1) (ugus — ua(m — u3)) + hil, 1,0,
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Proof of the local controllability result - j = 2, d3 = d,
We can assume that (uj, uz) # (0, 0).

Backward uniqueness : (us + us)(t,.) = uj + uj = m.
(S) reduces to

Oeui — diAu; = (—1) (ugus — ua(m — u3)) + hil, 1,0,
VI<i<3, ¢ 2u=y,
U,'(O, ) = U,"o.

LINEARIZATION around (u?) :

controls controls
hy T~

u, hy "~ o,

Oruz — dsAus = —ujuy + mus — (Ui + u3)us.



Proof of the local controllability result - j = 2, d3 = d,
We can assume that (uj, uz) # (0, 0).

Backward uniqueness : (us + us)(t,.) = uj + uj = m.
(S) reduces to

Oeui — diAu; = (—1) (ugus — ua(m — u3)) + hil, 1,0,
VI<i<3, ¢ 2u=y,
U,'(O, ) = U,"o.

LINEARIZATION around (u?) :

controls controls
hy >, hy s
Oruz — dsAus = —ujuy + mus — (Ui + u3)us.

* controls
(_U3. # 0) = (U]_ ~ U3)
Ot 1erwise, U3 - 01 then m u4

(m#0) = (up U ).



Proof of the local controllability result - j = 2, d3 # dy
We can assume that (uj, uz) # (0, 0).

(w1, o, 3, 0)(T ) = (u, 03,05, 15) |

if and only if

| (v, v, us, 0+ ug) (T,) = (uf, 03, 03, 03 + 1) |-




Proof of the local controllability result - j = 2, d3 # dy
We can assume that (uj, uz) # (0, 0).

(w1, o, 3, 0)(T ) = (u, 03,05, 15) |

if and only if

(v, v, us, 0+ ug) () = (65, 03, 03, 05 + 1)

The system satisfied by (v1, v, v3,v4) 1= (u1, Uo, U3, Uz + Ug) is

Oevi — diAv; = (=1) (vivz — va(vg — v3)) + hilyli<o,

Visiss, { Oeva — dalivg = (ds — da)Avs.



Proof of the local controllability result - j = 2, d3 # dy
We can assume that (uj, uz) # (0, 0).

(w1, o, 3, 0)(T ) = (u, 03,05, 15) |

if and only if

(v, v, us, 0+ ug) () = (65, 03, 03, 05 + 1)

The system satisfied by (v1, v, v3,v4) 1= (u1, Uo, U3, Uz + Ug) is

. Ovi — diAv; = (—1) (vavz — va(va — v3)) + hi 11,20,
Visiss, { Oeva — dalivg = (ds — da)Avs.
LINEARIZATION :
controls controls
h vi,ho T v,
Orvs — dsAvs = —ujvy + ugvo — (U] + U3)vs + U3 v,

atV4 — d4AV4 = (d3 - d4)AV3.
(7u;: # 0) N (V1 COQH)O/S Vs corl/t\gols V4),

(UZ # O) - (V2 Coago/s vs cotlgo/s V4).



Local controllability result - j = 1, (db, d3, dy) different
We can find «, 5 and «y # 0 such that

(v, v, 0, u0)(T ) = (w5, 03, 03, 7) |

if and only if

’(ul7 Up, Uy + Uz, atp + Bus + yug)(T,.) = (v, u3, uy + U}, auy + Buj —|—7uf{)‘




Local controllability result - j = 1, (db, d3, dy) different
We can find «, 5 and «y # 0 such that

(v, v, 0, u0)(T ) = (w5, 03, 03, 7) |

if and only if

’(ul7 Up, Uy + Uz, atp + Bus + yug)(T,.) = (v, u3, uy + U}, auy + Buj —&—vuf{)‘

and the LINEARIZED-system satisfied by
(vi, va, v3,va) = (u1, U, Us + Uz, Uz + SBuz + yus) gives

controls

hy 0w,
Otvo — dbAvy = U§V1+...,
atV3 - d3AV3 = (d2 — C/3)AV27
atV4 — d4AV4 = 1AV3.



Local controllability result - j = 1, (db, d3, dy) different
We can find «, 5 and «y # 0 such that

(v, v, 0, u0)(T ) = (w5, 03, 03, 7) |

if and only if

’(ul7 Up, Uy + Uz, atp + Bus + yug)(T,.) = (v, u3, uy + U}, auy + Buj —&—VUZ{)‘

and the LINEARIZED-system satisfied by
(vi, va, v3,va) = (u1, U, Us + Uz, Uz + SBuz + yus) gives

controls

hy 0w,
Otvo — dbAvy = U;V1+...,
atV3 - d3AV3 = (d2 — C/3)AV27
atV4 — d4AV4 = 1AV3.

controls controls controls
Vi ~ Vo M V3 v .



Global controllability result - two steps

Theorem

We assume that N =1 or 2 (N = dimension). Let j € {1,2,3} and
(uf)1<i<a € (RT)* be such that ujuj = usuj. Then, for every

uo € Xj (dy),(ur) Satisfying a condition of positivity, there exists T* > 0
(sufficiently large) and W € L>((0, T*) x Q) such that the solution u of

8tu,- — d,'AU,' = (—1)i(U1U3 — U2U4) + h,'].wl,'gj in (0, T*) X Q,

Qu — on (0, T*) x 09,
U,'(O, ) = Ujo in Q.
satisfies

u(T*,.)=u"



Global controllability result - two steps

Theorem

We assume that N =1 or 2 (N = dimension). Let j € {1,2,3} and
(uf)1<i<a € (RT)* be such that ujuj = usuj. Then, for every

uo € Xj (dy),(ur) Satisfying a condition of positivity, there exists T* > 0
(sufficiently large) and W € L>((0, T*) x Q) such that the solution u of

8tu,- — d,'AU,' = (—1)i(U1U3 — U2U4) + h,'].wl,'gj in (0, T*) X Q,

% = on (0, T*) x 09,
U,'(O, ) = Ujo in Q.
satisfies
u(T*,.)=u"
Proof.

1. Let evolve the system without control : convergence to (z;), a
particular stationary constant state.

2. Use the local controllability result together with a
connectivity-compactness argument to link (z;) and (u}).



Global controllability result - first step

Proposition (Desvillettes-Fellner (2014),
Pierre-Suzuki-Yamada-Zou (2016))

1<N<L2
The solution u € L°°((0,00) x Q)* of

%:0 on (0,00) x 09,

Oeuj — diAu; = (1) (uyu3 — upuy)  in (0,00) x Q,
U,'(O, ) = Uujo in Q,

satisfies

im Mu(T) = 2l @ =0,

where z € (RT*)* satisfies z1z3 = zz, and a positivity condition.



Global controllability result - first step

Proposition (Desvillettes-Fellner (2014),
Pierre-Suzuki-Yamada-Zou (2016))

1<N<L2
The solution u € L°°((0,00) x Q)* of

%:0 on (0,00) x 09,

Oeuj — diAu; = (1) (uyu3 — upuy)  in (0,00) x Q,
U,'(O, ) = Uujo in Q,

satisfies
im Mu(T) = 2l @ =0,

where z € (RT*)* satisfies z1z3 = zz, and a positivity condition.
Remark

For N >3, " the " solution u € L}((0,00) x Q) only converges in L}(Q)
to z.



Second step
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