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Optical excitations in bulk Insulators
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Interband optical transitions
are challenging for ab initio
methods:
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E Insulators: three different gaps
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The Kohn-Sham gap
approximates the optical
gap (neutral excitation),
not the band gap!




—@ Hybrid functionals for the band gap

I | [ I v | I I
" ¢ Group ] mmmd) émm Group 11
- 12 - : ° -
3 : . Kr LiF
o, = . -
S 10 ' Na 0
- |
S 8t e © :
s ! LiCl 5
= . I.
% 6 u C ' O. H _
3 R L
S B BaTiO3 : .
o 4 u = : exact
| O PBE
2 K /U : ® HSE(w=0.1)]
Ges GaN | m Lcw=02)
O O | | L1 | | | —

0 2 4 6 8 10 12 14
Experimental band gap (eV)

Matsushita, Nakamura and Oshiyama, PRB 84, 075205 (2011)
see also Skone, Govoni and Galli, PRB 93, 235106 (2016)



Elementary view of Excitons

Mott-Wannier exciton:
weakly bound, delocalized
over many lattice constants

» In semiconductors with small
band gap and large €

Frenkel exciton:
tightly bound, localized on
a single (or a few) atoms

» In large-gap insulators, or
In low-€ organic materials



E Excitonic features in the absorption spectrum

A H. Haug & S.W. Koch
Quantum Theory of the
Optical and Electronic
Properties of Semiconductors

Absorption

optical gap

N
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e Sharp peaks below the onset of the single-particle gap

e Redistribution of oscillator strength: enhanced absorption
close to the onset of the continuum



E Wannier equation and excitonic Rydberg Series

Energy (eV)

R.J. Uihlein, D. Frohlich, and R. Kenklies,
PRB 23, 2731 (1981)
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Absorbtion coefficient (10" cm’)

e ¢(r) is exciton wave function
e includes dielectric screening

e derived from Bethe-Salpeter eq.
Sham and Rice, Phys. Rev. 144, 708 (1966)
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R.G. Ulbrich, Adv. Solid State Phys. 25,
299 (1985)



U Excitons in nanoscale systems
G. D. Scholes and G. Rumbles, Nature Mater. 5, 683 (2006)
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Frenkel excitons
in light-harvesting
systems: purple
bacteria
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E Excitons: comparison of first-principles methods*

L. J. Sham and T. M. Rice, Phys. Rev. 144, 708 (1966)
M. Rohlfing and S. Louie, PRB 62, 4927 (2000)
G. Onida, L. Reining, R. Rubio, RMP 74, 601 (2002)

Many-body perturbation theory: Based on Green'’s functions
e moves (quasi)particles around
e one-particle G: electron addition and removal — GW ground state
e two-particle L: electron-hole excitation — Bethe-Salpeter equation
e intuitive: contains the right physics (screened e-h interaction)

by direct construction

Time-dependent DFT: Based on the electron density
e moves the density around
e Ground state: Kohn-Sham DFT

e response function y: neutral excitations of the KS system

e efficient (all interactions are local), but less intuitive how
the right physics is built in

* Matteo Gatti, TDDFT School 2010, Benasque



_@ TDDFT Linear response in periodic systems

2(r,1,0) = 2, (r,r', o)+ [d3[ d*X 7, (r, X, @)

x{ L +fxc(x,x’,w)};((x’,r’,a))

| X=X

Periodic systems: x(I,r',o)=y(r+R,r'+R, o)

Therefore, we can Fourier transform the response function:

x(rrw)y=>Y > e WO y(k+ G k+G' )

keBZ G,G’

Xoe (K @) = Yo (K, @) + ZZsGGl (K, @)

GG,

X {Vel (k)5(3162 + fxcGlGZ (k!w)}ZGZG’(k’a))
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E The dielectric tensor
VD= M VXE:_%_? Maxwel
V.B_0 .. :jfree+a_D equations
ot
Def. of dielectric tensor: ~ D(r, @) = I dr' g(r, 1, 0)E(r', o)
In periodic solids: Do (k,0) =) &__ (K 0)Eg (K, 0)
=

This is the microscopic dielectric tensor. But for comparison with
spectroscopy, we would like the macroscopic dielectric function:

Dmac (a)) =& (a)) Emac (a))

=mac
Problem: we cannot calculate the macroscopic dielectric function directly!
This would ignore the local-field effects (microscopic fluctuations).
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—@ Homogeneous systems
In a homogeneous, isotropic system, things would be easy:
hom - hom
e (w)=lime " (q,w)
q

—Mmac S0 =

hom

and £ (0, ) =& (0, 0)44" +&7™"(1-64")
and &°"(0,0)=&°"(0,w)
The connection to optics is via the refractive index:

& mac (Cf)) — ﬁz

Reg . =n’+x’
Ime, .. =2nk
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—@ The macroscopic dielectric function

-1
For cubic symmetry, _ ‘ ‘
one can prove that ©mac (a)) “m[ gGG’ (k a))

Jelel (k, 60) . longitudinal component of dielectric tensor
(a.k.a. dielectric matrix)

To make progress, we need a connection with response theory:

V,(r,w) = jdsrg(r r’ a)){v (r, a))+J‘d3 ”n (', o )}

lr'-r"]

(r',r',w)
lr-r"|

sothat & '(r,r',®)=06(r — r)+J‘d3 4

and for a periodic system, | g5, (K, @) = S + V5 (K) 760 (K, @)




—@ The macroscopic dielectric function

From this, one obtains | &5 (60) =1- !(i_r)TgVo (k)?oo (k, 60)

There is a subtle, but very important point to be noted. Here
we use a modified response function ¥ g (k, 60) ,

Zoc (K @) = e (K, @) + z}(seel (K, @)

G,G,

AV, (K)o 6. + Freae, (K 0) Zo o (K, @)

where the long-range
part of the Coulomb
Interaction has been
removed:

Vo (k) =

-

0 for G=0
4 for G#0

|k+G

G. Onida, L. Reining, and A. Rubio, Rev. Mod. Phys. 74, 601 (2002)
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Optical absorption in Insulators: TDDFT
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RPA and ALDA both bad!

» absorption edge red shifted
(electron self-interaction)

» first excitonic peak missing
(electron-hole interaction)

Why does the LDA fail??

»lacks long spatial range

» need new classes of xc
functionals

G. Onida, L. Reining, A. Rubio, RMP 74, 601 (2002)
S. Botti, A. Schindlmayr, R. Del Sole, L. Reining, Rep. Prog. Phys. 70, 357 (2007)
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_@ The xc kernel for periodic systems

fxc(r,r’,w) _ Z Zei(q+G)r fXC’GG,(q’a))e—i(q+G')r

qeFBZ G,G’

TDDFT requires the following matrix elements as input:

Kawar = > > (ik; [ |ak, ), oo (0, @)(a'k, [ 7"

geFBZ GG’

'k, )

><5ka—1<i+q,c30 5ka,—ki,+q,eg,

Most important: long-range (Q — 0) limit of “head” (G =G’'=0):

- iqr exac 1
<Iki ‘eq ‘aka> gq—0 >4 1:xc,OOt(q’a)) 4

g—0 2
q

but fx’éb[é‘\(q,a)) 350 >CONSt. Therefore, no excitons

In ALDA!
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E Long-range xc kernels for solids

 LRC (long-range corrected) kernel ¢ LRC (CI)= _ «

e : Ocer
(with fitting parameter a): xc,GG 1q+G [ GG
(L. Reining et al., 2002)

e “bootstrap” kernel (S. Sharma et al., PRL 107, 186401 (2011)

-1
f boot ’(q a)) _ e} (q,O) (depends on unoccupied bands,
Xc,GG"\ M Y00 (9,0) may need large number of bands)
S ]

e Functionals from many-body theory: (requires matrix inversion)
v
D> e O
v

excitonic xc kernel from

exact exchange Bethe-Salpeter equation
(L. Reining et al., 2002)




E Excitons: which xc kernels to use?

» Local functionals (ALDA/GGA) don’t work

» Nanoquanta kernel: accurate but expensive
Reining, Olevano, Rubio, Onida, PRL 88, 066404 (2002)

» Long-range corrected (LRC) kernel: simple but ad-hoc
Botti et al., PRB 69, 155112 (2004)

» Bootstrap kernel: several versions
Sharma, Dewhurst, Sanna and Gross, PRL 107, 186401 (2011)

» Jellium with a gap:
Trevisanutto et al., PRB 87, 205143 (2013)

» Hybrid functionals, meta-GGAs: much activity lately
B3LYP: Bernasconi et al. PRB 83, 195325 (2011)
HSE: Paier, Marsman and Kresse, PRB 78, 121201 (2008)
VS98/TPSS: Nazarov and Vignale, PRL 107, 216401 (2011)
Range separated: Refaely-Abramson et al., PRB 92, 081204 (2015)

19
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E Optical spectra with range-separated hybrid
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E Optical spectra with TDDFT: “bootstrap” xc kernel
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—@ Excitons with TDDFT: “bootstrap” xc kernel

S. Sharma, J.K. Dewhurst, A. Sanna & E.K.U. Gross, PRL 107, 186401 (2011)

-1 ' _ O)
fxlzoot ,(q) — gGG (q’ 0
e Xs.G6=G'=0 (0, 0=0)

e =1+vy [1-(v+ ) x ]

Original bootstrap kernel: self-consistent iteration
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Modified bootstrap xc kernels
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Rigamonti et al., PRL 114, 146402 (2015)
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S. Sharma, unpublished (2015)
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See also TDCDFT:
J.A. Berger, PRL 115, 137402 (2015)
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—@ Excitation energies from TDDFT

Excitation energies follow A K Y X -1 0V X
from eigenvalue problem . . =X’
(Casida 1995): K A \Y O 1MNY
Aﬁao,i’a’a = 5|| 5aa 500 ( )+ Klaa i'a’o’

Iaa i'a'c’ ,[d r.[ d srlgpl*ﬁ (030 >|:‘r j- rr‘ + fXC,GG’ (r’ r” a)):|§0i'6' (r')§0ar0’ (r,)

For real orbitals we can rewrite this as

2 e Y
Z{ aa O'O' a)aiO' + 2\/a)aic7a)a'i'0" KiaO',i'a'O" J Zi’a'o" =€) Zi’a'o"

i'a'o’
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—@ Direct calculation of exciton binding energies

Casida equation of TDDFT (1995):

Hxc Hxc _
Z[@k,;kﬁ <ok @aic T Kiak bk ] bk’ T Z Kiak, ibk' ¥ jor = —2X

jbk’ jhk’

Hxc Hxc _
Z Klak ka’x jbk’ T Z [5|k Jk’ ak bk’a)alk + Klak ka'}ijk’ o QYiak TDA
jbk’ jbk’

Full Casida equation can be transformed (using time-reversal symmetry)

Hxc e Y
Zbuk;kéakbk'wauk + 2\/a)a|ka)1bk’ Kiak. ka’JZjbk’ =) Zjbk’

jbk’

Same computational cost as TDAL.

T. Sander, E. Maggio & G. Kresse, PRB 92, 045209 (2015):
TDA in Bethe-Salpeter equation makes only tiny difference,
but in TDDFT it makes a difference for large-gap insulators



_@ Direct calculation of exciton binding energies
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(ijk)(mnk’) | J(mnk’) __ (jk)
Z[ Oite. k' ik ik (gjk Ei ) + Fiie ]P =W, P,
(mnk")

TDDFT coupling matrix:

FX(CiJ'k)(mnk') — iz fXC’GG,(q _ O)< jk‘eiG-r‘ ik><mk'

Vcrys GG’

e—iG'-r‘ nkr>

e Exciton binding energy from diagonalizing the TDDFT
excitonic Hamiltonian
e More expensive than calculating Im g€(w), but more precise



R TDDFT vs MBPT
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(ijk)(mnk’) [ S(mnk’) __ (ijk)
Z[ k mk'’ jk nk' (gjk |k) + I:ch ],0 o a)/lpﬂ
(mnk")

TDDFT coupling matrix: xc kernel
FX(Cijk)(mnk') — iz fxc Gg'(q _ O)< jk‘eiG-r‘ |k><mk' e—iG'-r‘ nkr>
Vcrys GG’ |

BSE coupling matrix:

FX(CiJ'k)(mnk') :iz gGG,(q)<jk‘ei(q+G)-r‘nkr><mkr

Vcrys GG’ \

screened Coulomb interaction

e—i(q+G')-r ‘ nk,>5q,k_k'



_@ Screened exact exchange (SXX)

gGG (q o = ()) «— full dielectric

BSE: QGG(CI) =—4r | q+ G | matrix
1
TOHF: Yoo (A) =47 rIel S  Unscreened
Y simple screening

SXX: gGG(q) =—Ar | 9 el |2 GG"  parameter

7/ 800 (O O) Calculated with RPA

Z.-h. Yang, F. Sottile, and C.A. Ullrich, PRB 92, 035202 (2015)
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Exciton binding energies (4-band model)
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Screening parameter
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Absorption spectrum of LiF
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Experiment
SXX — |
RPA

» good oscillator strength
» second excitonic peak
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Absorption spectra of AIN and Si
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—@ Summary

» TDDFT methods can describe excitons very accurately, but
difficult to get good exciton BE and good oscillator strengths.
No exciton Rydberg series with adiabatic xc kernels.

» Challenges: xc kernel that works for small-gap semiconductors
and for large-gap insulators; numerically very sensitive.

» Alternative to BSE: SXX kernel — same accuracy but cheaper

» SXX works very well for exciton binding energies for
large- and small-gap materials (still room for improvement).
Promising goal: excitonic hybrid kernel

» Challenge: real-time TDDFT description of excitonic effects

G. Onida, L. Reining, A. Rubio, Rev. Mod. Phys. 74, 601 (2002)
S. Botti, A. Schindlmayr, R. Del Sole, L. Reining,

Rep. Prog. Phys. 70, 357 (2007)

C.A. Ullrich and Z.-H. Yang, Topics in Current Chem. 368 (2015)
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