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๏ Part 1: A new phase of matter: the QGP

๏ Part 2: Generating the QGP in the lab:
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Part I
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QCD
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Fµ⇥ = ⇥µA⇥ � ⇥⇥Aµ � ig [Aµ, A⇥ ]
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Monday, July 16, 12

๏ A simple Lagrangian:

๏ Formulated in terms of quarks and gluons and their interactions

๏ But we know that what we observe are mesons and baryons
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Asymptotic Freedom
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threshold matching at the heavy quark pole masses Mc = 1.5 GeV and Mb = 4.7 GeV. Results from
data in ranges of energies are only given for Q = MZ0 . Where available, the table also contains the
contributions of experimental and theoretical uncertainties to the total errors in αs(MZ0).

Finally, in the last two columns of table 1, the underlying theoretical calculation for each mea-
surement and a reference to this result are given, where NLO stands for next-to-leading order, NNLO
for next-next-to-leading-order of perturbation theory, “resum” stands for resummend NLO calculations
which include NLO plus resummation of all leading und next-to-leading logarithms to all orders (see
[39] and [32]), and “LGT” indicates lattice gauge theory.

Figure 17: . Summary of measurements of αs(Q) as a function of the respective energy scale Q, from
table 1. Open symbols indicate (resummed) NLO, and filled symbols NNLO QCD calculations used in
the respective analysis. The curves are the QCD predictions for the combined world average value of
αs(MZ0), in 4-loop approximation and using 3-loop threshold matching at the heavy quark pole masses
Mc = 1.5 GeV and Mb = 4.7 GeV.

In figure 17, all results of αs(Q) given in table 1 are graphically displayed, as a function of the
energy scale Q. Those results obtained in ranges of Q and given, in table 1, as αs(MZ0) only, are not
included in this figure - with one exception: the results from jet production in deep inelastic scattering
are represented in table 1 by one line, averaging over a range in Q from 6 to 100 GeV, while in figure 17
combined results for fixed values of Q as presented in [67] are displayed.

28

S. Bethke, hep-ph/0606035

๏ Strength of the charge depends 
on the scale!

high energies

short distances

high temperatures

๏ At asymptotic:

quark and gluons 
are almost free

๏ At lower scales the coupling constant becomes large

Quark and Gluons stay confined into hadrons

Solving QCD dynamics becomes very hard

}
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QCD Strings
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Figure 3: The Regge trajectories for the ρ, K∗ and φ. From Godfrey et al. (1985).

quarks have been ever detected hints to the property of quark confinement.
Hence, the interaction among quarks has to be so strong at large distances
that a qq̄ pair is always created when the quarks are widely separated. From
the data it is reasonable to expect that a quark typically comes accompanied
by an antiquark in a hadron of mass 1 GeV at a separation of 1 fm (! Λ−1

QCD).
This suggests that between the quark and the antiquark there is a linear energy
density (called string tension) of order

σ =
∆E

∆r
! 1

GeV

fm
! 0.2 GeV2. (5)

The evidence for linear Regge trajectories (see Fig. 3) supports this picture. A
theoretical framework is provided by the string model, Nambu (1974). In this
model the hadron is represented as a rotating string with the two quarks at the
ends. The string is formed by the chromoelectric field responsible for the flux
tube configuration and for the quark confinement (see Fig. 4), Buchmüller
(1982). Upon solution of the Exercise 2.1, the reader can verify that it is
possible to establish the relation

α′ =
1

2πσ
(6)

between the slope of the Regge trajectories and the string tension. The string
tension σ emerges as a key phenomenological parameter of the confinement
physics.

From the light mesons spectrum of Fig. 1 it is evident that

6

What it means
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Low temp: Flux tube extends: F = const

At high T

Q

Q

Q Kicks from thermal particles

Can’t maintain the flux tube

http://www.physics.adelaide.edu.au/

⇠dleinweb/VisualQCD/Nobel/

Jeon (McGill) Hard Probes Stony Brook 2013 17 / 114

๏ A simple model: quarks joined by 
strings

• Explains relation between J and M
• Isolated quarks have infinite energy

-0.5

0

0.5

1

1.5

2

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

V 0
(r)
/G
eV

r/fm

β=6.0
β=6.2

fit

Figure 10: Static potential at β = 6.0 and β = 6.2 in the quenched approximation. The
solid line is a fit of the form of Eq. (61). Bali et al. (1997).

temporal extension r̂ and T̂ respectively. Assuming that W (r̂, T̂ ) = exp{σ̂r̂T̂−
δ̂(r̂ + T̂ ) + γ̂}, the famous Creutz ratio

χ(r̂, T̂ ) = − log

(

W (r̂, T̂ )W (r̂ − 1, T̂ − 1)

W (r̂, T̂ − 1)W (r̂ − 1, T̂ )

)

(60)

coincides with the string tension, since the parameters δ̂ and γ̂ drop out. The
original calculation (Creutz et al. (1982)) was performed on a 64 lattice and
the asymptotic scaling seemed to show up for values of β slightly below 6.0.
This measurement of a string tension different from zero from the strong cou-
pling region to the asymptotic scale region, without any indication of a phase
transition in the intermediate region, constituted the first evidence of quark
confinement in QCD.

In Fig. 10 we show the most recent lattice measurement of the quenched
static potential from Eq. (59) on a hypercubic lattice V = 164 at β = 6.0
and V = 324 at β = 6.2. These values correspond to inverse lattice spacings
a−1 " 2.1 GeV and a−1 " 2.9 GeV respectively. The scale is adjusted to
optimally reproduce the bottomonium level splittings (Bali et al. (1997)).
The fit curve corresponds to the parameterization

V0(r) = −
e

r
+ σr +

f

r2
(61)

33

๏ Heavy Quark potential
• Determined via non perturbative methods

• Simple fit
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short distance: perturbative long distance: confinement
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๏ Is there a phase of matter in which quark and gluons are 
dominant?

๏ If there is... is there a phase transition?
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Chiral Symmetry
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๏ The QCD lagrangian enjoys an (approximate) global flavour symmetry

 SU(3)flavor generator

๏ Symmetry not observed! (chiral partners have different masses)

๏ Spontaneously broken in the vacuum

• A vacuum condensate: 

• (almost) goldstone boson

๏ At finite temperature the condensate can melt and lead to a transition!
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The Intuitive Idea
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๏ At low T<mN: dilute gas of mesons (pions) 

๏ At higher T hadrons are activated: density increases

๏ If thermal density is larger than nuclear density: quark and 
gluon liberation

๏ At very very high T: violent collisions

small coupling constant
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Thermodynamics from Fields
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๏ Helmholtz Free Energy

๏ In statistical mechanics: 

๏ Formally very similar to 

(path integral) 

๏ Analogy: thermal partition function has a path integral rep

• Imaginary time (just a trick).

• Tr ⇒(anti) periodicity of (fermionic) bosonic fields 
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Lattice QCD
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http://www.jicfus.jp/en/wp-content/uploads/2012/12/LatticeQCD.png

๏ Computer simulations in discretized 
space

๏ Access to non-perturbative dynamics

๏ Euclidean space ⇒ static properties 

http://www.jicfus.jp/en/wp-content/uploads/2012/12/LatticeQCD.png
http://www.jicfus.jp/en/wp-content/uploads/2012/12/LatticeQCD.png
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Equation of State
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Wuppertal-Budapest Col.  arXiv: 1007.2580

Rapid cross over transition: 

• Deconfined matter: Quark Gluon Plasma
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Is it Deconfined?
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๏ Free energy associated to a QQ pair

• It becomes finite at finite long distances

• The asymptotic value depends on T⇒ quarks get dressed

• At high T the perturbative part of the potential is modified.

Quarkonia in the Quark Gluon Plasma 11
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Fig. 3. The singlet free energy (left) and the screening function (right) as function of quark
separation distance r at different temperatures calculated with the HISQ action.37
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Fig. 4. The free energy of static QQ̄ pair (left) and the difference F (r, T )−F∞(T ) (right) calcu-
lated with HISQ action as function of quark separation distance r at different temperatures. In the
right panel the filled symbols correspond to the lattice data, while the open symbols correspond
to the values reconstructed from the singlet free energy.37 The legend in the left panel is the same
as in Fig. 3 (left).

to the Coulomb gauge. In fact, the singlet free energy defined in terms of Wilson
loops shows very similar behavior to the one calculated in the Coulomb gauge.32

Furthermore, the Debye screening mass can also be defined from the long distance
behavior of the electric gluon propagator.40–45 Calculations in SU(2) and SU(3)
gauge theories show no gauge dependence of the extracted Debye mass within sta-
tistical errors.43, 44 The extracted screening masses are in agreement with the ones
obtained from the singlet free energy. Color magnetic screening can be also studied
in this approach,40–45 though the long distance behavior of the static transverse
gluon propagator is not always exponential43, 46 and thus the corresponding screen-
ing mass cannot be defined.

2.3. Quarkonium Spectral Functions and Euclidean Correlators on
the Lattice

In-medium meson properties are encoded in meson spectral functions. The spectral
function σ(ω, #p) for a given meson channel H in a system at temperature T can
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Screening
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๏ In E&M free charges screen the charge of a test particle

๏ The phenomenon is identical in QCD

test charge

Debye Cloud

• Same charge medium particles are pushed away 

• Opposite charge medium particles are attracted 

• Test particle is dressed by a Debye Cloud

}
• Charge is screened for r>1/mD
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High T Phase of Hadronic Matter
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๏ At T>Tc: free colour charges: plasma-like state

Quark Gluon Plasma

๏ At T>>Tc: pQCD allows to understand its basic properties

Plasma Density

Cross section 

Mean free path 

Mass of particles

๏If g≪1, quarks and gluons travel long distances without interactions

dressed long lived excitations ≣ quasiparticles
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Part II
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Heavy Ion Colisions
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RHIC Physics in a Nutshell

Collisions of Ions 1000’s of Particles

RHIC physics takes place in space-time

Need to “rewind” dynamical evolution to study
QCD at high temperature and density

(~10 fm)
10-14m

(fm/c)
(10-23s)

๏ Large ions are contracted into thin disks: L=2 R/γ

๏ RHIC: Au-Au@√s= A 200 GeV =39.4 TeV  ⇒ L~0.06 fm
๏ LHC:  Pb-Pb @ √s= A 5.02 TeV = 1039 TeV ⇒ L~0.002 fm

Huge amount of energy in very small volumes!
(but not all goes into forming matter)
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Kinematics
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-2 -1 0 1 2

0.5

1.0

1.5

2.0
๏ A set of space-time coordinates

• Under boosts

๏ Momentum rapidity

•  Fixed y particles follow fixed ηs 
trajectories

๏ Pseudo rapidity

• For massless particles (only)
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Centrality
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๏ Nuclei are extended objects ⇒ impact parameter b

z

b

Transverse Plane

๏ Centrality ⇔b

• More central collisions ⇒ smaller b ⇒ larger multiplicity

• Less central collisions ⇒ larger b ⇒ smaller multiplicity
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Nuclear Geometry

20

I.2. Glauber Theory 
Assumption: inelastic collisions of two nuclei (A-B) can be described by 

            incoherent superposition of the collision of “an equivalent number of  
            nucleon-nucleon collisions”.  

            How many? 

            Establish counting based on 

U.A.Wiedemann 

Npart= 7 

Ncoll.= 10 

Nquarks +gluons = ? 

Ninelastic= 1 

Participating nucleons 

Spectator nucleons 

To calculate Npart or Ncoll,  take   

            = inelastic n-n cross section 

A priori, no reason for this choice other than 

that it gives a useful parameterization.  

€ 

σ

๏ Multiplicity can be understood from nucleon-nucleon interactions:

• Ncoll: binary n-n collision

• Npart: nucleons that interact at least once

๏ Computed from the nuclear density profile ρ

• TA: thickness function

I.3. Glauber theory for n+A 

b 

€ 

ρ(b,z)

€ 

dz dbρ(b,z)∫ =1

€ 

T
A
(b) = dz ρ(b,z)

−∞

∞

∫

Npart = number of participants = number of ‘wounded nucleons’, 

              which undergo at least one collision 

Ncoll = number of n+n collisions, 

             taking place in an n+A or A+B collision 

We want to calculate: 

We know the single nucleon probability distribution within a nucleus A, 

the so-called nuclear density 

(1.1) 

Normally, we are only interested in the transverse density, 

the nuclear profile function  

(1.2) 

U.A.Wiedemann 

I.3. Glauber theory for n+A 
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€ 

ρ(b,z)

€ 

dz dbρ(b,z)∫ =1

€ 

T
A
(b) = dz ρ(b,z)

−∞

∞

∫

Npart = number of participants = number of ‘wounded nucleons’, 

              which undergo at least one collision 

Ncoll = number of n+n collisions, 

             taking place in an n+A or A+B collision 

We want to calculate: 

We know the single nucleon probability distribution within a nucleus A, 

the so-called nuclear density 

(1.1) 

Normally, we are only interested in the transverse density, 

the nuclear profile function  

(1.2) 

U.A.Wiedemann 

relevant quantity in most of the calculations and is defined as

TA(b) =
Z 1

�1
dz⇢(z, b) . (7)

With the normalization
R

dbTA(b) = 1, the individual probability of a nucleon–nucleon interaction at
a given impact parameter is TA(b)�inelNN . If we now consider a proton–nucleus collision, the probability
that the proton interacts with n nucleons inside the nucleus is simply given by

P (n, b) =
✓

A
n

◆

⇥

1� TA(b)�inelNN

⇤A�n ⇥

TA(b)�inelNN

⇤n
, (8)

from which we can compute the number of collisions for a given impact parameter as

NpA
coll(b) ⌘ NA

part(b) =
A

X

n=0

nP (n, b) = ATA(b)�inelNN , (9)

where the number of participants of the nucleus A, N A
part, coincides in this case with the number of

collisions Ncoll — each nucleon in nucleus A interacts only once. The total number of participants
including the colliding proton is then NA

part + 1. The inelastic cross-section can be computed as

�inelpA =
Z

db

A
X

n=1

P (n, b) =
Z

db
h

1�
�

1� TA(b)�inelNN

�A
i

'
Z

db
⇥

1� exp
⇥

�ATA(b)�inelNN

⇤⇤

,

(10)
where the limit of large A has been taken for the last equality. For a nucleus–nucleus collision, the
individual probability of nucleon–nucleon interaction at impact parameter b is within the optical approx-
imation, see, for example, Refs. [19, 20] for experimental applications.

Z

ds TA(b)TB(b � s)�inelNN ⌘ TAB(b)�inelNN . (11)

TAB(b) is also known as the nuclear overlap function. The corresponding probability of n NN collisions
is

P (n, b) =
✓

AB
n

◆

⇥

1� TAB(b)�inelNN

⇤AB�n ⇥

TAB(b)�inelNN

⇤n
, (12)

which gives the inelastic cross-section and number of collisions as

�inelpA (b) =
Z

db
h

1�
�

1� TAB(b)�inelNN

�AB
i

'
Z

db
⇥

1� exp
⇥

�ABTAB(b)�inelNN

⇤⇤

, (13)

NAB
coll (b) =

A
X

n=0

nP (n, b) = ABTAB(b)�inelNN . (14)

The number of participants of nucleus A for a given impact parameter is given by the generalization of
(9); for this we have to single out one nucleon in nucleus B at transverse position b by writing BTB(b)

NA
part(b) =

Z

dsB TB(s)�inelpA (b � s) =
Z

ds B TB(s) exp
⇥

�ATA(b � s)�inelNN

⇤

. (15)

A similar expression exists for the number of participants in nucleus B yielding for the total number of
participants

Npart(b) = NA
part(b) + NB

part(b) . (16)
In Fig. 3 a picture of the geometry described above can be found. The measure of the geometry in heavy-
ion collisions is performed using several methods, with the possibility to cross-check. For example,

6

C.A. SALGADO

244

nucleon nucleon 
cross section

probability of no 
interaction
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Multiplicity Distribution
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Estimating Centrality
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An illustrated example of
the correlation of the
final-state-observable total
inclusive charged-particle
multiplicity Nch with
Glauber-calculated
quantities (b, Npart). The
plotted distribution and
various values are
illustrative and not actual
measurements (T. Ullrich,
private communication).

rapidity. For large b events (“peripheral”) we expect low multiplicity at midrapidity
and a large number of spectator nucleons at beam rapidity, whereas for small b events
(“central”) we expect large multiplicity at midrapidity and a small number of spectator
nucleons at beam rapidity (Figure 8). In the simplest case, one measures the per-event
charged-particle multiplicity (dNevt/dNch) for an ensemble of events. Once the total
integral of the distribution is known, centrality classes are defined by binning the
distribution on the basis of the fraction of the total integral. The dashed vertical lines
in Figure 8 represent a typical binning. The same procedure is then applied to a
calculated distribution, often derived from a large number of Monte Carlo trials. For
each centrality class, the mean value of Glauber quantities (e.g., 〈Npart〉) for the Monte
Carlo events within the bin (e.g., 5%–10%) is calculated. Potential complications to
this straightforward procedure arise from various sources: event selection, uncertainty
in the total measured cross section, fluctuations in both the measured and calculated
distributions, and finite kinematic acceptance.

3.1.1. Event selection. All four RHIC experiments share a common detector to
select MB heavy ion events. The ZDCs are small acceptance hadronic calorimeters
with an angular coverage of θ ≤ 2 mrad with respect to the beam axis (9). Situated
behind the charged-particle steering DX magnets of RHIC, the ZDCs are primarily
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Any quantity which varies  monotonically 
with impact parameter can be used to 
get a data-driven estimate of
 

• Number of participants (Npart) 
• Number of binary collisions (Ncoll)
• Impact parameter (b)

by calculating a “percentile bin” in the 
variable, and the similar percentile in the 
geometric quantity.

For this, we use the “Glauber model”

Annu. Rev. Nucl. Part. Sci. 2007. 57:205–43

๏ Geometry plays a crucial role in the collision

I.9 Event Multiplicity in wounded nucleon model 

€ 

n AB (b) =
1− x

2
N part

AB
(b) + x N coll

AB
(b)

 

 
 

 

 
 n NN

€ 

P(n,b) =
1

2π d n 
AB
(b)
exp −

n − n 
AB
(b)[ ]

2

2d n 
AB
(b)

 

 
  

 

 
  

€ 

n 
nn

  

€ 

dN
events

dn
= db∫ P(n,b) 1− 1−σ

NN
T
AB
(b)( )

AB[ ]
1−P0 (b )

         

Model assumption: If       is the average multiplicity in an n-n collision, then 

is average multiplicity in A+B collision  

(x=0 defines the wounded nucleon model). 

The probability of having wb wounded nucleons fluctuates around the mean,, 

 so does the multiplicity n per event (the dispersion d is a fit parameter, say d~1) 

How many events dNevents have event multiplicity dn? 

(1.22) 

(1.23) 

(1.24) 

U.A.Wiedemann 

๏ Simple model: 
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Longitudinal distribution
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6 A heavy ion phenomenology primer
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Figure 2.1 Charged particle multiplicity distributions for central nucleus-
nucleus collisions (i.e. the 5% or 6% of collisions that have the smallest
impact parameter) over more than two orders of magnitude in

p
s
NN

. Data
taken from Refs. [263] and [94].

by counting tracks, meaning that neutral particles (like ⇡0’s and the photons
they decay into) are not counted. So, the total number of hadrons is greater
than the total number of charged particles. If all the hadrons in the final
state were pions, and if the small isospin breaking introduced by the di↵erent
number of protons and neutrons in a gold nucleus can be neglected, there
would be equal numbers of ⇡+, ⇡� and ⇡0 meaning that the total multiplic-
ity would be 3/2 times the charged multiplicity. In reality, this factor turns
out to be about 1.6 [96], meaning that heavy ion collisions at the top RHIC
energy each produce about 8000 hadrons in the final state. At the LHC, the
corresponding pseudo-rapidity distribution is known so far only in a range
around mid-rapidity (see Fig. 2.1), with dNch/d⌘ = 1584± 4(stat)± 76(sys)
at ⌘ = 0 in the 5 or 6% of collisions with

p
s = 2.76 TeV that have the small-

est impact parameter [4]. We see from Fig. 2.1 that this multiplicity grows
with increasing collision energy by a factor of close to 2.5 from the top RHIC
energy to LHC at

p
s = 2.76 GeV. The multiplicity per unit pseudorapidity

is largest in a range of angles centered around ⌘ = 0, meaning ✓ = ⇡/2.
Moreover, the distribution extends with increasing center of mass energy to
larger values of pseudo-rapidity, so that the total event multiplicity at LHC
is estimated to be a factor ⇠ 5 larger than at RHIC, lying in the ballpark of

๏ Very wide rapidity distribution 

๏ Approximately (pseudo) rapidity independent 

• Approximately boost invariant!

Increasing 
plateau 
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๏ At higher energies, the number of particles grows

๏ At the LHC:
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2.1 General characteristics of heavy ion collisions 13
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Figure 2.6 a) Chemical potential extracted from thermal fits at di↵erent
center of mass energies [56]. b) The number of protons minus number of
antiprotons per unit rapidity for central heavy ion collisions [132]. This
net proton number decreases with increasing center of mass energy fromp

s = 5 GeV (at the AGS collider at BNL), via
p

s = 17 GeV (at the
SPS collider at CERN) to

p
s = 200 GeV (at RHIC). (For each collision

energy, y
p

indicates the rapidity of a hypothetical proton that has the same
velocity after the collision as it did before.)

gas stops changing. Experimentalists can measure the abundance of more
than a dozen hadron species, and it turns out that all the ratios among

๏ Valence charges at high energy are stopped very little

๏ The midd rapidity matter is mostly baryon neutral
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2.1 General characteristics of heavy ion collisions 9
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Figure 2.3 Charged particle spectrum as function of p
T

in Pb+Pb colli-
sions at LHC energy for nearly head-on (the 5 % of collisions with the lowest
impact parameter) and grazing collisions, compared to the corresponding
spectrum in p+p collisions with an appropriately scaled normalization. Fig-
ure taken from Ref. [7].

conservative in making this underestimate, we have found an energy density
that is about five times larger than the QCD critical energy density "c ⇡
1 GeV/fm3, where the crossover from hadronic matter to quark-gluon plasma
occurs, according to lattice calculations of QCD thermodynamics [129].

As shown in Fig. 2.3, the spectrum in a nucleus-nucleus collision extends to
very high momentum, much larger than the mean. However, the multiplicity
of high momentum particles drops very fast with momentum, as a large
power of pT . We may separate the spectrum into two sectors. In the soft

sector, spectra drop exponentially with
q

m2 + p2
T as in thermal equilibrium.

In the hard sector, spectra drop like power laws in pT as is the case for hard
particles produced by high momentum-transfer parton-parton collisions at
⌧ = 0. The bulk of the particles have momenta in the soft sector; hard
particles are rare in comparison. The separation between the hard and the

๏ Most particles are soft 

๏ Rare energetic particles can be used as probes 
(end of second lenctures)

• LHC



Heavy Ion Collisions J. Casalderrey-Solana TAE 2016

Estimating Initial Energy Density

26

๏ Bjorken’s estimate

• At a given time t, energy within d=2t 

• At at typical time of t= 1fm (R= 7 fm)

The Bjorken-estimate 

 The original idea: energy density based on dE/dy 

 QGP critical : 1 GeV/fm3 (from c=6-8Tc
4) 

 Result (1900x cited) 

 

 

 

 

 Needs correction! 

 Ref.: Phys.Rev. D27 (1983) 
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• Well above critical energy density (lattice)

๏ If this energy thermalizes we produce the QGP!
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12 A heavy ion phenomenology primer
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Figure 2.5 So-called thermal fit to di↵erent particle species. The relative
abundance of di↵erent hadron species produced in RHIC collisions at

p
s =

200 GeV is well-described by a two-parameter grand canonical ensemble in
terms of a temperature, T , and a chemical potential for baryon number,
µ

B

[56].

kinetic freezeout is a gas of hadrons in local thermal equilibrium emboldens
us to ask whether the material produced in these collisions reaches local
thermal equilibrium at an earlier time, and thus at a higher temperature.
The best evidence for an a�rmative answer to this question comes from the
analysis of “elliptic flow” in collisions with nonzero impact parameter. We
shall discuss this at length in the next Section.

We close this Section with a simpler analysis that lays further groundwork
by allowing us to see back to a somewhat earlier epoch than that of kinetic
freezeout. If we think of a heavy ion collision as a “little bang”, replaying
the history of the big bang in a small volume and with a vastly accelerated
expansion rate, then kinetic freezeout is the analogue of the (late) cosmolog-
ical time at which photons and electrons no longer scatter o↵ each other. We
now turn to the analogue of the (earlier) cosmological epoch of nucleosyn-
thesis, namely the time at which the composition of the final state hadron

๏ Simple thermal fit: 2 paremeters, fit 18 species

๏ Indication of strong interactions among produced particles
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Part 3
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Is matter behaving collectively?
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II.3. Why is the study of vn interesting? 

•  Single 2->2 process 

•  Maximal asymmetry 
•  NOT correlated to  

  the reaction plane 

•  Many 2->2 or 2-> n 

  processes  
•  Reduced asymmetry 

•  NOT correlated to  

  the reaction plane 

€ 

~ 1 N

•  final state interactions  

•  asymmetry caused not only 
  by multiplicity fluctuations 

•  collective component is  
  correlated to the reaction plane 

The azimuthal asymmetry of particle production has a collective 

and a random component. Disentangling the two requires a 

statistical analysis of finite multiplicity fluctuations. 
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•  final state interactions  

•  asymmetry caused not only 
  by multiplicity fluctuations 

•  collective component is  
  correlated to the reaction plane 

The azimuthal asymmetry of particle production has a collective 

and a random component. Disentangling the two requires a 

statistical analysis of finite multiplicity fluctuations. 

U.A.Wiedemann 

๏ Single 2 -> 2 process produces particles independent of the 
impact parameter (to first approximation)

๏ Large multiplicities ⇒ multiple independent production 

๏ Interactions between particles correlate emission direction and 
geometry

Correlation of all particles with the reaction plane
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II.6. LHC and RHIC Data on Elliptic Flow: v2 

●  Momentum space: 

Reaction 

plane 

€ 

E
dN

d
3
p

=
1

2π

dN

pTdpTdη
1+ 2v

2
pT( )cos 2(φ −ψreaction plane )( )[ ]

€ 

N ~ 100⇒1 N ~ O(v
2
)

€ 

1 N
3 4
~ 0.03 << v

2

•  ‘Non-flow’ effect for 2nd order cumulants 

•  Signal               implies 2-1 asymmetry of  

  particles production w.r.t. reaction plane. 

€ 

v
2
≈ 0.2

Non-flow effects should disappear if we go from 

2nd to 4th order cumulants. 

(2.11) 

2nd order cumulants do not characterize 

solely collectivity. 

(2.12) 

(2.13) 

U.A.Wiedemann 

b
Φ

๏ Non-central collisions

• asymmetry in transverse plane 
⇒ asymmetry in momentum distribution 

๏ Reaction plane is hard to determine

• Azimuthal correlation of particles

“non-flow effects”
(correlations involving few particles)

• Correlations among more particles reduce further sensitivity to 
non-flow Borghini, Dinh and Ollitrault  01
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II.6. LHC and RHIC Data on Elliptic Flow: v2 
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๏ A very large effect
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14 Introduction
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Figure 1.10: An illustration showing the standard eccentricity and the participant ec-
centricity (see text for details).

However even at fixed impact parameter, the number of individual nucleons partic-
ipating in the collision as well as their positions in the transverse plane could fluctuate
from event to event. As a consequence, the center of the overlap zone can be shifted and
the orientation of the principal axes of the interaction zone can be rotated with respect
to the conventional coordinate system. To correct for this the participant eccentricity is
defined by

εpart =
〈y′2 − x

′2〉
〈y′2 + x′2〉 (1.8)

where the eccentricity is calculated relative to the new coordinate system defined by the
major axis of the initial system (see Fig. 1.10). The eccentricity determined like this is
called εpart.

The average values of εstd and εpart are rather similar for all but the most peripheral
collisions for interactions of heavy nuclei like Au+Au. For smaller systems, however,
fluctuations in the nucleon positions become quite important for all centralities and the
average eccentricity can vary significantly depending on how it is calculated [17].

1.4 Model description

In this section a brief description will be given of the theory and phenomenological
models used in comparison with the measurements.

1.4.1 Hydrodynamics

Hydrodynamics is a macroscopic approach to describe the dynamical evolution of the ex-
pansion stage of a heavy-ion collision. In the model, it is assumed that shortly after the

2

at RHIC result in more than twice as many hadrons pro-
duced in the direction of the reaction plane, than orthog-
onal to it (v2(pT ∼ 2GeV) > 0.2). The transverse mo-
mentum integrated v2 reaches v2 " O(0.1). Remarkably,
the experimental praxis of v2-measurements indicates
that the parametric bounds on v2{2}, v2{4}, ... v2{n}
given above provide realistic numerical estimates for the
feasibility of v2 measurements if one uses for nmult val-
ues of order of the charge multiplicity per unit rapidity
dNch/dy. We summarize this information in Table I for
nmult = 30, 50 and 80. These values of nmult are smaller
than dNch/dy in sufficiently central heavy (Au) collisions,
but they are comparable to the values in semi-peripheral
collisions of lighter (Cu) nuclei.

np = 2 np = 4
v2 (nmult = 30) > 0.18 > 0.09
v2 (nmult = 50) > 0.14 > 0.05
v2 (nmult = 80) > 0.11 > 0.04

TABLE I: Estimates of the minimal signal strength v2{np},
which can be discriminated from non-flow effects in an np-
cumulant analysis based on nmult particles.

The interpretation of elliptic flow measurements in
heavy ion collisions relies on the observation that v2 is
correlated with the initial spatial eccentricity ε of the
transverse overlap region of the two projectiles [1] ,

ε =

〈

y′2
〉

−
〈

x′2
〉

〈y′2〉+ 〈x′2〉
. (3)

Here, averages are performed with respect to the mat-
ter distribution right after the collision, and x′ and y′

denote the lengths along the main axis of an ellipsoid de-
scribing this distribution. For sufficiently central heavy
(Au) and lighter (Cu) ion collisions, it is found that
v2 ∝ ε [10, 11]. Remarkably, this is a generic expecta-
tion of fluid dynamic simulations of heavy ion collisions.
Models of ideal dissipation-free hydrodynamics, which by
construction describe collision scenarios of maximal col-
lective flow, can account quantitatively for the size of the
elliptic flow measured at RHIC [12–14] and the expected
dissipative corrections are anomalously small [15–18]. In
conjuction with this interpretation, the observation of
very large v2-signals [5–7] is arguably one of the most far
reaching discoveries of the RHIC heavy ion program.
We now turn to the question whether elliptic flow may

be measurable in p-p collisions at the LHC. In p-p col-
lisions studied so far, one may explain the apparent ab-
sence of an elliptic flow signal by pointing to the fact
that the dNch/dy in these collisions is too low to make v2
measurable (see Table I). However, while Monte Carlo
simulations for minimum bias dNch/dy distributions in√
s = 14 TeV p-p collisions peak at low values < 10 for

the non-diffractive contribution, they show a pronounced

y

x

pr
r ~6 fm

N

y
Central A−A

x ’

y’

r ~ 0.56 fm
p

r
0

x

Central p−p

FIG. 1: Schematic view of region of hadron production may
be located in the transverse overlap region of a central proton-
proton and central nucleus-nucleus collision respectively. De-
pending on the number and size of hadronically active regions,
large eccentricities can result even in central collisions.

high-multiplicity tail, typically reaching values as high as
dNch/dy ∼ 60. Despite their model dependence, these
simulations strongly indicate that abundant samples of
high-multiplicity p-p events with dNch/dy ≥ 50 will be
measured at the LHC. Such a multiplicity is comparable
to that reached in semi-peripheral (centrality class 40 -
60 %) Cu-Cu collisions at

√
sNN = 62.4 GeV at RHIC,

and for these latter collisions elliptic flow has been mea-
sured. Whether elliptic flow is also measurable in high-
multiplicity p-p event sample at the LHC then depends
on the signal strength v2 and on the relative strength of
non-flow corrections in p-p collisions.
To estimate the strength of the elliptic flow signal

v2, we now discuss the initial spatial eccentricity ε of
hadronic collisions. In the collisions of heavy (Au or Pb)
ions, this eccentricity is determined solely by the trans-
verse spatial overlap. More precisely, in a nucleus-nucleus
collisions dNch/dy scales approximately with the average
number Npart of participant nucleons, which scales with
the area of the nuclear overlap. Therefore, selecting a
multiplicity class in A-A amounts to selecting on impact
parameter and determines the shape of the nuclear over-
lap region. For large Npart, it is reasonable to make the
smoothness assumption that the interactions between the
Npart nucleons result in a homogeneous density distribu-
tion within the area of the nuclear overlap (for illustra-
tion, see right hand side of Fig. 1). If this assumption
would carry over to p-p collisions, then the highest mul-
tiplicity p-p collisions would be the most central ones,
their spatial eccentricity would be close to zero, and so
would be the flow signal v2 ∝ ε. Previous estimates of
the magnitude of v2 were based on this smoothness as-
sumption [19, 20] or on other methods [21] and reported
small, non-measurable values.
However, sizable deviations from the smoothness as-

sumption have been found in modeling lighter (Cu) ion
collisions [10, 11]. In these systems, the relatively small
number of nucleon-nucleon interactions results in event-
by-event fluctuations of the density distribution which

๏ Relation of flow in different systems
• Take into account event by event

•  v2  scales with eccentricity (geometrical property)

•  v2  is a function of transverse density (density ⇔ interactions)

๏ Scaling over a large variety of systems and collision energies.
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๏ If we understand the microsocpic d.o.f and their interactions:

Boltzmann eq:

•  Can be derived at very high temperatures in QCD  (g(T)≪ 1) 

Collision rates
computed via underlying theory

•  In experiments, applicability is questionable (T<0.6 GeV)

•  Leading order (2-2) computations underpredicts flow effects

๏ Can we have a model independent description?

•  Yes, provided we assume interactions are extremely frequent 

microscopic scale variation rate of density (size)

Hydrodynamics
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๏ The stress tensor of any (homogeneous, isotropic..) theory after all 
process settle

e.o.s 

boosting to another frame

velocity of the frame

๏ Hydro approximation: assume all variation of stress tensor are very 
small compared to microscopic scales ⇔ gradient expansion

๏ Ideal approximation: even in dynamical situation
• At the scale of the variation all micro-process are local

with (5) dynamical fields
๏ And 5 equations

Enough to solve dynamics
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๏ Hydrodynamics: systematic approach ⇒gradient expansion

• Expand to leading order in gradients

shear 
viscosity 

bulk 
viscosity

Two different symmetric structure

easier in fluid rest frame

• These are transport coefficients: Intrinsic properties of the theory

๏ Same interpretation as in non-relativistic fluid

Dissipative properties: shear viscosity 
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๏ pQCD estimate via transport

stochastic 
process

Momentum transfer

• Shear viscosity • Bulk viscosity

(QCD is approximately conformal)

• Kinematic viscosity: • Large for weakly interacting plasma

• Small for strongly interacting plasma
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๏ Transport coefficients can be computed via correlation functions

• Derived via linear response:

 equate to hydro response

metric perturbation (source)

๏ General expression but... hard to use in QCD 

•  small ω problematic in thermal perturbation theory (IR problems)

•  Real time dynamics: hard for lattice computations

๏ Can we extract this from data?

Kubo Relation
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๏ Initial value of fields

• Most simulations assume boost invariant distributions
• Initial energy density from dynamical model or empirical

• Initiate hydrodynamics at some time after collision (model 
parameter)

๏ Hydro solver

• Needs e.o.s (usually taken from lattice computations)

๏ Decoupling
• At Tc~165 MeV hadrons decoupled quickly ⇒thermal abundance 

• Evolved with Boltzmann equation + known cross sections 
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Hydro describes spectra @ LHC

14

Text

Identified particle spectra show clear
evidence of thermalization and flow.

Kinetic freeze-out is cooler
and faster flowing than @ RHIC.

Tuesday, July 17, 12

Shear viscosity
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Remaining uncertainty mainly due to initial density profile
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๏ Hydro works but... from when

•Typical simulations at the LHC have

size of the medium micro scale

•It does not seem as if hydro should work...

•yet...
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FIG. 5. (a) Fifty equations of state were generated by ran-
domly choosing X 0 and R in Eq. (2) from the prior distribu-
tion and weighted by the posterior likelihood (b). The two
upper thick lines in each figure represent the range of lat-
tice equations of state shown in [4], and the lower thick line
shows the equation of state of a non-interacting hadron gas.
This suggests that the matter created in heavy-ion collisions
at RHIC and at the LHC has a pressure that is similar, or
slightly softer, to that expected from equilibrated matter.

rameters that determine the equation of state is shown
in Fig. 4. As a function of X

0 and R defined in Eq.
(2), the likelihood is significant for a large band near
the diagonal. Higher values of X 0, which delays the ap-
proach of the speed of sound to one third until higher
energy densities and makes the equation of state softer,
can be compensated by higher values of R, which sends
the speed of sound higher just above Tc and makes the
equation of state sti↵er. Fifty values of X 0 and R were
then taken randomly from both the prior, and weighted
by the posterior likelihood. For each case the speed of
sound is plotted as a function of the temperature in Fig.
2. It is clear that the experimental results significantly
constrain the equation of state and we also note that
the RHIC and LHC data in combination provide a bet-

ter constraint than either can alone. It appears that
the speed of sound cannot fall much below the hadron
gas value, ⇠ 0.15, for any extended range and that it
must rise with temperature. Figure 5 also shows a range
of equations of state from lattice calculations [4]. The
equations of state found here show a preference for being
slightly softer than those from the lattice, but the ranges
overlap.

IV. CONCLUSIONS

Determining the equation of state from experiment
has proven di�cult due to the intertwined links between
model parameters and numerous observables. The sta-
tistical techniques applied here overcome these di�cul-
ties. The resulting constraints suggest the speed of sound
gradually rises as a function of temperature from the
hadron gas value. The band of equations of state from
Fig. 5 is modestly softer than that of lattice calculations,
but has significant overlap. This analysis strengthens the
supposition that the matter created in relativistic heavy
ion collisions has properties similar to that of equilibrated
matter according to lattice calculations and shows that
our model describes the dynamics of heavy ion collisions
well enough to permit the extraction the thermodynamic
and transport properties of equilibrium condensed QCD
matter.
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Global fit to several sets of data
๏ Inclusion of bulk viscosity Riu et al. 

PRL 115. 132301 (2015)

2

at lower temperatures. We assume that the baryon num-
ber density and di↵usion are zero at all space-time points
and our metric convention is gµ⌫ = diag(1,�1� 1� 1).

The time-evolution equations satisfied by ⇧ and ⇡µ⌫

are relaxation-type equations derived from kinetic theory
[34, 35]. These are solved numerically within the music
hydrodynamics simulation [36–38]. Explicitly, we solve

⌧⇧⇧̇+⇧ = �⇣✓ � �⇧⇧⇧✓ + �⇧⇡⇡
µ⌫�µ⌫ , (1)

⌧⇡⇡̇
hµ⌫i + ⇡µ⌫ = 2⌘�µ⌫ � �⇡⇡⇡

µ⌫✓ + '7⇡
hµ
↵ ⇡ ⌫i↵

�⌧⇡⇡⇡
hµ
↵ � ⌫i↵ + �⇡⇧⇧�µ⌫ . (2)

The above equations include all the nonlinear terms that
couple bulk viscous pressure and shear-stress tensor and
have recently been shown to be in good agreement with
solutions of the 0+1 Anderson-Witting equation in the
massive limit [39] and of the 1+1 Anderson-Witting equa-
tion in the massless limit [40, 41]. For the sake of simplic-
ity, the transport coe�cients ⌧⇧, �⇧⇧, �⇧⇡, ⌧⇡, ⌘, �⇡⇡, '7,
⌧⇡⇡, and �⇡⇧ are fixed using formulas derived from the
Boltzmann equation near the conformal limit [35]. The
shear viscosity coe�cient is assumed to be proportional
to the entropy density, i.e., ⌘ / s. The bulk viscosity co-
e�cient employed is the same one introduced in Ref. [24],
which corresponds to a parametrization of calculations
from Ref. [42] for the QGP phase and Ref. [43] for the
hadronic phase. These two calculations are matched at
Tc = 180 MeV and the value of ⇣/s at this tempera-
ture is ⇣/s(Tc) ⇡ 0.3. This parametrization is plotted
in Fig. 1 as the blue solid curve. The results shown in
this letter have a small sensitivity on the value of ⇣/s
near the matching temperature, which can be doubled
without leading to major modifications in our results.

0.8 1.2 1.6 2

T/Tc

0

0.1

0.2

0.3

0.4

0.5

this work

QGP [40]

Hadron Gas [41]

z/s

[42]
[43]

this work

FIG. 1: (Color online) The bulk viscosity over entropy density
parametrization used in our simulations as a function of T/Tc.

At an isothermal hypersurface specified by the switch-
ing temperature Tswitch, the simulation switches from
a fluid-dynamical description to a transport description

[44], modeled using the UrQMD simulation. The mo-
mentum distribution of hadrons at each hypersurface el-
ement is calculated via the usual Cooper-Frye formalism
[45]. The multiplicity of each hadron species is sampled
assuming that every fluid element is a grand-canonical
ensemble while the momentum of each hadron is obtained
by sampling the momentum distribution using the rejec-
tion method. We note that the Cooper-Frye formalism
requires as an input the nonequilibrium momentum dis-
tribution of each hadron inside the fluid elements. For
the correction related to bulk viscous pressure, we employ
the distribution derived from the Boltzmann equation us-
ing the relaxation time approximation, as described in
Ref. [46]. For the shear-stress tensor nonequilibrium cor-
rection, we employ the usual ansatz obtained from the
14-moment approximation [23, 47]. The details of how
UrQMD is matched to MUSIC will be presented in an
upcoming paper.
We emphasize that the nonequilibrium corrections to

the momentum distribution of hadrons at the moment
of switching are still not completely understood from a
theoretical point of view and represent a source of un-
certainty in simulations of heavy ion collisions. However,
the di↵erential observables carry most of these uncertain-
ties since they are more sensitive to the details of how
the momentum of hadrons is distributed when convert-
ing from a hydrodynamic to a transport description. For
this reason, we fix all the free parameters of our model
using pT –integrated observables.
3. Results and Discussion. In our simulations, the

value of the shear viscosity coe�cient is adjusted to pro-
vide a good agreement with the integrated flow harmonic
coe�cients, vn, up to n = 4. For the simulations that in-
clude both bulk and shear viscosity, this procedure led
to the value ⌘/s = 0.095. For the simulations which in-
clude only the shear viscosity, our baseline calculation
is carried out with ⌘/s = 0.16. The larger value of ⌘/s
compensates the reduction of momentum anisotropy due
to the e↵ect of the bulk viscosity.
The pion and kaon multiplicity, vn, and, to a lesser

extent, their average pT , are only mildly sensitive to
the choice of switching temperature between the hydro-
dynamic and UrQMD phases. Proton observables, on
the other hand, do depend significantly on the choice of
Tswitch. The switching temperature used in the following
calculations is fixed such that a good description of the
proton multiplicity and average pT is achieved for the
simulation with both shear and bulk viscosities. This
value is Tswitch = 145 MeV.
In Figs. 2 (a), (b), and (c), we show the multiplic-

ity, average transverse momentum of pions, kaons, and
protons, and the integrated flow harmonics of charged
hadrons, as a function of centrality class. The vn{2} co-
e�cients are calculated following the cumulant method
[48] using the same pT cuts employed by the ALICE col-
laboration [49]. The multiplicity and average transverse

3
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FIG. 2: (Color online) Multiplicity (a), average transverse momentum (b), and flow harmonic coe�cients (c) as a function
of centrality. The bands around the dashed lines show the e↵ect of Tswitch on the observables. The points correspond to
measurements by the ALICE collaboration [49, 50], with bars denoting the experimental uncertainty.

momentum are calculated without a lower pT cut [50].
All resonances and hadrons included in UrQMD are con-
sidered in our analyses and we neglect all weak decays.
The solid curves correspond to the simulations that in-
clude bulk and shear viscosities, while the dashed lines
correspond to the calculations with only the shear vis-
cosity. The band around the dashed curves shows how
the results are modified when Tswitch is varied from 135
MeV to 165 MeV. For hpT i and vn, the upper section of
the band corresponds to the calculations with the lowest
Tswitch while for multiplicity it corresponds to ones with
the highest Tswitch. The points correspond to measure-
ments by the ALICE collaboration [49, 50].

As expected, the simulations without bulk viscosity are
still able to well describe the centrality dependence of
the flow harmonic coe�cients v2,3,4{2}. However, these
calculations overestimate the hpT i of pions, kaons, and
protons by almost 30%. This happens because the IP-
Glasma model gives rise to an initial state with large
gradients of pressure and the subsequent fluid-dynamic
expansion accordingly produces a significant radial flow.
Therefore, in order to describe the data the transverse
momentum of produced particles must be considerably
reduced.

Including hadronic re-scatterings by itself does not re-
duce the hpT i, modifying mostly the intermediate pT re-
gion of the pion spectra [51, 52]. Moreover, we can see
from the bands around the dashed lines in Fig. 2 that
increasing the switching temperature will not help fixing
the multiplicity of pions, and is not enough to reproduce
the correct values of hpT i. Finally, reducing ⌘/s alone
not only is unable to su�ciently suppress the hpT i, but
also ends up destroying the good description of the flow
harmonic coe�cients.

Including bulk viscosity leads to a suppression of hpT i
and can improve our description of the data. This is be-

cause the bulk viscous pressure acts as a resistance to
the expansion or compression of the fluid. In heavy ion
collisions, the expansion rate is mostly large and posi-
tive, leading to a bulk viscous pressure that reduces the
e↵ective pressure of the system and, consequently, slows
down the acceleration of the fluid.

As shown in Fig. 2, the calculations with bulk viscous
pressure are indeed able to provide a good description of
all the pT –integrated observables. The calculated average
transverse momentum of pions, kaons, and protons are
within the error bars of the ALICE measurements [50] for
most of the centrality classes considered. The pion and
proton multiplicities measured by ALICE [50] are well de-
scribed by the model, which however systematically over-
predicts the multiplicity of kaons by ⇠ 10%. Finally, we
see that the inclusion of bulk viscosity does not spoil the
description of the flow harmonic coe�cients v2,3,4{2} as
a function of centrality. We note that the bulk viscosity
reduces v2,3,4{2} by more than 10% but this e↵ect is com-
pensated by decreasing the shear viscosity over entropy
density ratio from ⌘/s = 0.16 to ⌘/s = 0.095, leading to
a very similar quality of description. Within this study,
the inclusion of bulk viscosity can therefore reduce the
value of shear viscosity extracted from data by almost
50%.

We now study pT –di↵erential observables within the
best fit configuration including shear and bulk viscosi-
ties. Figure 3 shows the pT –spectra of pions, kaons, and
protons and v2,3,4{2}(pT ) of charged hadrons for the 0–
5% and 30–40% centrality classes. The solid lines cor-
respond to the calculations with bulk and shear viscos-
ity discussed above while the dashed lines correspond to
the same calculations without the e↵ect of hadronic re-
scatterings. Note that the pT –spectra display reason-
able agreement with the data which is in line with the
good description of the multiplicity and hpT i of pions,

  14

Extraction of h/s(T) and z/s(T)   poster by Bernhard 

Model: Trento initial state + Hydro (bulk&shear) + UrQMD

shear not well constrained with just LHC data

finite bulk viscosity is favored

Very similar values of transport coefficients to those found by 

the McGill group ( PRL 115, 132301 (2015) )

Very good description of Multiplicity, mean-pT, and VnJ. Bernhard, J.S. Moreland, S. Bass, J. Liu, U. Heinz arXiv:1605.03954
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12×10-15 m
Pb Pb

1×10-15 m
Pb p

1×10-15 m
p p 

An order of magnitude 
change in system size}

๏ Collision at extremely high energy ⟺ extremely high densities
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Figure 4: Measured v2,2 (top) and v2 (middle) values versus N

rec
ch for di↵erent p

a,b
T intervals for 2.76 (left) and

13 TeV (right) data. Results are averaged over N

rec
ch bins of width 10 spanning the range 20 < N

rec
ch < 100 and

20 < N

rec
ch < 130 for 2.76 and 13 TeV data, respectively, except for the 2.0 < p

b
T < 3.0 GeV results for the 2.76 TeV

data which are averaged over bins of width 20. Measured v2 values versus p

a
T (bottom) for 13 and 2.76 TeV data for

the 50N

rec
ch <60 interval (left) and for three N

rec
ch intervals in the 13 TeV data (right). Results are averaged over the

p

a
T intervals indicated by horizontal error bars. On all points, the vertical error bars indicate statistical uncertainties.

The shaded bands indicate systematic uncertainties. For clarity, they are only shown for the 0.5<p

b

T<5.0 GeV case
in the middle, for 2.76 TeV data in the lower left, and for the 40N

rec
ch <50 case in the lower right panels.

Potential systematic uncertainties on v2,2 due to a residual �� dependence of the two-particle acceptance

7

๏ Flow in p-p! (and in p-Pb)

๏ Hydrodynamic explosions describe the observed distributions
Bozek (12, 15), Nagle et al. (13),  Schenke & Venugopalan (14), Kozlov  et al. (14), Romatschke(15)  
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๏ It is the smallest value ever measured in any substance.

The Quark Gluon Plasma is the most perfect fluid!

Possibly, such constraints can be best achieved via a study
of excitation functions with relatively large steps in colli-
sion energy prior to focusing on a series of fine steps.

There is strong experimental evidence for the creation of
locally equilibrated nuclear matter at unprecedented en-
ergy densities, in heavy ion collisions at the RHIC [22–
29]. Jet suppression studies indicate that the constituents of
this matter interact with unexpected strength, and this
matter is almost opaque to high energy partons [30,31].

Elliptic flow measurements [32,33] validate the predic-
tions of perfect fluid hydrodynamics for the scaling of the
elliptic flow coefficient v2 with eccentricity " and system
size and transverse kinetic energy KET [34–36]; they also
indicate the predictions of valence quark number (nq)
scaling [37–39], suggesting that quarklike degrees of free-
dom are pertinent when elliptic flow develops [32,33]. The
result of such scaling is illustrated in Fig. 2, where we plot
v2=nq" vs KET=nq; it shows that the relatively ‘‘compli-
cated’’ dependence of v2 on centrality, transverse momen-
tum, particle type, and quark number can be scaled to a
single function [32,33].

The expected suppression of flow due to the shear vis-
cosity, as predicted by weak-coupling transport calcula-
tions, is also not observed. In fact, only a rather small
viscosity !=s & 0:1 could be accommodated by the data
in early estimates [19]. This value of !=s, which is much
lower than that obtained from weak-coupling QCD [40] or
hadronic computations [41], has been interpreted as evi-
dence that the QGP created in the early phase of RHIC

collisions is more strongly coupled than expected [28,42].
An alternative interpretation is that the low value for !=s
could result from an anomalous viscosity !A, arising from
turbulent color magnetic and electric fields dynamically
generated in the expanding quark-gluon plasma [43]. That
is, !!1 " !!1

A # !!1
C and !A dominates over the colli-

sional viscosity !C.
The ratio !=s cannot be arbitrarily small because quan-

tum mechanics limits the size of cross sections via unitar-
ity. A conjectured lower bound for !=s is 1=4", reached in
the strong-coupling limit of certain gauge theories [44]. It
has even been speculated that this lower bound holds for all
substances [44]. The temperature dependence of !=s also
provides invaluable insights. This is illustrated in Fig. 3,
where we have plotted !=s vs $T ! Tc%=Tc for molecular,
atomic, and nuclear matter. The data for He, N2, and H2O
were obtained for their respective critical pressures. They
are taken from Ref. [45] and the references therein. The
calculated results shown for the meson gas (for T < Tc) are
obtained from chiral perturbation theory with free cross
sections [46]. Those for the QGP (i.e., for T > Tc) are from
lattice QCD simulations [47]. The value Tc & 170 MeV is
taken from lattice QCD calculations [48].

Figure 3 illustrates the observation that, for atomic and
molecular substances, the ratio !=s exhibits a minimum of
comparable depth for isobars passing in the vicinity of the

 

FIG. 2 (color). v2="nq vs KET=nq for several identified parti-
cle species obtained in minimum bias Au# Au collisions. The
data are taken from Refs. [32,33] and the references therein. The
dashed-dotted line represents a fit to the data.

 

FIG. 3 (color). !=s vs $T ! Tc%=Tc for several substances as
indicated. The calculated values for the meson gas have an
associated error of &50% [46]. The lattice QCD value Tc "
170 MeV [48] is assumed for nuclear matter. The lines are drawn
to guide the eye.
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... but for a large class of non-abelian gauge theories at 
infinite coupling via holography
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166 Bulk properties of strongly coupled plasma

where A3 is the area of the 3-dimensional event horizon of the non-compact
part of the metric and G5 is the five-dimensional Newton constant. This
entropy is to be identified as the entropy of the gauge theory plasma in
the strong-coupling limit [391]. The area A3 is determined from the horizon
metric, obtained by setting t = const, z = z0 in eqn. (5.34), i.e.

ds2
Hor =

R2

z2
0

�

dx2
1 + dx2

2 + dx2
3

�

. (6.2)

The total horizon area is then

A3 =
R3

z3
0

Z

dx1dx2dx3 , (6.3)

where
R

dx1dx2dx3 is the volume in the gauge theory. While the total entropy
is infinite, the entropy density per unit gauge-theory volume is finite and is
given by

s�=1 =
SBH

R

dx1dx2dx3
=

R3

4G5z3
0

=
⇡2

2
N2

c T 3 , (6.4)

where in the last equality we have used Eqs. (5.12) and (5.36) to translate
the gravity parameters z0, R and G5 into the gauge-theory parameters T
and Nc. Note that we would have obtained the same result if we had used
the full ten-dimensional geometry, which includes the S5. In this case the
horizon would have been 8-dimensional, of the form A8 = A3 ⇥ S5, and the
entropy would have taken the form

SBH =
A8

4G
=

A3VS5

4G
, (6.5)

which equals (6.1) by virtue of the relation (5.12) between the 10- and the
5-dimensional Newton constants.

Once the entropy density is known, the rest of the thermodynamic po-
tentials are obtained through standard thermodynamic relations. In partic-
ular, the pressure P obeys s = @P/@T , and the energy density is given by
" = �P + Ts. Thus we find:

"�=1 =
3⇡2

8
N2

c T 4, P�=1 =
⇡2

8
N2

c T 4 . (6.6)

The Nc and temperature dependence of these results could have been an-
ticipated. The former follows from the fact that the number of degrees of
freedom in an SU(Nc) gauge theory in its deconfined phase grows as N2

c ,
whereas the latter follows from dimensional analysis, since the temperature
is the only scale in the N = 4 SYM theory. What is remarkable about these
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the full ten-dimensional geometry, which includes the S5. In this case the
horizon would have been 8-dimensional, of the form A8 = A3 ⇥ S5, and the
entropy would have taken the form

SBH =
A8

4G
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A3VS5

4G
, (6.5)

which equals (6.1) by virtue of the relation (5.12) between the 10- and the
5-dimensional Newton constants.

Once the entropy density is known, the rest of the thermodynamic po-
tentials are obtained through standard thermodynamic relations. In partic-
ular, the pressure P obeys s = @P/@T , and the energy density is given by
" = �P + Ts. Thus we find:
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c T 4 . (6.6)

The Nc and temperature dependence of these results could have been an-
ticipated. The former follows from the fact that the number of degrees of
freedom in an SU(Nc) gauge theory in its deconfined phase grows as N2

c ,
whereas the latter follows from dimensional analysis, since the temperature
is the only scale in the N = 4 SYM theory. What is remarkable about these
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results is that they show that the prefactors in front of the Nc and temper-
ature dependence in these thermodynamic quantities attain finite values in
the limit of infinite coupling, � ! 1, which is the limit in which the gravity
description becomes strictly applicable.

It is instructive to compare the above expressions at infinite coupling with
those for the free N = 4 SYM theory, i.e. at � = 0. Since N = 4 SYM has 8
bosonic and 8 fermonic adjoint degrees of freedom and since the contribution
of each boson to the free entropy is 2⇡2T 3/45 whereas the contribution of
each fermion is 7/8 of that of a boson, the zero coupling entropy is given by

s�=0 =
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8 + 8 ⇥ 7

8

◆

2⇡2

45
(N2

c � 1)T 3 ' 2⇡2

3
N2
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where in the last equality we have used the fact that Nc � 1. As before,
the Nc and T dependences are set by general arguments. The only di↵er-
ence between the infinite and zero coupling entropies is an overall numerical
factor: comparing Eqs. (6.4) and (6.7) we find [391]

s�=1
s�=0

=
P�=1
P�=0

=
"�=1
"�=0

=
3

4
. (6.8)

This is a very interesting result: while the coupling of N = 4 SYM changes
radically between the two limits, the thermodynamic potentials vary very
mildly. This observation is, in fact, not unique to the special case of N = 4
SYM theory, but seems to be a generic phenomenon for field theories with
a gravity dual. In fact, in Ref. [652] it was found that for several di↵erent
classes of theories, each encompassing infinitely many instances, the change
in entropy between the infinitely strong and infinitely weak coupling limit is

sstrong

sfree
=

3

4
h , (6.9)

with h a factor of order one, 8
9  h  1.09662. These explicit calculations

strongly suggest that the thermodynamic potentials of non-Abelian gauge-
theory plasmas (at least for near-conformal ones) are quite insensitive to the
particular value of the gauge coupling. This is particularly striking since, as
we will see in Sections 6.2 and 6.3, the transport properties of these gauge
theories change dramatically as a function of coupling, going from a nearly
ideal gas-like plasma of quasiparticles at weak coupling to a nearly ideal
liquid with no quasiparticles at strong coupling. So, we learn an impor-
tant lesson from the calculations of thermodynamics at strong coupling via
gauge/string duality: thermodynamic quantities are not good observables
for distinguishing a weakly coupled gas of quasiparticles from a strongly
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๏ Black holes (or branes) have entropy

• Hawking Bekenstein entropy

• From the duality
A: property of the metric
G:  related to Nc of dual theory

๏ Putting numbers

๏ Thermodynamics are very poor estimator of coupling strength!

Gubser et al98
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๏Shear viscosity computed via Kubo formula

• Im part ⇔ absorption of gravitons

(universal in ω→0)

(universal)

๏ A universal value for all strongly coupled theories with a gravity dual.

•Putting everything together

Kovtun, Son, Starinets 05
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๏ The theories with known gravity duals are not QCD

•They have different symmetries, different matter content...

๏ Some properties are common to all those theories

• Independent of different symmetries, different matter content...

๏ One of the few methods to study gauge theory plasmas with no 
quasiparticles

๏ It provides answers to complicated dynamical problems

• They correct misconceptions

• They give qualitative understanding

• But one should be careful with quantitative statments
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๏ Can we describes all these stages in a single framework?
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From Initial to Final State in Holography

๏ Can we describes all these stages in a single framework?
• Holography says: yes! (up to the last one)
• As long as we are happy with an oversimplified “nucleus”

5

Strongly coupled dynamics and holographic duality

• Equivalence between certain QFTs and theories of of gravity
in one higher dimension.

• Weak/strong equivalence:

– Strongly coupled QFT = classical gravity.

– All QFT dynamics — from far-from-eq dynamics to

hydrodynamics — encoded in numerical relativity problem.

• Holography = spherical cow.

– Extra symmetries.
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Einstein Equation

54

๏ Numerically solve in 5D

๏ Specify initial data: shock wave solutions

๏ Read off the dual stress tensor using the dictionary:
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Shock Wave Collisions
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ε∕ρ4

ρt

ρz

Chesler & Yaffe 2011
JCS, Heller, Mateos, van der Schee, 2013
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FIG. 2. Energy flux for collisions of thick (left) and thin (right) shocks. The dotted curves show the location of the maxima of
the flux.
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⇢t

FIG. 3. 3�P loc

L �Eloc for thick (left) and thin (right) shocks. The white areas indicate the vacuum regions outside the light cone.
The grey areas indicate regions where hydrodynamics deviates by more than 100%. The dotted curves indicate the location of
the maxima of the energy flux, as in Fig. 2.

the energy flux in this region is less than 10% of the max-
imum incoming flux, as illustrated by Fig. 2(left). At late
times, the velocity of the receding shocks can be read o↵
from the same figure as the inverse slope of the dotted
line. This is not constant in time, but at late times it
reaches a maximum of about v � 0.88. The validity of
the hydrodynamic description can be seen in Fig. 3(left)
and Fig. 4(top row). Hydrodynamics becomes applicable
even earlier than t

max

, and the region where it is appli-
cable extends from z = 0 to the location of the receding
maxima. This is intuitive since gradients become smaller
as w increases. We conclude that the thick-shock colli-
sion results in hydrodynamic expansion with initial con-
ditions in which all the velocities are close to zero. This
is in close similarity with the Landau model [7], which

seems to reproduce some aspects of RHIC collisions [8].
The thin shocks illustrate the transparency scenario.

In this case the shocks pass through each other and,
although their shape gets altered, they keep moving at
v � 1, as seen in Fig. 2(right). The most dramatic mod-
ification in their shape is a region of negative E and P

L

that trails right behind the receding shocks. While the
negative E only develops away from the center of the
collision, the negative P

L

is already present at z = 0,
as shown more clearly in the bottom-left plot of Fig. 4.
These features are compatible with the general princi-
ples of Quantum Field Theory [9], since the ‘negative
region’ is far from equilibrium and highly localized near
a bigger region with positive energy and pressure. In
the case of thin shocks, we see from Fig. 3(right) and

3

⇢t

⇢z

S�⇢4

⇢t

⇢z

S�⇢4

FIG. 2. Energy flux for collisions of thick (left) and thin (right) shocks. The dotted curves show the location of the maxima of
the flux.

⇢z⇢z

⇢t

FIG. 3. 3�P loc

L �Eloc for thick (left) and thin (right) shocks. The white areas indicate the vacuum regions outside the light cone.
The grey areas indicate regions where hydrodynamics deviates by more than 100%. The dotted curves indicate the location of
the maxima of the energy flux, as in Fig. 2.

the energy flux in this region is less than 10% of the max-
imum incoming flux, as illustrated by Fig. 2(left). At late
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line. This is not constant in time, but at late times it
reaches a maximum of about v � 0.88. The validity of
the hydrodynamic description can be seen in Fig. 3(left)
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max
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maxima. This is intuitive since gradients become smaller
as w increases. We conclude that the thick-shock colli-
sion results in hydrodynamic expansion with initial con-
ditions in which all the velocities are close to zero. This
is in close similarity with the Landau model [7], which

seems to reproduce some aspects of RHIC collisions [8].
The thin shocks illustrate the transparency scenario.

In this case the shocks pass through each other and,
although their shape gets altered, they keep moving at
v � 1, as seen in Fig. 2(right). The most dramatic mod-
ification in their shape is a region of negative E and P

L

that trails right behind the receding shocks. While the
negative E only develops away from the center of the
collision, the negative P
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is already present at z = 0,
as shown more clearly in the bottom-left plot of Fig. 4.
These features are compatible with the general princi-
ples of Quantum Field Theory [9], since the ‘negative
region’ is far from equilibrium and highly localized near
a bigger region with positive energy and pressure. In
the case of thin shocks, we see from Fig. 3(right) and

๏ Compare full simulations to hydro predictions

• Define an energy density and velocity 

• Compute viscous stress tensor 

• Compare the hydro and numerics

๏ Hydro works within 10% from very early times

time smaller than 
micro scale!
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Hydro with Large Gradients

57

๏ Hydrodynamics works even where it should not work

• Good description even when gradient corrections are large!

Chesler & Yaffe, Wu & Romatschke, Heller, Janik & Witaszczyk, 
Heller, Mateos, van der Schee, Trancanelli

• Hydrodynamization without isotropization

PL/ε
PT/ε

ρt
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Figure 1. The rescaled energy density h bT 00i and rescaled momentum density |hT 0ii|, for head-on and
o↵-center collisions at four di↵erent times. Streamlines in the plots of the momentum density denote
the direction of the momentum density. At the initial time t = �1.125 the “protons” are at z = ±1.125.
The non-zero impact parameter b = 3x̂ is apparent in the o↵-center collision. The shocks move in the
±z direction at the speed of light and collide at t = z = 0. After the collision the remnants of the
initial shocks, which remain close to the light cone z = ±t, are significantly attenuated in amplitude
with the extracted energy deposited inside the light cone. Note the appearance of transverse flow at
positive times for both impact parameters.
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Figure 4. The hydrodynamic residual � in the x�z and x�y planes at time t = 1.25 t
hydro

= 1.5
for both head-on and o↵-center collisions. Regions with � ⌧ 1 have hydrodynamized. Note that we
have restricted the plot to � < 1 in order to highlight the hydrodynamic behavior. The black curve
in the plots is the surface � = 0.2. For both impact parameters there is a crisply defined region —
whose boundary is well approximated by the � = 0.2 surface — where � ⌧ 1. We identify the matter
in the interior of the � = 0.2 surface as a droplet of liquid. Outside the � = 0.2 surface � rapidly
increases, indicating the presence of nonhydrodynamic modes on the surface of the droplet. Note the
irregularity in the o↵-center collision droplet shape in the x�z plane is due to nonhydrodynamic modes
and not fluid rotation in the x�z plane. For the head-on collision the � = 0.2 surface is circular in the
x�y plane. In contrast, for the o↵-center collision the � = 0.2 surface is elliptical in the x�y plane,
with the the short axis of the ellipse oriented in the same direction as the impact parameter b = 3x̂.
Nevertheless, for both collisions the transverse radius of the � = 0.2 surface is roughly the same and
equal to R ⇠ 3, which is just the radius � of our “protons.”

Over what region of space has the system hydrodynamized? To study the spatial domain

of applicability of hydrodynamics, in Fig. 4 we plot � in the x�z and x�y planes at time

t = 1.25 t
hydro

= 1.5 for both head-on and o↵-center collisions. In order to highlight the

hydrodynamic behavior, we omit regions where � > 1. For both collisions we see a region

where � ⌧ 1. In this region the stress has hydrodynamized and correspondingly, we identify

the matter in the interior as a droplet of liquid. Also included in the figure is the surface

– 11 –

P. Chesler 2016
Hydro residual

๏ Hydro works for small systems!

� = 0.2, shown as the solid curve. For both collisions � increases dramatically outside the

� = 0.2 surface, indicating the presence of nonhydrodynamic modes. In what follows we shall

use the � = 0.2 surface to define the surface of our droplet of liquid.

Note the irregularity in the o↵-center collision droplet shape in the x�z plane is due to

nonhydrodynamic modes and not fluid rotation in the x�z plane. Indeed, in the interior of

the droplet the vorticity is small with ||⌦µ⌫ || ⇠ 0.1||�µ⌫ ||. Additionally, note the di↵erence in

droplet shape in the x�y plane for head-on and o↵-center collisions. For the head-on collision

droplet’s surface is circular in the x�y plane. In contrast, for the o↵-center collision the

droplet’s surface is elliptical in the x�y plane, with the the short axis of the ellipse oriented

in the same direction as the impact parameter b = 3x̂. Nevertheless, for both collisions the

transverse radius of the droplet is roughly the same and equal to R ⇠ 3, which is just the

radius � of our “protons” employed in (1.3).

In Figs. 5-7 we restrict our attention to time t = 1.25 t
hydro

= 1.5 and to the region inside

the droplet of fluid. We explain the coloring of the di↵erent plots below. In the left column

of Fig. 5 we show the e↵ective temperature T
e↵

, defined in Eq. (2.9). From the figure it is

evident that the average value of the temperature inside the droplet is T
e↵

⇠ 0.25 for both

collisions. We therefore obtain the dimensionless measure of the transverse size of the droplet,

RT
e↵

⇠ 1. (4.3)

Similar conclusions were reached in [18], where a holographic model of proton-nucleus colli-

sions was studied. Additionally, note

t
hydro

T
e↵

⇠ 0.3, (4.4)

indicating rapid hydrodynamization. Similar hydrodynamization times were observed in [16,

18, 28, 29]. We therefore conclude that hydrodynamic evolution applies even when both the

system size and time after the collision are on the order of microscopic scale 1/T
e↵

.

In the middle and right columns of Figs. 5 we plot the size of first and second order gra-

dient corrections to the hydrodynamic constitutive relations, ||T µ⌫

(1)

|| and ||T µ⌫

(2)

||, normalized

by the average pressure p. In the interior of the droplet ||T µ⌫

(2)

|| is nearly an order of mag-

nitude smaller than ||T µ⌫

(1)

|| for both impact parameters, meaning that second order gradient

corrections are negligible.2

5 Discussion

Given that 1/T
e↵

is the salient microscopic scale in strongly coupled plasma — akin to the

mean free path at weak coupling — it is remarkable that hydrodynamics can describe the

2

We note however, that inside the� = 0.2 surface shown in Fig. 4 we have ||hTµ⌫i�Tµ⌫
hydro

|| ⇠ ||T µ⌫
(2)

||. Given

that Tµ⌫
hydro

is computed to second order in gradients, this could mean that third order gradient corrections to

Tµ⌫
hydro

are comparable to the second order gradient corrections. Alternatively, and in our opinion more likely,

this could reflect the fact that the spectrum of the discretized Einstein equations we solved is di↵erent from

that of the continuum limit used to obtain the gradient expansion of Tµ⌫
hydro

. This di↵erence must manifest

itself at suitably high order in gradients and can be ameliorated by using a finer discretization scheme.

– 12 –
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Microscopic Structure of Plasma
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๏ Can we probe the system?
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Jets
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๏ Energetic Quarks are produced in pairs
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Jets
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➤  strong non-abelian bremsstrahlung

๏ Energetic Quarks are produced in pairs

๏ Hard process
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Jets

61

➤  strong non-abelian bremsstrahlung

➤  Jets: sprays of particles within a fixed 
resolution R

๏ Energetic Quarks are produced in pairs

๏ Hard process
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Figure 2-1: The two diagrams that correspond to a coming from infinity quark emitting a
gluon induced by a single collision with the medium.

Figure 2-2: In this diagram, M2, it is the emitted gluon who receives a kick from the
medium.

before emission
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which in terms of the effective Feynman rules reads

M1.2
⇠
=

Z

q

V b,i
G (p+, k+,k)D(p + k)Ua

Q(p
+,q) ⇠

=

�2ig2
(tbta)

Z

q

A(q)

k

i

k

2
(2p+) . (2.29)

Given that gluons have color charge there is yet another diagram to consider as depicted in

Fig. 2-2, where the emitted gluon interacts with the medium

M2
⇠
=

Z

q

ūt
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๏ Exchanges with the medium

• Induce rate:

Figure 2-1: The two diagrams that correspond to a coming from infinity quark emitting a
gluon induced by a single collision with the medium.

Figure 2-2: In this diagram, M2, it is the emitted gluon who receives a kick from the
medium.
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ūt
(pf )(ig�⌫tb✏⇤⌫,�(k))S(pf + k)(ig�µtaAµ(q))u

s
(pi) , (2.28)

which in terms of the effective Feynman rules reads

M1.2
⇠
=

Z

q

V b,i
G (p+, k+,k)D(p + k)Ua

Q(p
+,q) ⇠

=

�2ig2
(tbta)

Z

q

A(q)

k

i

k

2
(2p+) . (2.29)

Given that gluons have color charge there is yet another diagram to consider as depicted in

Fig. 2-2, where the emitted gluon interacts with the medium

M2
⇠
=

Z

q

ūt
(pf )(ig�µtc)Gµ⌫(k + q)iV ⌫↵�

cba (k + q,�k,�q)✏⇤↵,�(k))A�(q)u
s
(pi)

Z

q

V c,i
G (p+, k+,k+ q)D(k + q)ubac

G (k+, q)A(q)

⇠
=

�2ig2
[ta, tb]

Z

q

A(q)

(k+ q)

i

(k+ q)

2
(2p+) , (2.30)
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• Finite rate for large energy quarks (unlike QED)

(QED-like diagrams)

• Rate controlled by gluon kinematics

(QCD diagram)
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where qi = pi − pi−1, and Ai is shorthand for

Ai(qi) = T aAa
i (qi) = −2igE0T

aV a
i (qi) . (11)

The differential cross section averaged over initial and summed over final
colors of both projectile and target partons reduces to the familiar form for
low transverse momentum transfers:

dσi/dq2
⊥i ≈ Ci

4πα2

(q2
⊥i + µ2)2

, (12)

where the color factor is

Ci =
1

ddi
Tr(T aT b)Tr(T a

i T b
i ) = C2C2i/dA . (13)

For SU(3), the number 2Ci gives the usual color factors 4/9, 1, 9/4 for
qq, qg, gg scattering respectively. In our notation, the angular distribution
is given by

dσi/dΩi =
1

ddi
Tr|Ai(qi)|2/(4π)2 . (14)

2.2. GLV Formalism

In Refs.54,55 a systematic recursive graphical technique was developed and
translated into an algebraic operator method. The goal was to compute
medium induced gluon radiation amplitudes of the type shown in Fig. 12.
The exponential growth of the number of graphs with the number of in-

M5,1,10

p

k,c

q1,a1 q2,a2 q3,a3 q4,a4 q5,a5

tt0 t1 t2 t3 t4 t5

σ=(0,0,1,0,1)
→

l=(0 2  + 0 2  + 1 2  + 0 2  +1 2   ) ⁄ 2 21 2 3 4 5

Fig. 12. Induced radiation amplitude54 contributing to fifth order and higher orders in
the opacity expansion of QCD energy loss in the GW model72. The crosses denote color
screened Yukawa interactions on a scale µ. The blob is the initial hard jet amplitude.

BDMPS-Z 96

(GLV, ASW, AMY, HT ...)
(Review: JCS & C. Salgado

arXiv:0712.3443 )
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๏Multiple scattering: interference between scattering centers
(LPM effect)

• Emission takes a formation time

• Frustration of radiation if 

• Equivalent scattering with momentum exchange

µ

3 ⌘ Energy

TransverseArea

(0.27)

q̂ = 17GeV

2
/fm (0.28)

1p
q̂L

(0.29)

Range of interaction

1

mD
⌧ 1

�m. f. p
mean free path (0.30)

q̂ =

(mean transferredmomentum)

2

length

⇠ m

2
D

�m. f. p
(0.31)

3

• A medium parameter:
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Q QQQ

r

Figure 2.15 Schematic picture of the dissociation of a Q Q̄-pair in hot QCD
matter due to color screening. Figure taken from Ref. [727]. The straight
black lines attached to the heavy Q and Q̄ indicate, that these quarks are
external probes, in contrast to the dynamical quarks within the quark-gluon
plasma. Figure taken from Ref. [727].

attraction is screened even on the short length scale corresponding to the ⌥
size.

To study this e↵ect, Matsui and Satz suggested comparing the tempera-
ture dependence of the screening length for the quark-antiquark force, which
can be obtained from lattice QCD calculations, with the J/ meson radius
calculated in charmonium models. They then discussed the feasibility to de-
tect this e↵ect clearly in the mass spectrum of e+ e� dilepton pairs. Between
1986, when Matsui and Satz launched this line of investigation, suggesting
it as a quantitative means of characterizing the formation and properties of
deconfined matter, and today we know of no other measurement that has
been advocated as a more direct experimental signature for the deconfine-
ment transition. And, there is hardly any other measurement whose phe-
nomenological analysis has turned out to be more involved. In this Section,
we shall describe both the appeal of studying quarkonia in the hot matter
produced in heavy ion collisions and the practical di�culties. The theoret-
ical basis for the argument of Matsui and Satz has evolved considerably
within the last two decades [727]. Moreover, the debate over how to inter-
pret these measurements is by now informed by data on J/ -suppression
in nucleus-nucleus collisions at the CERN SPS [43, 72], at RHIC [19] and
at the LHC [1]. There is also a good possibility that qualitatively novel in-
formation will become accessible in future high statistics runs at RHIC and
LHC.

A sketch of the basic idea of Matsui and Satz is shown in Fig. 2.15. In very

๏Different quarkonia states prove different distances

๏Medium effects alter long distance behavior of the HQ potential

• Screening
• Potential develops an imaginary part

๏ Quarkonia melting probes the plasma at different distances

potential (Eichten et al. (1978))

V0(r) = −
4

3

αs

r
+ σr + const. (8)

Here, αs and σ are regarded as free parameters to be fitted on the spectrum.
The Schrödinger equation with the potential (8) and parameters αs = 0.39 and
σ = 0.182 GeV2 gives quite a satisfactory agreement with the data. In Eichten
et al. (1980), the coupling to charmed meson decay-channels was also taken
into account. It was found that the mass shifts due to the coupled channel
effects are indeed large also below threshold and yet they do not spoil the
predictions of the naive potential model. Indeed these effects can essentially
be absorbed into a redefinition of the effective parameters. Since then several

Figure 6: The rms qq̄ separations in some representative mesons is shown with respect to
the Cornell potential. All the phenomenological potentials agree in the range of 0.1 − 1 fm
which is the physical range for quarkonia. From Godfrey and Isgur (1985).

different phenomenological forms of the static potential have been exploited,
e.g. the Richardson potential,

V0(r) =

∫

d3Q

(2π)3
exp {iQ · r}

const.

Q2 log(1 + Q2/Λ2)

(Richardson (1979)), the logarithmic potential, V0(r) = A log(r/r0) (Quigg and
Rosner (1977)), the Martin potential, V0(r) = A(r/r0)α (Martin (1980)). By

10
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black lines attached to the heavy Q and Q̄ indicate, that these quarks are
external probes, in contrast to the dynamical quarks within the quark-gluon
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attraction is screened even on the short length scale corresponding to the ⌥
size.

To study this e↵ect, Matsui and Satz suggested comparing the tempera-
ture dependence of the screening length for the quark-antiquark force, which
can be obtained from lattice QCD calculations, with the J/ meson radius
calculated in charmonium models. They then discussed the feasibility to de-
tect this e↵ect clearly in the mass spectrum of e+ e� dilepton pairs. Between
1986, when Matsui and Satz launched this line of investigation, suggesting
it as a quantitative means of characterizing the formation and properties of
deconfined matter, and today we know of no other measurement that has
been advocated as a more direct experimental signature for the deconfine-
ment transition. And, there is hardly any other measurement whose phe-
nomenological analysis has turned out to be more involved. In this Section,
we shall describe both the appeal of studying quarkonia in the hot matter
produced in heavy ion collisions and the practical di�culties. The theoret-
ical basis for the argument of Matsui and Satz has evolved considerably
within the last two decades [727]. Moreover, the debate over how to inter-
pret these measurements is by now informed by data on J/ -suppression
in nucleus-nucleus collisions at the CERN SPS [43, 72], at RHIC [19] and
at the LHC [1]. There is also a good possibility that qualitatively novel in-
formation will become accessible in future high statistics runs at RHIC and
LHC.

A sketch of the basic idea of Matsui and Satz is shown in Fig. 2.15. In very

Quarkonia in the Quark Gluon Plasma 11
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Fig. 3. The singlet free energy (left) and the screening function (right) as function of quark
separation distance r at different temperatures calculated with the HISQ action.37
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Fig. 4. The free energy of static QQ̄ pair (left) and the difference F (r, T )−F∞(T ) (right) calcu-
lated with HISQ action as function of quark separation distance r at different temperatures. In the
right panel the filled symbols correspond to the lattice data, while the open symbols correspond
to the values reconstructed from the singlet free energy.37 The legend in the left panel is the same
as in Fig. 3 (left).

to the Coulomb gauge. In fact, the singlet free energy defined in terms of Wilson
loops shows very similar behavior to the one calculated in the Coulomb gauge.32

Furthermore, the Debye screening mass can also be defined from the long distance
behavior of the electric gluon propagator.40–45 Calculations in SU(2) and SU(3)
gauge theories show no gauge dependence of the extracted Debye mass within sta-
tistical errors.43, 44 The extracted screening masses are in agreement with the ones
obtained from the singlet free energy. Color magnetic screening can be also studied
in this approach,40–45 though the long distance behavior of the static transverse
gluon propagator is not always exponential43, 46 and thus the corresponding screen-
ing mass cannot be defined.

2.3. Quarkonium Spectral Functions and Euclidean Correlators on
the Lattice

In-medium meson properties are encoded in meson spectral functions. The spectral
function σ(ω, #p) for a given meson channel H in a system at temperature T can

๏Different quarkonia states prove different distances

๏Medium effects alter long distance behavior of the HQ potential

• Screening
• Potential develops an imaginary part

๏ Quarkonia melting probes the plasma at different distances
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Figure 2.16 The invariant mass distribution of dimuons in p+p (above) and
Pb+Pb (below) collisions measured by the CMS collaboration. In compar-
ison to the benchmark measurement in p+p, the higher Upsilon resonances
are strongly suppressed. Figures taken from [264].

understanding of so-called feed-down corrections, which are contributions
to the 1s yield from the decay of higher excited states. In proton-proton
collisions, a significant fraction (⇠ 40%) of the observed ⌥(1s) mesons arises
from the production of the excited 2s and 3s states which subsequently decay
to ⌥(1s). Therefore, if the higher excited states melt in the hot matter,
one expects that their “feed-down” to the ⌥(1s) state is absent and the
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