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Quantum Chromodynamics (QCD) 
 The theory of quarks gluons and their 

interactions 

It´s central to all modern colliders 
(and QCD is what we are made of)
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1. QCD Lagrangean, and IR divergences in e+e-. 
2. pQCD at hadron colliders 
3. New methods in pQCD: helicity formalism and 

generalized unitarity 
4. The collinear limit of QCD 
5. Parton distribution functions 
6. Jets

Outline
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QCD and  
e+e- colliders
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The ingredients of QCD

 

QCD is a gauge invariant QFT, based 
on a local SU(3) symmetry group 
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Quark Lagrangean + colour
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Gluon Lagrangean
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Colour algebra
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Perturbation Theory

⦿  

small  

        smaller 
                              
 negligible ? 
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How big is the coupling ?
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 Flavour thresholds 
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 The infrared problem in gauge theories
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    Definition of infrared and collinear safety

 

Examples 
▪ Multiplicity of gluons             not IRC safe, modified by soft/collinear splitting 
▪ Energy of hardest particle     not IRC safe, modified by collinear splitting 
▪ Energy flow into a cone                      is IRC safe, soft emissions don´t change energy                     

                    flow and collinear emissions don´t change its direction 
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e+e-: soft-collinear gluon amplitude

Using equation of motion 
and  
in the soft (           ) and  
collinear (                     ) limits 

  
Then 

At leading-order (LO):

Then emit a gluon 
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Include phase space 

Note factorization into hard and soft-collinear-gluon emission 
                             

e+e-: square amplitude
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e+e-: square amplitude
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Isolating the poles in ε
▪ Slicing method: split phase-space in two regions

▪ Subtraction method: add and subtract back an 
approximation having the same singular behaviour
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e+e-: virtual amplitude
The one-loop amplitude:

 

Set the virtual gluon on-shell
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e+e-:total cross-section
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 Anatomy of a fixed order calculation

phase-space: 
multidimensional 
integral tree-level Feynman graphs, can be 

obtained by analytical/numerical 
methods

selection cuts + 
observable dependent 
function

computable numerically by using e.g. MC methods 
practical limitation: mmax~ 10 at present 

leading order (LO)

Momentum conservation Initial state flux
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 Anatomy of a fixed order calculation

phase-space: 
multidimensional 
integral tree-level Feynman graphs, can be 

obtained by analytical/numerical 
methods

selection cuts + 
observable dependent 
function

computable numerically by using e.g. MC methods 
practical limitation: mmax~ 10 at present 

next-to-leading order (NLO)

real radiationvirtual contribution

new feature wrt LO:  
combine n with n+1

leading order (LO)
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A) real radiation 

split phase-space integrand in two parts 
(...)div + (...)fin

IR finite: computable  
numerically as LO

▪ IR singular: 
analytically  

computable up to O(ε) 
▪ cancels with virtual

several well known/tested 
working methods (subtraction, 
dipole, slicing, mixed, ...)

B) virtual contribution 

loop integral: in multiparton processes (m≥5) was regarded as main bottleneck 
▪ hard to get in analytic form 
▪ Feynman parametrization costs one extra Feynman parameter per extra parton 
▪ numerical methods/reduction formalism (pentagons, hexagons → boxes) have 

to eliminate/control numerical instabilities (many terms, Gram determinants) 
▪ Many new developments in recent years
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 NNLO ingredients
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QCD at the LHC
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 Factorization in hadronic collisions

 

Parton densities 
PDF

Hard scattering 
cross-section

Factorization and renormalization scales Higher 
twist

Partonic cms energy
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pQCD for hard-scattering 
processes based on 
universality: 

▪ the sole uncancelled IR 
divergences are due to 
partonic states whose 
momenta are collinear to the 
collider partons 

▪ removed by redefinition of 
bare parton densities

▪ Offen assumed that 
partonic scattering 
amplitudes factorize: fixed 
order and resummations 

▪Monte Carlo event 
generators are based on 
factorization 

▪ In neither of these cases 
factorization is guaranteed.

Collinear factorization 
theorem proven for 
sufficiently inclusive 
observables in the final state 
of the scattering of colorless 
hadrons             
[Collins, Soper, Sterman]
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The LHC is a hadronic machine working at higher 
energies than ever before 
   

○  larger phase-space for hard radiation 
○  higher multiplicities (external legs) 
▪ more powers of αS  
▪ multi-particle final states are the signal for new 

physics 
▪ multi-scale processes: logs of the ratio of very 

different scales 
○  proton is not elementary:  
▪ need to know PDF accurately 
▪ new channels open at higher orders in pQCD

  
                                        Huge radiative corrections 
The absence so far of a clear signal BSM makes even 
more relevant the role of precision physics
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Fixed order Matrix 
Elements (ME)                                                                    

- LO, NLO, NNLO - 
describes the bulk of 

phase-space

Parton Showers (PS)   
Resumms leading logs at 
the edge of phase-space 

(soft, collinear)              
Monte Carlo event 

generators

Resummations 
- LL, NLL, NNLL -     
describes edges  
of phase-space  

(soft, collinear, thresholds)             
analytic computations

 The path to precision 
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Perturbative view: higher orders 
improve systematically the precision of the 
theoretical predictions (estimated by 
varying the renormalization/factorization 
scales) for background and signal 

▪ LO: fails to describe normalization (up to 
a factor 2). Monte Carlo event generators 
(LO + parton showers) : improves the 
shape of distributions, but normalization 
still underestimated  

▪ NLO:  first reliable estimate of central 
value 

▪ NNLO: first serious estimate of the 
theoretical error

[Kilgore,Harlander]


