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Introduction

Linear difference equations

Zg(L,A) : u(t) = %Aj(t)u(t — Lj), t>0

Li,...,Ly: (rationally independent) positive delays.
Ai(t),...,An(t): time-dependent d x d matrices.
u(t) € C9.

Notation: Lmyin = minj L;, Lmax = max; L;.
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Introduction

Linear difference equations

Zg(L,A) : u(t) = %Aj(t)u(t — Lj), t>0

@ Ly,...,Ln: (rationally independent) positive delays.
@ Ai(t),...,An(t): time-dependent d x d matrices.
o u(t) e CY.

@ Notation: Lmin = min; Lj, Lmax = max; L;.

Motivation:

@ Applications to transport and wave propagation.

@ Generalization of simpler cases: N = 1, autonomous.

Stability of difference equations and applications to wave propagation on networks Guilherme Mazanti



Introduction
[ Jelelelo)

Introduction

Motivation: transport systems

Hyperbolic PDEs — difference equations: [Cooke, Krumme, 1968],
[Slemrod, 1971], [Greenberg, Li, 1984], [Coron, Bastin, d'Andréa Novel,
2008], [Fridman, Mondié, Saldivar, 2010], [Gugat, Sigalotti, 2010]...
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Introduction

Motivation: transport systems

Hyperbolic PDEs — difference equations: [Cooke, Krumme, 1968],
[Slemrod, 1971], [Greenberg, Li, 1984], [Coron, Bastin, d'Andréa Novel,
2008], [Fridman, Mondié, Saldivar, 2010], [Gugat, Sigalotti, 2010]...

Oruj(t, x) + Oxui(t, x)
+ «;(t, x)u,-(t x) =0, teRy, x€[0,L], i €[1,N],

Zmu ui(t, L), teRy, i€[L,N].
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Introduction

Motivation: transport systems

Hyperbolic PDEs — difference equations: [Cooke, Krumme, 1968],
[Slemrod, 1971], [Greenberg, Li, 1984], [Coron, Bastin, d'Andréa Novel,
2008], [Fridman, Mondié, Saldivar, 2010], [Gugat, Sigalotti, 2010]...

Oruj(t, x) + Oxui(t, x)
+ «;(t, x)u,-(t x) =0, teRy, x€[0,L], i €1, N],

Zmu ui(t, L), teRy, i€[L,N].
Method of characterlstlcs: for t > max; L;,

Z m,J UJ t L Z m’J e ro (t*S’Lj*S)dsuj(t _ Ljvo)'

Set v(t) = (uj(t,0));cqz,ny- Then v satisfies a difference equation.



Introduction
0®000

Introduction

Motivation: wave propagation on networks
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Introduction

Motivation: wave propagation on networks

Ly
Edges: &
Vertices: V
L3
L Ly

Oz ui(t, x) = O ui(t, x)
U,'(t, q) = Uj(t, CI), Vq € vv VI,_/ € Eq

+ conditions on vertices.
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Motivation: wave propagation on networks

D’'Alembert decomposition on travelling waves:
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Introduction

Motivation: wave propagation on networks

D’'Alembert decomposition on travelling waves:

System of 2/ transport equations.
Can be reduced to a system of difference equations.

Stability of difference equations and applications to wave propagation on networks Guilherme Mazanti



Introduction
000®0

Introduction

Motivation: case N =1

@ When N =1: u(t) = A(t)u(t — L).
@ Can be reduced to u, = Apun—_1.
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Introduction

Motivation: case N =1

@ When N =1: u(t) = A(t)u(t — L).
@ Can be reduced to u, = Apun—_1.

Autonomous system
up = Aup_1

Ae Md((C)

Exponential stability
— p(A) <1

p(A)= lim |A"|s

n—-+o00

= max |)\|
Aea(A)
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Introduction

Motivation: case N =1

@ When N =1: u(t) = A(t)u(t — L).

@ Can be reduced to u, = Apun—_1.

Autonomous system Arbitrary switching
Up = Au,_1 up = Aptipn_1
A€ My(C) Ap €8 C My(C)
Exponential stability Uniform exponential stability
— p(A)<1 <~ p(B) <1

p(A) = lim |A"F  py(B)= lim  sup |[AyAy--- Anlr

n—+00 n—+00 A, . A,eB
= max |)\|
Ao (A) (cf. [Jungers, 2009])
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Introduction
Motivation: autonomous [Cruz, Hale, 1970], [Henry, 1974], [Michiels et al., 2009]

N
YL A) u(t) =Y Aju(t — L), t>0
j=1
@ Stability for rationally independent Ly, ..., Ly characterized

by prs(A) = max(g,  ay)elo,2x]V P (ZJ'N:1 Ajeiej)-

Theorem (Hale, 1975; Silkowski, 1976)
The following are equivalent:
-} pHs(A) <1,

o Y3Ut(L, A) is exponentially stable for some L € (0, +oo)N with
rationally independent components;

o Y3Ut(L, A) is exponentially stable for every L € (0, +o00)N.
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Main result and applications

Main result

Ys(LA): u(t) = zN:Aj(t)U(t — L), t>0
j=1
° Xg = LP([~Lmax, 0],C%), p € [1, +x].

e Exponential stability of X5(L, A) uniformly with respect to a
given set A of functions A: R — My(C)V.

e X5(L,A): family of systems X5(L, A) for A € A.

o RI: set of all L = (Ly,...,Ly) € (0,+00)" with rationally
independent components.
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Main result

Theorem (Chitour, M., Sigalotti)

Let B C My4(C)N bounded and A = L>(R,B). The following

statements are equivalent:

o u(L,B) <1;

e Y5(L,A) is exponentially stable in Xg for some p € [1,+0o0]
and L € RI;

e >;5(L, A) is exponentially stable in Xg for every p € [1,+0o0]
and L € (0, +oc0)N.
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Main result

Theorem (Chitour, M., Sigalotti)

Let B C My4(C)N bounded and A = L>(R,B). The following

statements are equivalent:

o u(L,B) <1;

e Y5(L,A) is exponentially stable in Xg for some p € [1,+0o0]
and L € RI;

e >;5(L, A) is exponentially stable in Xg for every p € [1,+o0]
and L € (0, +oc0)N.
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Main result and applications

Application to wave propagation on networks

Ly Edges: &
Vertices: V
L3
Ly Ly

G?tu,-(t, x) = (‘9)2<Xu,-(t7 x),

Ui(t,q) = Uj(t, q),
VqeV, Vi,jeé,,
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Main result and applications

Application to wave propagation on networks

Ly Edges: €
Vertices: V

Interior vertices: Vint

aftu,-(t,x) = 8)2<Xu,-(t,x),
U,‘(t, q) = Uj(t, q),
VqeV, Vi,jeé&,,
Yice, Onui(t, q) =0,
vq € vinty
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Main result and applications

Application to wave propagation on networks

Ly Edges: €
Vertices: V

Interior vertices: Vint
Damped vertices: Vy

aftu,-(t,x) = 8)2<Xu,-(t,x),
U,‘(t, q) = Uj(t, q),
VqeV, Vi,jeé&,,
Yice, Onui(t, q) =0,
vq € vinty

Orui(t, q) = —nq(t)Onui(t, q),
Vq € Vq,
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Main result and applications

Application to wave propagation on networks

Ly Edges: &

Vertices: V
V=Vt UVg UV,
Interior vertices: Vint
Damped vertices: Vy
Ly Ly Undamped vertices: 'V,

G?tu,-(t, x) = (‘9)2<Xu,-(t7 x),

Ui(ta CI) = Uj(t7 q)r o atui(tv q) = —‘T]q(t)anui(tv q)'
VqeV, Vi,jeé&,, Vg € Vg,
Ziegq 8nui(ta q) = 0' U,‘(t./ q) =0, Vq c \7“_
vq € vinty

Stability of difference equations and applications to wave propagation on networks Guilherme Mazanti



Main result and applications
0®00

Main result and applications

Application to wave propagation on networks

o System: ¥,(9,L, D), where § = (&,V), (14)gev, € D.

o ((uj)ice. (Deuy)ice) € X& = Wy P(G, L) x LP(S, L), where
Wol’P(S, L): WP on each edge, continuous at all vertices,
equaltoOon g €V,.

Suppose that D = L®°(R, D) for some ® C RY, d = #Vy. The
following statements are equivalent:

® ¥,(5,L,D) is exponentially stable in X} for some
p € [1,400] and L € RI;

® Y,(5,L,D) is exponentially stable in Xy for every
p € [1,+o0] and L € (0, +o0)N.

<
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Application to wave propagation on networks

Topological characterization of exponential stability:

Let ® C RY be bounded, D = L®(R,D). Then £,(G, L, D) is
exponentially stable in X for some p if and only if G is a tree, V,

contains only one point, and ® C (0, +00)9.
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Main result and applications

Application to wave propagation on networks

Topological characterization of exponential stability:

Let ® C RY be bounded, D = L®(R,D). Then £,(G, L, D) is
exponentially stable in X for some p if and only if G is a tree, V,
contains only one point, and ® C (0, +00)9.

<=: classical methods (see e.g. [Déager, Zuazua, 2006]). One has
that, for every t,s > 0,

lut+ )l = Nl — 32 30 [ 2ng(

qeEVy i€y

5u,

(7, 0)’ dr

and, since 74(7) > Nmin, it suffices to show that 3¢, ¢ > 0 s.t.

Z Z LtH

q€EVy l’qu
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Main result and applications

Application to wave propagation on networks

= (only for the case L € RI)

@ Exponential stability for L € Rl <= exponential stability for
every L.
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Application to wave propagation on networks

= (only for the case L € RI)

@ Exponential stability for L € Rl <= exponential stability for
every L.

o Take L' = (1,1,...,1).
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Main result and applications

Application to wave propagation on networks

= (only for the case L € RI)

@ Exponential stability for L € Rl <= exponential stability for
every L.

e Take L' =(1,1,...,1).
o If the graph is not a tree, or if V,, contains two or more
points, or if ® has a point with one coordinate zero:

Two vertices in V,,.

Stability of difference equations and applications to wave propagation on networks Guilherme Mazanti



Main result and applications
oooe

Main result and applications

Application to wave propagation on networks

= (only for the case L € RI)

@ Exponential stability for L € Rl <= exponential stability for
every L.

e Take L' =(1,1,...,1).

o If the graph is not a tree, or if V,, contains two or more
points, or if ® has a point with one coordinate zero:

Two vertices in V,,.
Jn (jl,jz,...,jn)i path
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Application to wave propagation on networks

= (only for the case L € RI)
@ Exponential stability for L € Rl <= exponential stability for
every L.
e Take L' =(1,1,...,1).

o If the graph is not a tree, or if V,, contains two or more
points, or if ® has a point with one coordinate zero:

Two vertices in V,,.

Jn (jl,jz,...,jn)i path
uj;(t, x) = £sin(27t) sin(2mx):
periodic solution
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Application to wave propagation on networks

= (only for the case L € RI)

@ Exponential stability for L € Rl <= exponential stability for
every L.

o Take L' = (1,1,...,1).

o If the graph is not a tree, or if V,, contains two or more
points, or if ® has a point with one coordinate zero:

Two vertices in V,,.
Jn (1,42, -+ -»Jn): path
uj;(t, x) = £sin(27t) sin(2mx):
periodic solution
~ No exponential stability for L',
1 then no exponential stability for L.
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Proof of the main result

Explicit solution

Ys(L,A): u(t) =N A (t)u(t — L), t>0
Lemma

Let L € (0,400)N, A: R — My(C)V, and up : [~ Lmax,0) — C9.
The solution u : [—Lmax, +00) — C9 of ¥5(L, A) is, for t > 0,

—LA
u(t): Z Z :n’—ej,tA.i(t_L'n+Lj)u0(t_L'n)7
nGNN JEIILN]]
t<L'n§t+Lmax Ln—LJSt

where the matrices Eﬁ:’f‘ are defined inductively by

—LA —LA
—n,t Z Ak Zns ek,t Ly> =0,t = ldg.

nk>1
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Proof of the main result

Explicit solution

Ys(L,A): u(t) =N A (t)u(t — L), t>0
Lemma

Let L € (0,400)N, A: R — My(C)V, and up : [~ Lmax,0) — C9.
The solution u : [—Lmax, +00) — C9 of ¥5(L, A) is, for t > 0,

—L,A
u(t): E : Z :n%ej,tAj(t_ L'n+Lj)u0(t_L'n)7
nGNN JEHLNH
t<L-n<t+Llmax L-n—L;<t

where the matrices E,l;:f‘ are defined inductively by

—LA —LA
—n,t Z Ak Zns ek,t Ly> =0,t = ldg.

nk>1
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Proof of the main result

Explicit solution

S5(LA):  u(t) =N ARt —L),  t>0

Lemma

Let L € (0,400)N, A: R — My(C)V, and up : [~ Lmax,0) — C9.
The solution u : [—Lmax, +00) — C9 of ¥5(L, A) is, for t > 0,

u(t) = Z @quo(t — L-n),

neNV
t<L-n<t+Lmax

where the matrices Eﬁ:’f‘ are defined inductively by

—LA —LA
—n,t Z Ak Zns ek,t Ly> =0,t = ldg.

nk>1
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Proof of the main result
Exponential type

A: set of uniformly locally bounded functions taking values in
My(C)V.
Definition
Y5(L,A) is of:
@ exponential type v in X‘Sp if Ve >03dK >0s.t. VA€ A,
Vup € X9, the solution u satisfies H“tng < Kelvte)t ”Uo”xg?
@ O-exponential type v if Ve > 0 dK > 0 s.t. VA € A,

Vne NN ae te(L-n— Lpa,L-n), one has
054 < Ketr+ox,

Exponential stability: exponential type v < 0.
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Proof of the main result
Exponential type

The maximal Lyapunov exponent of ¥5(L, A) in Xg is

_ In HUtng
Ap(L, A) =limsupsup sup ——=.
t—+o0o0 AcA LIoEXg t

uo|ls=1
Il ”Xp
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Proof of the main result
Exponential type

The maximal Lyapunov exponent of ¥5(L, A) in X‘; is

_ In HUtng
Ap(L, A) =limsupsup sup ——=.
t—+o0o0 AcA uoeX,‘i t

uo|ls=1
Il ”Xp

| A\

Proposition

Ap(L, A) =inf{y € R|X5(L,A) is of exponential type v in Xg}.
In particular,

Y;5(L, A) exponentially stable <= Ap(L,A) <O0.
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Proof of the main result

Arbitrary time-dependence

Let A be uniformly locally bounded. Recall that

u(ty= Y Opfu(t—L-n), t>0.

neNV
t<L-n<t+Lmax
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Proof of the main result

Arbitrary time-dependence

Let A be uniformly locally bounded. Recall that

u(ty= Y Opfu(t—L-n), t>0.

neNV
t<L-n<t+Lmax

o Let L € (0,+00)N. Ifs(L,A) is of ©-exponential type y
then Vp € [1,+00] it is of exponential type 7y in X‘Sp.
o Let LeRIL Ifdp € [1,+00] s.t. X5(L,.A) is of exponential
type v in X‘Sp, then it is of ©-exponential type 7.
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Proof of the main result
Arbitrary switching

Case of A = L>(R,B) with B C M4(C)" bounded.
An explicit formula for the coefficients @,L,:f‘ and E,L,:f‘ motivates
the following definition.

Definition

|y

Ly +.tLy
pu(L,B) = limsup  sup Z H kal+ s ,

n|,—+cc BB _
Inly for reLn(L) vEVn k=1

where Lo(L) = {L-k |k e NV L. k< L-n}.

Va: set of all permutations of (1,...,1,2,...,2,... . N,... , N).
N— e N—— ——
ny times  np times ny times
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Proof of the main result
Arbitrary switching

o \o(L, A) =Inp(L,B);
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Proof of the main result
Arbitrary switching

o \o(L, A) =Inp(L,B);
o for every L € Rl and L' € (0, +o0)V,
Ap(L';A) < mylnp(L,B),

o forevery L, L' € Rl, mpAp(L, A) < Ap(L', A) < mAp(L,A).

. L; L:
Here, {m1, my} = {m'”je[[LN]] 7 MaXje1,N] Lj’.}'
J J
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Proof of the main result
Arbitrary switching

o \o(L, A) =Inp(L,B);
o for every L € Rl and L' € (0, +o0)V,
Ap(L';A) < mylnp(L,B),

o forevery L, L' € Rl, mpAp(L, A) < Ap(L', A) < mAp(L,A).

. L; L:
Here, {m1, my} = {m'”je[[LN]] 7 MaXje1,N] Lj’.}'
J J

This theorem implies immediately our main result.
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