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Motivation

Observation of wave equation

Let T >0, L>0andw C (0,L), measurable.

al’t(p(tv ) - aXX‘P(LX) + a(x)<p(t,x) = 07 (t,X) € (07 T) X (07 L)v
QO(f,O) = Qo(taﬂ—) =0, te [07 T]a
@(07)() = @O(X)7 at<,0(0,X) = 801(X)7 X € [07 L]?
(Egq-wave)
where the potential a(-) € L*°(0, L) is non-negative.

Definition

The equation (Eq-wave) is said to be observable on w in time T if there
exists a positive constant C such that

4 T
C/O (01(x)% + @ (x)? + a(x)po(x)?) dx S/O /watcp(t,fc)jbdxdt, |

for all (o, 1) € HE(0,7) x L2(0, ).

We denote by the largest constant in the previous inequality
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Presentation of the Problem Introduction
Main results

Let L > 0. Let a(:) € L>°(0, L) such that a > 0 a.e. We consider the

operator
As = —0w +a(")Id

defined on D(A,) = H3(0, L) N H?(0, L). Let us denoted by e,; € D(A,)
a Hilbert basis of eigenfunctions in L2(0, L), such that e, solves the
eigenvalue problem

—el i(x) + a(x)e, j(x) = )\gyjeayj(x), x € (0,L),

a.J
e,j(0) =0, (Pb-vp)
ea,j(L) =0.

We choose fOL e2 (x)dx = L.

a,J
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Presentation of the Problem Introduction
Main results

We have

C1 obs(w) ~ T.ieng / ea,j(x)2dx, asT — oo
JeN* J,

There exists T; > 0 such that for all T > Ty,

Crom(®) = K(T) inf / &2 (x)? dx > 0,
JEN" J

with K(T) > 0.
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Presentation of the Problem Introduction

Main results

Let M > 0. We introduce

Apy ={a e L*>(0,L) such that 0 < a< M a.e. on (0,L)},

Problem 1 : (L*°-constraint on a)

a€Ay wC(0,L) jEN*
s.t. |w|=rL

inf inf inf /ea,j(x)2 dx, (Pb-Anm)
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Presentation of the Problem Introduction

Main results

Remarks (when we fix j)

@ If we do not restrict our search to those subsets w verifying |w| = rL,
the problem is trivial.

o If we fix the potential a, it is well known that there exists T € R,
such that

Ao . 2d :/ X 2d ,
wCIr(IO,L)L/w e,,j(x)° dx » e,j(x)° dx
s.t. |w|=r

where w* = {e,« j(x)? < T} up to a set of zero Lebesgue measure.
e Ifa=0and L =m, so ey j(x) = sin(jx). We have the following
inequality

/ sin(jx)? dx > M, for every measurable w.
w
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Presentation of the Problem Introduction
Main results

Let r € (0,1) and M € R*..

@ Problem (Pb-Ap) has a solution (jo,w™*, a*). In particular, there
holds

m(L,r) = min min / €ajp (x

a€ Ay (0,L) weR,(0,L)

and the solution a* of Problem (Pb-Ay) is bang-bang, equal to 0 or
M a.e. in (0, L).

@ Assume that M = 7r2/L2. Then, w* is the union of jo + 1 intervals,
and a* has at most 3jo — 1 and at least jy switching points
Moreover, one has the estimate

3 <m(Lr)<r— M, (1)

™

with y = 13(3 — 2¢/2) =~ 0.2600.
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Presentation of the Problem Introduction

Main results

Let r € (0,1) and M € (0, 72/L?]. There holds

mj(L,r) ;= inf inf / €,j(x)? dx > m;,
w

acAm(0,L) wef,(0,L)

for every j € N*, where the sequence (m;)jen- is defined by

z if j =1,

mj = if j > 2.
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Presentation of the Problem Introduction
Main results

What about the L*° constraint

The constraint of the L°°-norm is mandatory, in the following meaning :

Theorem

Let r € (0,1), j € N* and V > 0. The optimal design problem

inf inf (x)? Pbinf
nf it [ e (Pbinf)
s.t. |w|=rL

where Ao = Upso0Anm, has no solution.
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Some ideas on the proofs

Inthecase:j=1
Since the eigenfunction e, 1 is normalized in L?(0, L), there holds

3

eil(xmax) > 2L (2)
Since e, 1 is concave one has the successive inequalities
ea1(x) > Traa(x) = Aa(x), (3)

for every x € [0, L].

€a,1 (wmaz) ”””

)

0 o Tmaz 3* L
< >

(1-r)L
FIGURE : Graphs of the functions e, 1, Tra;1 and A;.
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Some ideas on the proofs

We readily obtain

inf Aea7l(X)2 dx > inf /wAl(x)de:/wAl(xfdx, (4)

we,(0,L) weR,(0,L)
with @ = (0, a™) U (8%, L) verifying

Nq(a™) = Dq(6Y) and w*=L-8"+a" =rL
one computes

r
.

A A1(x)? dx =
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Some ideas on the proofs

In the general case

Let 0= x? < x' < x? < L =3 be the 4 zeros of the 3-th eigenfunction
€3,3-

First step : for every i € {1, 2,3}, there exist A; > 0 such that
€aj(Xmax) = Maxxeqi €a,i(X) = VA

Second step :

€a,1 <‘T3na7‘)

FIGURE : Graphs of the functions e, and A;.
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Conclusion

1 41 .
08+ Ho8 8
0.6 . 0.6 E
04} I : Hoal y
0.2} 02 E
07 \r @ Il Il } \7 | 07 Il Il Il Il Il Il |
0 1 2 3 0 02 04 06 08 I
xT T

FIGURE : L =7 and M = 1. Left : plots of the optimal set w(—), a(-) and
eil (-..) with respect to the space variable with r = 0.3. Right : plot of
ris mi(Lr) (=), resr— 200 Oy and res r2/2(-- ).
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Conclusion
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FIGURE : L =7 and M = 1. Plots of mj(m,r) for j = 1(0), j = 2(- -) and
Jj = 6 with respect to r.
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Conclusion

Thank you for you attention
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