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Model problem

Linear elliptic problems

Find weak solution y of
—Ay+y=f inQ

which fulfills the boundary conditions
y=0 onl or O,y=g onT,

respectively.

Setting
o Q is a polygonal domain with boundary I'.
o Data f and g are as we need (smooth enough).
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Problems in polygonal domains — corner singularities

The regularity of the solution y of

—Ay+y=1finQ, Q
y=0onlT o Oy=gonl,
respectively, is limited by the largest in- @ \
terior angle w in the domain, even if f \
and g are regular enough, e.g., supp (§)
o ye H*(Q)forw<m

o y € W2%(Q) for w < /2

One can write y = y, + ys, where y, depends on the regularity of the right hand
side and ys contains terms like

E(r)rtsin(Ag) or &(r)r* cos(Ae),

respectively, with A = 7/w and £(r) is a smooth cut-off function.
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Finite element discretization on quasi-uniform meshes

Let 7, be a family of admissible
triangulations with

ht := diamT ~ h YT € Tp,

where h denotes the mesh parameter.
Furthermore, let

Vi={vhe C(Q): va|7 € PLVT € Tp}.

Finite element discretizations
Find y, € Vio := Vi, N HE(Q) such that

(Vyn, Vvi)iz@) + (Vh, i) 2@@) = (F, vi)iz@)  Yvh € Vio.

Find y, € V} such that

(Vyn, VVi) 2y + (Yhs Vi) @) = (F, Vi) @) + (&5 V) i2ry Vv € Vi
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The idea of mesh grading

The poor approximation property of the finite element method is due to the
singular terms ys in the solution, i.e.,

ys =&(Nrisin(Ag) or ys = £(r)r* cos(A),
respectively, where A\ = m/w and £(r) is a smooth cut-off function.

Basic idea according to Oganesyan and Rukhovets

Use a local transformation of coordinates via

r=g'/*,

which transforms a neighborhood Q¢ of the critical corner to Q.

Essential properties

Doo¥s ~ 899r>‘ = 8@99>\/“
= Y eHY(Q) & 20\ /p—-2)+1>-1 & pu<A




Finite element error estimates on graded meshes (1)

In computations the transformation of coordinates is not practicable.

Computational realization — graded meshes

We set the element size ht := diamT according to
hl/n for rr =0
hr ~Q hry " for R>rr >0,
h for rr > R

where h is the global mesh parameter and p € (0, 1]
the grading parameter.

FE-error estimate in L?(Q) and H*(Q) for both problems

The finite element error can be estimated by

ly = yalliz) + hlly = yallma) < ch?

on meshes introduced above with grading parameter ;1 < \. [Pfefferer 2014]

w << A > 1= Mesh grading in non-convex domains only. J




Finite element error estimates on graded meshes (2)

To get error estimates in L°°(Q2) of order close to two, we require y & W/?>(Q).

Basic idea according to Oganesyan and Rukhovets
Use again the local transformation r = p'/#:
Doo¥s ~ Dpor = Dge™*
= v eWr®(QL) & Mu—-2>0 & pu<)\/2

FE-error estimate in L*°(2) for Dirichlet problem

The finite element error can be estimated by
Iy = yallioe(@) < ch®~€ [Schatz/Wahlbin 1978]
Iy = yhllia) < ch?|In h*/2 [Sirch 2010]

on graded meshes with grading parameter p < \/2.

w< /2 < A2 >1= Mesh grading for domains with w > /2. J




Finite element error estimates on graded meshes (3)

FE-error estimate in L>°(2) for Neumann problem

The finite element error can be estimated by

ly — yalli=(@) < ch?|In h|3/2  [almost finished]

on graded meshes with grading parameter p < \/2.

Main difficulty

Friedrichs' inequality does not hold for Neumann problem

FE-error estimate in L>°(Q2) for Dirichlet pr. with new proof technique
The finite element error can be estimated by

ly = ¥all(@) < ch?|In h|

on graded meshes with grading parameter p < \/2.




Table: Summary of mesh grading results for different norms

Norm Grading parameter | Approximation rate | Critical angle
ly = yullli@) | <A h p

ly = yullee@ | #<A h2 .

Iy = yalleey | < A/2 h2| In h|3/2 /2

ly = yallizqy | < 1/4+X/2 B2 In h[3/2 2n/3

Figure: Mesh grading conditions for different norms depending on w
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Optimal control problems with Neumann boundary control

Model problem Discrete problem

1 v 1 v
min = ly — Yalliza) + §||U||f2(r) min [y — yalf ) + §||Uh||i2(r)
st. —Ay+y=0 inQ

s.t. /(Vyh -V Vp + ypvp) = /uhvh Vv, € V
Ohy=u onl

Q r
a<u(x)<b foraa. xeTl up € U@

o Variational discretization: Uf9 = U,y ;== {u € L>(N):a<u<bae onl}
o Postprocessing approach: U = U,y N {up € L=(T) : up|lg € Py VE € &y}

Both problems admit a unique solution (&, y) and (&, yn).
Optimality condition Optimality condition

i =N (=pr/v), VD: iy = Mg, 5y (—Prr /v),
p+p=y i PA: &y, = N 5 (—Pair/v),
—Ap+p=y—yqinQ h [a,b] |

Ohp=0o0nT /(Vﬁh -V + ppvp) = /(}7/1 — Yd)Vh Vv € Vp
Q Q

v



Error estimates for Neumann boundary control problems

Error estimates for the variational discretization in /2
The error estimates

1 — @all2(ry + 17 = Fnllz@) + 16 = Ballizey < h|In h]*/

are valid on graded meshes with grading parameter 1 < 1/4 + \/2.

Let @ = M, )(—Prjr/v) and K the union of all elements E € &, where the
optimal control & has kinks with the control constraints.

Error estimates for the postprocessing approach in [°

The error estimates
@ — @2y + 17 — Fnllizg@) + 16 — Pllizg@) < ch?|Inh*/?

are valid on graded meshes with grading parameter i < 1/4 + \/2 if |K| < ch.

Essential ingredients for error estimates

Finite element error estimates in L2(Q) and L2(T).




Error estimates for Neumann boundary control problems

Error estimates for the variational discretization in L
The error estimates

1T = @ll oo (ry + 17 = Fnlloo (@) + 1P = PhllLoe() < ch?[In A2

are valid on graded meshes with grading parameter 1 < \/2.

Let af, = M, 5(—pn/v) and K the union of all elements E € &, where the
optimal control & has kinks with the control constraints.

Error estimates for the postprocessing approach in L™

The error estimates
1@ = @8 lloe(ry + 17 = Falleos (@) + 117 — Pallce(@) < ch?|In h[*2

are valid on graded meshes with grading parameter 1 < \/2 if |K| < ch.

Essential ingredients for error estimates

Finite element error estimates in L°°(Q).
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Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) — x <_

for all X € QN Sg.

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hT>h<’TTf)

until desired mesh size h is reached.

h=1.4142 h=1.4142
w=10
h=1.4142 h=1.4142

uw=1.0



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) — x <_

for all X € QN Sg.

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hT>h<’TTf)

until desired mesh size h is reached.

h=0.7071 h=0.7071
w=10
h =0.5000 h = 0.5000

uw=1.0



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i i ‘(X(I))
X,Se) — x <_

for all X € QN Sg.

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hT>h<rTT’C)

until desired mesh size h is reached.

h =0.3536 h=0.3536
©w=1.0
h = 0.2500 h = 0.2500

uw=1.0



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i i ‘(X(I))
X,Se) — x <_

for all X € QN Sg.

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hT>h<rTT’C)

until desired mesh size h is reached.

h=10.1768 h=0.1768
©w=1.0
h = 0.2500 h =0.1250

uw=1.0



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) —x0 (A2

for all X € QN Sg.

P PP P AT P P A AT APl
NRSNSNNSNSNNSNAA A
N N NN NP4 P PA A PATA AP APATA AP Al
N N NP4 4 PAPA A PATA AP APATA AP Al
R N N A VAPA A AP PAPA A PATAPAPAPAPATATd
N N V4 P4 A PA A PAPATAPATAAVAPA
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S N NV PP A PA A PAPA APATA VAP
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N NP4 PAPA P PATA VAP APATAAPATd
NSNS
N N NNV FATA P PA A PAPAPal
N NVATA AT PAPA A
NN PATA A PA A%
RN ATATAPATAaal
N NVAVAPATAVATAYaal

Local refinement

Initialize refinement algorithm with

coarse start mesh. Afterwards, mark

every element T € 7T, for refinement

which satisfies

rr,c\H
R

until desired mesh size h is reached.

hr>h or hr>h

h=0.1768

N R N PP PP P A A PATA A APl
SRR RRRRR AR AR ARG

% s
A AT
A eAA T

h = 0.2500

h =0.1250

uw=1.0



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

(XO)\
R

X3, = X0

for all X € QN Sg.
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Local refinement

Initialize refinement algorithm with

coarse start mesh. Afterwards, mark

every element T € 7T, for refinement

which satisfies

rr,c\H
R

until desired mesh size h is reached.

hr>h or hr>h

h=0.1768
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h = 0.2500

h =0.1250

w=0.9




Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) —x0 (A2

for all X € QN Sg.
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Local refinement

Initialize refinement algorithm with

coarse start mesh. Afterwards, mark

every element T € 7T, for refinement

which satisfies

rr,c\H
R

until desired mesh size h is reached.

hr>h or hr>h

h=0.1768
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h =0.1250

w=0.38



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) —x0 (A2

for all X € QN Sg.
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Local refinement

Initialize refinement algorithm with

coarse start mesh. Afterwards, mark

every element T € 7T, for refinement

which satisfies

rr,c\H
R

until desired mesh size h is reached.

hr>h or hr>h

h=0.1768
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Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) —x0 (A2

for all X € QN Sg.

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

rr.c\1H
R
until desired mesh size h is reached.

hr>h or hr>h

h=0.1768
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h =0.1250
w=20.6



Generation of graded meshes
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Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

(XO)\
R
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X3, = X0

h=10.1768 h = 0.0884
for all X0 € QN Sg. J p=05
Local refinement
Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies
rr,c\H
i G h = 0.2500 h = 0.1250

until desired mesh size h is reached. ) pw=20.5




Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

i 1/p—1
i iy (X(I))
X,Se) —x0 (A2

for all X € QN Sg.
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Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hr> h(rC_\)C)

until desired mesh size h is reached.

3333333835528,

h=0.1768 h = 0.0884
©w=204

h = 0.2500 h =10.1250
nw=20.4



Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

(XO)\

X3, = X0

for all X € QN Sg.

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hT>h<’TTf)

until desired mesh size h is reached.
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h = 0.2500 h =0.1250
w=0.3




Generation of graded meshes

ol

N

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

(XO)\

() — x0) (27
Xnew = X B h=0.1768 h = 0.0884

for all X() € QN Sk. p=0.2
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Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

br>h o hr>h ()"
r>h oor hr>h(“E5) h = 0.2500 h = 0.1250

until desired mesh size h is reached. ) p=20.2




Generation of graded meshes

Transformation of nodes

Refine uniformly a coarse start mesh
until h+ ~ h VT € T, with desired
mesh size h. Afterwards, transform the
nodes X() according to

X — x (1X9) e
R

new

for all X € QN Sg.

ol

N

Local refinement

Initialize refinement algorithm with
coarse start mesh. Afterwards, mark
every element T € 7T, for refinement
which satisfies

1—p
hr>h or hT>h<’TTf)

until desired mesh size h is reached.

h=0.1768
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@ Introduction to corner singularities
@ Introduction to mesh grading
o FE-error estimate with graded meshes in different norms
> ly = yallizey + hlly = yallmgy < ch® for < A
> |l = yhllio (@) < ch?|In h*/2 for < \/2
> ly = yallizry < ch?|Inh*/? for p < 1/4+)\/2
o Optimal control problems with Neumann boundary control
> Variational approach
8 = @nlliaqry + 17 — Fallia) + 1P — Pallea) < ch®|Inh*?, g =2,00
» Postprocessing approach
@ — @|leoqry + 17 = Falliog) + 15 — Ballia) < ch’|Inh*?, q=2,00
o Generation of graded meshes
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