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Introduction



Differential entropy and hole-ography
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Consider a CFT2 in the vacuum (say on S1 of length    ) and entanglement entropy
of an interval of an angular opening  
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This novel UV-finite quantity is called differential entropy.

In a holographic CFT2 it 
measures areas of 
closed curves on a 
constant-t slice of AdS3
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Figure 4: Left: the notation of eqs. (32-35). Right: the geodesics, which make up eq. (30).

We wish to isolate a time strip of the field theory, in which local observers contain complete
information about the exterior of c(R, ✓̃) = 0. Generalizing the discussion of Sec. 2.3,
the exterior of the hole can be probed by a continuous family of Rindler observers whose
acceleration horizons are tangent to the curve (32). The trajectories of these observers
asymptote to the null rays projected orthogonally from the curve.
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The angle it makes with the radial vector @/@R is given by:

cos�✓(✓̃) =

0

@1 +
L2

L2 + R̃(✓̃)2

 
d log R̃(✓̃)

d✓̃

!
2

1

A
�1/2

. (35)

We take �✓ to have the opposite sign from dR̃/d✓̃. Eq. (70) from Appendix B tells us that
a null ray projected in this relative direction from the point

�
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From here on we write R for R̃(✓̃). The size and location of the boundary causal diamond
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Kinematic space
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This (partially) motivates introducing the light-cone coordinates                  and                 
               and considering space with the volume form                             

u = ✓ � ↵
v = ✓ + ↵ ! = @u@vS du ^ dv
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One can introduce a partial order on the set of intervals for which we calculate EE
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Figure 8. Left: The point A is in the causal past of the point B in kinematic space, because
the interval B contains the interval A. Middle: Neither interval contains the other, so A and
B are spacelike separated. Right: A and B share an endpoint, so they are lightlike separated
(infinitesimally off from timelike and spacelike separation).

If we supplant the choice of A,B,C from eq. (2.10) with

D = (v + dv, v + �v) with �v > dv (2.16)

then eq. (2.15) is simply the addition of areas of adjacent rectangles in kinematic space.
This is shown in the left panel of Fig. 7. We may now apply the chain rule repeatedly to
generate finite size rectangles in K, whose interpretation is in terms of conditional mutual
informations of three finite sized, adjacent intervals.

The final picture of kinematic space is as shown in the right panel of Fig. 7. Every
rectangle resting on constant u and v axes determines some conditional mutual information.
A special class among those is rectangles which reach all the way to the bottom boundary
of kinematic space. The bottom corner of such a rectangle has u = v, so in the language
of eq. (2.10) it has B = ;. Because I(A,C | ;) = I(A,C), such rectangles compute mutual

informations of adjacent intervals.

2.4 Causal structure

In the previous subsection we implicitly associated points in kinematic space with intervals
on the boundary. For example, eq. (2.10) identified the point (u, v) 2 K with the interval
(u, v) on the cutoff surface. But intervals in one dimension have a partial ordering: one
interval may or may not contain another. This means that the kinematic space K is a
partially ordered set.

It is handy to encode this partial ordering and the Crofton form (2.4) in a single object
– a metric tensor of the form:

ds2 =
@2S(u, v)

@u @v
du dv (2.17)

This metric gives K a causal structure, with u and v playing the role of null coordinates.
As we illustrate in Fig. 8 and explain in more detail below, this causal structure encodes
the containment relation among boundary intervals. At the same time, the volume form of
metric (2.17) is the Crofton form (2.4).
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The minimal metric compatible with this volume form and the partial order is 

SSA turns out to guarantee                 . For the vacuum we obtain@u@vS � 0
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Question behind this work

Is there more to this Lorentzian structure 
than merely ordering intervals on a constant time slice of a CFT2?
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Dynamics in de Sitter



Entanglement first law
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Consider small perturbations of some reference density matrix ⇢ = ⇢0 + �⇢

The change in the entropy is equal to the change in the modular Hamiltonian 
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In general,                      is unknown, but for reduced density matrices for spherical 
entangling surfaces in the CFTD vacuum it turns out to be fixed by conformality
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Entanglement first law yields dynamics in de Sitter 
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In two dimensions (on a plane) we simply have
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Specific example: universal excited state
Any CFT has        operator, hence                       is an universal excitation in CFT2‘sTµ⌫ T⌧⌧ (⌧0, ✓0)|0i

cf. Nozaki, Numasawa & Takayanagi 1401.0539
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Entanglement first law:
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dS2 analogue of the bulk-boundary
smearing function by Kabat et al.



Generalization to higher spins in CFT2
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The exploratory idea of Hijano & Kraus 1406.1804 is the following:
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Any quantity behaving as                                                      leads to a dynamical
fields in de Sitter with          
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perturbation in entanglement entropy Hijano & Kraus construction



Generalization to higher dimensions
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The first law for any CFT in D spacetime dimensions
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implies propagation in D-dimensional de Sitter
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Note that free field theories have         many higher spin currents.

By extrapolating 1406.1804 we might expect then         many fields in de SitterD
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Relation to Einstein’s equations in AdS
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In 2013 several groups were able to derive linearized Einstein’s equations from
the Ryu-Takayanagi proposal and the first law of entanglement entropy.

In 1304.7100 Takayanagi et al. showed that linearized Einstein’s equations in AdS3 give

Linear combination gives our wave equation on dS2:                                              .

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In 1308.3792  Bhattacharya and Takayanagi obtained from Einstein’s equations in AdS4

We see here that this equation in any D has nothing to do with a 2-derivative 
geometry and follows purely from the underlying conformal symmetry. 



Summary and open problems



Summary
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Entanglement in excited states organizes itself in a Lorentzian way:

For theories with higher spin charges: one dynamical field in dSD for each charge.

m2L2
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= �Dwith                               ,         e.g.

The statement concerns constant time slices in a CFT. 

ongoing work with Rob Myers and Guifre Vidal

for in                         ECFT2
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This statement applies to any CFT in any D provided the first law holds!
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Some open problems
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Does auxiliary de Sitter = kinematic space ?

Other fields in de Sitter, in particular gravitons? Nonlinear eoms? New holography ?

Higher dimensional generalization of differential entropy and hole-ography ?

Local operators in de Sitter (generalization of Kabat et al.) ?

Link with MERA / cMERA ?

Is recent explosion of emergent “geometries” an artifact of considering CFTs ?

see Xiao Xiao 1402.7080


