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The strong nuclear interaction

• a theory of strongly interaction 
quarks & gluons	

• never observed directly	

• indirect measurements in 

experiments	

• non-Abelian: gluons interact 

amongst themselves
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its fundamental equations (figure 1). You should not nec-
essarily be too impressed by that. After all, Richard Feyn-
man showed that you could write down the Equation of
the Universe in a single line: U = 0, where U, the total
unworldliness,3 is a definite function. It’s the sum of con-
tributions from all the laws of physics:

U = UNewton + UGauss + . . . ,

where, for instance, UNewton = (F – ma)2 and UGauss =
(∇!E – r)2.

So we can capture all the laws of physics we know,
and all the laws yet to be discovered, in this one unified
equation. But it’s a complete cheat, of course, because
there is no useful algorithm for unpacking U, other than
to go back to its component parts. The equations of QCD,
displayed in figure 1, are very different from Feynman’s
satirical unification. Their complete content is out front,
and the algorithms that unpack them flow from the
unambiguous mathematics of symmetry.

A remarkable feature of QCD, which we see in figure 1,
is how few adjustable parameters the theory needs. There
is just one overall coupling constant g and six quark-mass
parameters mj for the six quark flavors. As we shall see,
the coupling strength is a relative concept; and there are
many circumstances in which the mass parameters are
not significant. For example, the heavier quarks play only
a tiny role in the structure of ordinary matter. Thus QCD
approximates the theoretical ideal: From a few purely
conceptual elements, it constructs a wealth of physical
consequences that describe nature faithfully.4

Describing reality
At first sight it appears outrageous to suggest that the
equations of figure 1 or, equivalently, the pictures in the
box, can describe the real world of the strongly interacting
particles. None of the particles that we’ve actually seen
appear in the box, and none of the particles that appear in
the box has ever been observed. In particular, we’ve never
seen particles carrying fractional electric charge, which
we nonetheless ascribe to the quarks. And certainly we
haven’t seen anything like gluons—massless particles
mediating long-range strong forces. So if QCD is to
describe the world, it must explain why quarks and glu-
ons cannot exist as isolated particles. That is the so-called
confinement problem.

Besides confinement, there is another qualitative dif-
ference between the observed reality and the fantasy
world of quarks and gluons. This difference is quite a bit
more subtle to describe, but equally fundamental. I will
not be able to do full justice to the phenomenological argu-
ments here, but I can state the essence of the problem in
its final, sanitized theoretical form. The phenomenology
indicates that if QCD is to describe the world, then the u
and d quarks must have very small masses. But if these
quarks do have very small masses, then the equations of
QCD possess some additional symmetries, called chiral
symmetries (after chiros, the Greek word for hand). These
symmetries allow separate transformations among the
right-handed quarks (spinning, in relation to their
motion, like ordinary right-handed screws) and the left-
handed quarks.

But there is no such symmetry among the observed
strongly interacting particles; they do not come in oppo-
site-parity pairs. So if QCD is to describe the real world,
the chiral symmetry must be spontaneously broken,
much as rotational symmetry is spontaneously broken in
a ferromagnet.

Clearly, it’s a big challenge to relate the beautifully

simple concepts that underlie QCD to the world of
observed phenomena. There have been three basic
approaches to meeting this challenge:
! The first approach is to take the bull by the horns and
just solve the equations. That’s not easy. It had better not
be too easy, because the solution must exhibit properties
(confinement, chiral-symmetry breaking) that are very
different from what the equations seem naively to sug-
gest, and it must describe a rich, complex phenomenology.
Fortunately, powerful modern computers have made it
possible to calculate a few of the key predictions of QCD
directly. Benchmark results are shown in figure 2, where
the calculated masses5 of an impressive range of hadrons
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QED and QCD in Pictures.

The physical content of
quantum electrodynam-

ics is summarized in the
algorithm that associates a
probability amplitude with
each of its Feynman graphs,
depicting a possible process
in spacetime. The Feynman
graphs are constructed by
linking together interaction
vertices of the type at left,
which represents a point

charged particle (lepton or quark) radiating a photon. To
get the amplitude, one multiplies together a kinematic
“propagator” factor for each line and an interaction factor
for each vertex. Reversing a line’s direction is equivalent to
replacing a particle by its antiparticle.

Quantum chromodynamics can be similarly summa-
rized, but with a more elaborate set of ingredients and ver-
tices, as shown below. Quarks (antiquarks) carry one pos-
itive (negative) unit of color charge. Linear superpositions
of the 9 possible combinations of gluon colors shown
below form an SU(3) octet of 8 physical gluon types.

A qualitatively new feature of QCD is that there are
vertices describing direct interactions of color gluons with
one another. Photons, by contrast, couple only to electric
charge, of which they carry none themselves.

g

QED

3 colors

6 flavors
(u, d, s, c, b, t)

Makes
life
interesting

QCD
Quarks Gluons

Vertices
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A snapshot of a proton
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A conundrum: how can QCD particles be aware of the fact that 
“physical” (long-distance) particles only interact 
with integer electric charge?

 “fuzziness”
QCD is a quantum field 

theory (creation & annihilation 
of particles)

�x�p � h

 “fractional charge”
2/3 e: up, charm and top	

1/3 e: down, strange and bottom

confinement
the quarks are tightly bound by 
the gluons inside “colorless” 
objects, so called hadrons

Yang–Mills Existence and Mass Gap. Prove that for any compact simple gauge group G, 
a non-trivial quantum Yang–Mills theory exists on  and has a mass gap Δ > 0. Existence 
includes establishing axiomatic properties at least as strong as those cited in [45, 35].

Millennium Prize Problem #7
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Asymptotic freedom
• QCD is weakly coupled at 

small distances — strongly 
coupled at large distances	


• can use perturbation theory 
when there is a large scale in 
the problem	


• unfortunately, in many 
interesting situations this is not 
the case…
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In heavy-ions you also have to consider 
medium scales, such as T, geometry (1/L)…

multi-scale problem!
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String breaking mechanism

• short-distance regime: Coulomb interaction	


• Ek=F0k is the (color) electrical flux	


• √σ = 420 MeV is the so-called string tension 	


• string breaks due to light quarks!
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Comparing the two expressions, we see that

J ¼ 1
2pr

m2 ¼ a0m2: ð3:3Þ

The constant a0 is known as the Regge slope. From the data, a0 = 1/(2pr) =
0.9 GeV-2, which gives a mass/unit length of the string, or string tension, of

r $ 0:18 GeV2 $ 0:9 GeV/fm: ð3:4Þ

The spinning stick model is not perfect; in fact the various Regge trajectories
shown in Fig. 3.1 do not pass through the origin, and have slightly different slopes.
To make the model more realistic, one might want to relax the requirement of
rigidity, and allow the ‘‘stick’’ to fluctuate in transverse directions. This line of
thought leads to the formidable subject of string theory. But since QCD is the
theory of quarks and gluons, the question is how a stick-like or string-like object
actually emerges from that theory.

One possible answer is via the formation of a color electric flux tube. Imagine
that the color electric field running between a static quark and antiquark is, for
some reason, squeezed into a cylindrical region, whose cross-sectional area is
nearly constant as quark–antiquark separation L increases. In that case the energy
stored in the color electric field Ek will grow linearly with quark separation, i.e.

Energy ¼ rL with r ¼
Z

d2x?
1
2

Ea
kðxÞE

a
kðxÞ; ð3:5Þ

where Ek
a(x) = F0k

a (x), and the integration is over a cross-section of the flux tube.
This means that there will be a linearly rising potential energy associated with
static sources (the ‘‘static quark potential,’’) and an infinite energy is required to
separate these charges an infinite distance. However, this is not quite what happens
in real QCD.

In real QCD with light fermions, the linear potential does not extend indefi-
nitely. For sufficiently large quark separations it is energetically favorable to

qq

q q

qq

q q q q q q

q qFig. 3.2 String breaking by
quark–antiquark pair
production
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pair-produce a quark and antiquark of masses mq, and thereby break the flux tube
(or QCD ‘string’) as indicated in Fig. 3.2. The static quark potential then looks
something like the sketch in Fig. 3.3. At very small distances asymptotic freedom
prevails, and the static potential is Coulomb-like. At intermediate distances a flux
tube forms, and the potential is linear. At large distances, the color field of the
static quarks is screened by the dynamical matter fields. This screening behavior
can be demonstrated in strong-coupling lattice gauge theory calculations and, more
to the point, it has been seen in lattice Monte Carlo simulations when matter fields
are added to the action [2–4].

3.2 The Fradkin–Shenker–Osterwalder–Seiler Theorem

I have already stated, without giving any reasons, that the spectrum of a gauge-
Higgs theory, like that of QCD, consists only of color-singlet states. The reasons
for thinking this is so were given by Fradkin and Shenker [5], who based their
argument on an earlier theorem due to Osterwalder and Seiler [6].

Consider a lattice gauge theory with the Higgs field in the fundamental rep-
resentation of the SU(2) gauge group, and let the modulus of the Higgs field be
fixed. This theory can be realized on the lattice by the action [7]

S ¼ b
X

plaq

1
2

Tr½UUUyUy# þ c
X

x;l

1
2

Tr½/yðxÞUlðxÞ/ðxþ l̂Þ#; ð3:6Þ

where /(x), like the link variables Ul(x), is SU(2) group-valued, and transforms
under a local gauge transformation as /(x) ? /0(x) = G(x) /(x). For small values
of the Higgs coupling constant c, the dynamics of the theory resembles QCD, in
the sense that there is electric flux tube formation followed by string breaking, and
a potential (extracted from Wilson loops) which rises linearly up to the point of
string breaking, and then goes flat. At large values of c, the situation is much more

R

Coulombic

Linear

String−Breaking
VFig. 3.3 Qualitative features

of the static quark potential in
QCD, including the effect of
quark fields
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Energy stored in the tube is σL with

V (r) = �↵

r
+ �r
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Changing the dynamics
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• thermal properties of QCD	


• two paradigms: gas or fluid	


• do we measure nucleons or gluons?
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Lecture I

Heavy-ion collisions probe the strong interaction	

in highly dynamical and complex conditions. 
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Collisions & colliders
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e++e- p+p A+A
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Gunther Roland                                    International Conference on the Initial Stages of High-Energy Nuclear Collisions              Illa da Toxa September 2013

p     A

Using pp and pA to cleanse AA from initial state physics  
(early 2000’s)

p p

Local structure of QCD 
vacuum

A A

Local QCD 
+ 

initial state/cold nuclear matter 
+

Quark-Gluon Plasma

Local QCD 
+ 

initial state/cold nuclear matter 
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Turning on the temperatureFrançois Gelis

QCD primer

Building blocks

Asymptotic freedom

Color confinement

Deconfinement

Debye screening

Deconfinement transition

Phase diagram

QCD in HIC

Heavy Ion Collisions

Effective descriptions

Transport models

Perturbative QCD

Lattice QCD

Partition function

Lattice QCD

CGC

Why small-x gluons matter

Gluon saturation

Saturation domain

AdS/CFT

Gauge-gravity duality

Viscosity in N=4 SYM

Limitations

Summary
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QCD phase diagram

Quark−Gluon

hadronic
phase Color superconductor

plasma

Temperature

Nuclei Neutron stars

Density

low energy (AGS, SPS)

high energy (RHIC, LHC)

μB = net 
baryon 
density

The phase diagram of QCD
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QCD thermodynamics

11
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Fig. 9. Figure from Ref.55 illustrating the energy density and pressure by T 4 of QCD computed
with Nτ = 8 lattice data. (In this figure ϵ is energy density e(T ) and the pressure p is denoted
with P throughout this review.) ϵSB/T 4 ≡ eSB/T 4 is the energy density of a free three flavor
massless QGP (see text).

3. The Shear Viscosity in QCD

In this section we will discuss thermal QCD in equilibrium with the primary goal
of collecting various theoretical estimates for the shear viscosity in QCD.

The prominent feature of QCD at finite temperature is the presence of an ap-
proximate phase transition from hadrons to quarks and gluons. The Equation of
State (EoS) from lattice QCD calculations is shown in Fig. 9, and the energy den-
sity e(T ) shows a rapid change for the temperature range, T ≃ 170− 220 MeV. As
estimated in Section 4, the transition region is directly probed during high energy
heavy ion collisions.

Well below the phase transition, the gas of hadrons is very dilute and the ther-
modynamics is dominated by the measured particle spectrum. For instance the
number of pions in this low temperatures regime is

nπ = dπ

∫
d3p

(2π)3
1

eEp/T − 1
, (19)

where Ep =
√

p2 + m2
π and dπ = 3 counts the three fold isospin degeneracy,

π+, π−, π0, in the spectrum. If all known particles are included up to a mass
mres < 2.5 GeV, the resulting Hadron Resonance Gas (HRG) equation of state does
a reasonable job of reproducing the thermodynamics up to about T ≃ 180 MeV.
However, the validity of this quasi-particle description is unclear above a tempera-
ture of56, T ≃ 140 MeV. As the temperature increases, the hadron wave functions
overlap until the medium reorganizes into quark and gluon degrees of freedom. Well
above the transition the QCD medium evolves to a phase of massless quarks and

Bazavov et al., PRD 80 (2009) 014504
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√

p2 + m2
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mres < 2.5 GeV, the resulting Hadron Resonance Gas (HRG) equation of state does
a reasonable job of reproducing the thermodynamics up to about T ≃ 180 MeV.
However, the validity of this quasi-particle description is unclear above a tempera-
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above the transition the QCD medium evolves to a phase of massless quarks and

Number of pions (dπ=3):
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gluons. The energy density is approximately described by the Stefan-Boltzmann
equation of state

eglue = dglue

∫
d3p

(2π)3
Ep

eEp/T − 1
, equark = dquark

∫
d3p

(2π)3
Ep

eEp/T + 1
, (20)

where dglue = 2×8 counts spin and color, and dquark = 2×2×3×3 counts spin, anti-
quarks, flavor, and color. Performing these integrals we find, eSB = eglue + equark ≃
15.6 T 4 as illustrated by the line in the top-right corner of the figure.

We have described the particle content well above and well below the transition.
Near the approximate phase transition the validity of such a simple quasi-particle
description is not clear. The transition is a rapid cross-over where hadron degrees
of freedom evolve into quark and gluon degrees of freedom rather than a true phase
transition. All correlators change smoothly, but rapidly, in a temperature range of
T ≃ 170 − 210 MeV. From a phenomenological perspective the smoothness of the
transition suggests that the change from quarks to hadrons should be thought of
as a soft process rather than an abrupt change.

Lattice QCD simulations have determined the equation of state rather well.
However, in addition to the equation of state, we need to estimate the transport
coefficients to assess whether the heavy ion reactions produce enough material, over
a large enough space-time volume to be described in thermodynamic terms. The
shear and bulk viscosities govern the transport of energy and momentum and are
clearly the most important.

Later in Section 4 and Section 5 we will describe the role of shear viscosity in
the reaction dynamics. In this section we summarize the shear viscosities found
in various theoretical computations which will place these dynamical conclusions
in context. A good way to implement this theoretical summary is to form shear
viscosity to entropy ratio15, η/s. To motivate this ratio we remark that it seems
difficult to transport energy faster than a quantum time scale set by the inverse
temperaturea,

τquant ∼
!

kBT
.

A sound wave propagating with speed cs will diffuse (or spread out) due to the shear
viscosity. Linearized hydrodynamics shows that this process is controlled by the
momentum diffusion coefficient, Dη ≡ η/(e+P), where e+P is the enthalpy (see for
example Ref.57). Noting that the diffusion coefficient has units of (distance)2/time,
a kinetic theory estimate for the diffusion process yields

Dη ≡ η

e + P ∼ v2
thτR , (21)

where τR is the particle relaxation time and v2
th ∼ c2

s is the particle velocity. Dividing
by v2

th and using the thermodynamic estimates

sT ∼ ev2
th ∼ P ∼ n kBT , (22)

aIn this paragraph we will restore ! and the Boltzmann constant, kB .

August 9, 2011 10:22 WSPC/INSTRUCTION FILE hydro

14 Derek A. Teaney

gluons. The energy density is approximately described by the Stefan-Boltzmann
equation of state

eglue = dglue

∫
d3p

(2π)3
Ep

eEp/T − 1
, equark = dquark

∫
d3p

(2π)3
Ep

eEp/T + 1
, (20)

where dglue = 2×8 counts spin and color, and dquark = 2×2×3×3 counts spin, anti-
quarks, flavor, and color. Performing these integrals we find, eSB = eglue + equark ≃
15.6 T 4 as illustrated by the line in the top-right corner of the figure.

We have described the particle content well above and well below the transition.
Near the approximate phase transition the validity of such a simple quasi-particle
description is not clear. The transition is a rapid cross-over where hadron degrees
of freedom evolve into quark and gluon degrees of freedom rather than a true phase
transition. All correlators change smoothly, but rapidly, in a temperature range of
T ≃ 170 − 210 MeV. From a phenomenological perspective the smoothness of the
transition suggests that the change from quarks to hadrons should be thought of
as a soft process rather than an abrupt change.

Lattice QCD simulations have determined the equation of state rather well.
However, in addition to the equation of state, we need to estimate the transport
coefficients to assess whether the heavy ion reactions produce enough material, over
a large enough space-time volume to be described in thermodynamic terms. The
shear and bulk viscosities govern the transport of energy and momentum and are
clearly the most important.

Later in Section 4 and Section 5 we will describe the role of shear viscosity in
the reaction dynamics. In this section we summarize the shear viscosities found
in various theoretical computations which will place these dynamical conclusions
in context. A good way to implement this theoretical summary is to form shear
viscosity to entropy ratio15, η/s. To motivate this ratio we remark that it seems
difficult to transport energy faster than a quantum time scale set by the inverse
temperaturea,

τquant ∼
!

kBT
.

A sound wave propagating with speed cs will diffuse (or spread out) due to the shear
viscosity. Linearized hydrodynamics shows that this process is controlled by the
momentum diffusion coefficient, Dη ≡ η/(e+P), where e+P is the enthalpy (see for
example Ref.57). Noting that the diffusion coefficient has units of (distance)2/time,
a kinetic theory estimate for the diffusion process yields

Dη ≡ η

e + P ∼ v2
thτR , (21)

where τR is the particle relaxation time and v2
th ∼ c2

s is the particle velocity. Dividing
by v2

th and using the thermodynamic estimates

sT ∼ ev2
th ∼ P ∼ n kBT , (22)

aIn this paragraph we will restore ! and the Boltzmann constant, kB .

August 9, 2011 10:22 WSPC/INSTRUCTION FILE hydro

14 Derek A. Teaney

gluons. The energy density is approximately described by the Stefan-Boltzmann
equation of state

eglue = dglue

∫
d3p

(2π)3
Ep

eEp/T − 1
, equark = dquark

∫
d3p

(2π)3
Ep

eEp/T + 1
, (20)

where dglue = 2×8 counts spin and color, and dquark = 2×2×3×3 counts spin, anti-
quarks, flavor, and color. Performing these integrals we find, eSB = eglue + equark ≃
15.6 T 4 as illustrated by the line in the top-right corner of the figure.

We have described the particle content well above and well below the transition.
Near the approximate phase transition the validity of such a simple quasi-particle
description is not clear. The transition is a rapid cross-over where hadron degrees
of freedom evolve into quark and gluon degrees of freedom rather than a true phase
transition. All correlators change smoothly, but rapidly, in a temperature range of
T ≃ 170 − 210 MeV. From a phenomenological perspective the smoothness of the
transition suggests that the change from quarks to hadrons should be thought of
as a soft process rather than an abrupt change.

Lattice QCD simulations have determined the equation of state rather well.
However, in addition to the equation of state, we need to estimate the transport
coefficients to assess whether the heavy ion reactions produce enough material, over
a large enough space-time volume to be described in thermodynamic terms. The
shear and bulk viscosities govern the transport of energy and momentum and are
clearly the most important.

Later in Section 4 and Section 5 we will describe the role of shear viscosity in
the reaction dynamics. In this section we summarize the shear viscosities found
in various theoretical computations which will place these dynamical conclusions
in context. A good way to implement this theoretical summary is to form shear
viscosity to entropy ratio15, η/s. To motivate this ratio we remark that it seems
difficult to transport energy faster than a quantum time scale set by the inverse
temperaturea,

τquant ∼
!

kBT
.

A sound wave propagating with speed cs will diffuse (or spread out) due to the shear
viscosity. Linearized hydrodynamics shows that this process is controlled by the
momentum diffusion coefficient, Dη ≡ η/(e+P), where e+P is the enthalpy (see for
example Ref.57). Noting that the diffusion coefficient has units of (distance)2/time,
a kinetic theory estimate for the diffusion process yields

Dη ≡ η

e + P ∼ v2
thτR , (21)

where τR is the particle relaxation time and v2
th ∼ c2

s is the particle velocity. Dividing
by v2

th and using the thermodynamic estimates

sT ∼ ev2
th ∼ P ∼ n kBT , (22)

aIn this paragraph we will restore ! and the Boltzmann constant, kB .

August 9, 2011 10:22 WSPC/INSTRUCTION FILE hydro

14 Derek A. Teaney

gluons. The energy density is approximately described by the Stefan-Boltzmann
equation of state

eglue = dglue

∫
d3p

(2π)3
Ep

eEp/T − 1
, equark = dquark

∫
d3p

(2π)3
Ep

eEp/T + 1
, (20)

where dglue = 2×8 counts spin and color, and dquark = 2×2×3×3 counts spin, anti-
quarks, flavor, and color. Performing these integrals we find, eSB = eglue + equark ≃
15.6 T 4 as illustrated by the line in the top-right corner of the figure.

We have described the particle content well above and well below the transition.
Near the approximate phase transition the validity of such a simple quasi-particle
description is not clear. The transition is a rapid cross-over where hadron degrees
of freedom evolve into quark and gluon degrees of freedom rather than a true phase
transition. All correlators change smoothly, but rapidly, in a temperature range of
T ≃ 170 − 210 MeV. From a phenomenological perspective the smoothness of the
transition suggests that the change from quarks to hadrons should be thought of
as a soft process rather than an abrupt change.

Lattice QCD simulations have determined the equation of state rather well.
However, in addition to the equation of state, we need to estimate the transport
coefficients to assess whether the heavy ion reactions produce enough material, over
a large enough space-time volume to be described in thermodynamic terms. The
shear and bulk viscosities govern the transport of energy and momentum and are
clearly the most important.

Later in Section 4 and Section 5 we will describe the role of shear viscosity in
the reaction dynamics. In this section we summarize the shear viscosities found
in various theoretical computations which will place these dynamical conclusions
in context. A good way to implement this theoretical summary is to form shear
viscosity to entropy ratio15, η/s. To motivate this ratio we remark that it seems
difficult to transport energy faster than a quantum time scale set by the inverse
temperaturea,

τquant ∼
!

kBT
.

A sound wave propagating with speed cs will diffuse (or spread out) due to the shear
viscosity. Linearized hydrodynamics shows that this process is controlled by the
momentum diffusion coefficient, Dη ≡ η/(e+P), where e+P is the enthalpy (see for
example Ref.57). Noting that the diffusion coefficient has units of (distance)2/time,
a kinetic theory estimate for the diffusion process yields

Dη ≡ η

e + P ∼ v2
thτR , (21)

where τR is the particle relaxation time and v2
th ∼ c2

s is the particle velocity. Dividing
by v2

th and using the thermodynamic estimates

sT ∼ ev2
th ∼ P ∼ n kBT , (22)

aIn this paragraph we will restore ! and the Boltzmann constant, kB .

spin, color

spin, quark/antiquark, color, 
flavor
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gluons. The energy density is approximately described by the Stefan-Boltzmann
equation of state

eglue = dglue

∫
d3p

(2π)3
Ep

eEp/T − 1
, equark = dquark

∫
d3p

(2π)3
Ep

eEp/T + 1
, (20)

where dglue = 2×8 counts spin and color, and dquark = 2×2×3×3 counts spin, anti-
quarks, flavor, and color. Performing these integrals we find, eSB = eglue + equark ≃
15.6 T 4 as illustrated by the line in the top-right corner of the figure.

We have described the particle content well above and well below the transition.
Near the approximate phase transition the validity of such a simple quasi-particle
description is not clear. The transition is a rapid cross-over where hadron degrees
of freedom evolve into quark and gluon degrees of freedom rather than a true phase
transition. All correlators change smoothly, but rapidly, in a temperature range of
T ≃ 170 − 210 MeV. From a phenomenological perspective the smoothness of the
transition suggests that the change from quarks to hadrons should be thought of
as a soft process rather than an abrupt change.

Lattice QCD simulations have determined the equation of state rather well.
However, in addition to the equation of state, we need to estimate the transport
coefficients to assess whether the heavy ion reactions produce enough material, over
a large enough space-time volume to be described in thermodynamic terms. The
shear and bulk viscosities govern the transport of energy and momentum and are
clearly the most important.
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the reaction dynamics. In this section we summarize the shear viscosities found
in various theoretical computations which will place these dynamical conclusions
in context. A good way to implement this theoretical summary is to form shear
viscosity to entropy ratio15, η/s. To motivate this ratio we remark that it seems
difficult to transport energy faster than a quantum time scale set by the inverse
temperaturea,

τquant ∼
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kBT
.

A sound wave propagating with speed cs will diffuse (or spread out) due to the shear
viscosity. Linearized hydrodynamics shows that this process is controlled by the
momentum diffusion coefficient, Dη ≡ η/(e+P), where e+P is the enthalpy (see for
example Ref.57). Noting that the diffusion coefficient has units of (distance)2/time,
a kinetic theory estimate for the diffusion process yields

Dη ≡ η

e + P ∼ v2
thτR , (21)

where τR is the particle relaxation time and v2
th ∼ c2

s is the particle velocity. Dividing
by v2

th and using the thermodynamic estimates

sT ∼ ev2
th ∼ P ∼ n kBT , (22)

aIn this paragraph we will restore ! and the Boltzmann constant, kB .

Energy regimes: SPS, RHIC & LHC

A rapid rise of energy density (pressure, entropy etc) is observed (μB=0).

Do not reach Stefan-Boltzman limit — interactions survive!

Free parton gas:
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Fig. 6. A contribution to the 1-loop self-energy for gluons.

2.4.1. Debye screening

Let’s consider the case ω = 0 (static response). It turns out that

Πµ
ν = m2

D

⎛

⎜

⎜

⎝

1
0

0
0

⎞

⎟

⎟

⎠

, (37)

where

m2
D = (1 + 1

6
Nf)g

2T 2 (38)

and Nf is the number of quark flavors. If we sum up insertions of this self-energy
into the gauge propagator, the propagator for the electric potential A0 at ω = 0
is (p2 + m2

D)−1. If we 3-dimensionally Fourier transform this static propagator, it
should be proportional to the electric potential between two static test charges.
Because of the effective mass mD, this Fourier transform gives a Yukawa potential
e−mDr/r instead of the usual Coulomb 1/r. This effect is well known in plasmas
and is called Debye screening. It’s something you can find discussed in detail in
classical terms in Jackson.14 In our case, the corresponding screening length ξD is

ξD =
1

mD
∼ 1

gT
. (39)

Another way to understand color deconfinement at high temperature (i.e. the
quark-gluon plasma as a nearly free gas of quarks and gluons) is in terms of Debye
screening. Start by placing a negative static test charge in a QED plasma. Debye
screening is caused by positive charges flying by and being bent slightly towards
the test charge, while negative charges are repelled slightly away from it, so that
on average there is a cloud of positive screening charge around the negative test
charge. The radius of this cloud is the Debye screening length ξD, which, in both
relativistic and non-relativistic situations, is order

ξD ∼

√

T

g2n
, (40)

where n is the density of charged particles in the plasma. Outside of this radius,
the average electric field falls exponentially with distance from the test charge.
There is a critically important difference to notice between ultra-relativistic and
non-relativistic plasmas. In the non-relativistic case, the density n is fixed, and so
the Debye screening length (40) increases with temperature. (It’s harder to bend

At asymptotically high T (g≪1): plasma particles with soft momenta (~gT) are 
dressed by fluctuations (~T).

soft particle
hard loop

mD = # gT
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Figure 3.5: Lattice results for the singlet free energy F
1

(r, T ) as as a function of the distance r for
di↵erent temperatures T , quoted as fractions of the critical temperature T

c

at which the crossover from
hadron gas to quark-gluon plasma occurs. The left panel shows results for QCD without quarks [228–
230] and the right panel for 2+1 flavor QCD [231]. The fact that below T

c

the free energy goes above
the zero temperature result is a lattice artifact [224].

studies postulated that the potential should be obtained from the Wilson line with ⌧ = � =
1/T . This Wilson line can be interpreted as the singlet free energy of the heavy quark pair, i.
e. the energy change in the plasma due to the presence of a pair of quarks at a fixed distance
and at fixed temperature [226,227].

Lattice results for the singlet free energy are shown in Fig. 3.5. In the left panel we show
results for the gluon plasma described by QCD without any quarks [228–230]. The solid line
in this figure denotes the T = 0 result, which rises linearly with the separation r at large r,
as expected due to confinement. The potential is well approximated by the ansatz

F1(r) = � r � ↵

r
, (3.24)

where the linear long-distance part is characterized by the string tension
p

� = 420MeV [232]
and the perturbative 1/r piece describes the short-distance regime. Below Tc, as the tempera-
ture increases the theory remains confined but the string tension decreases. For temperatures
larger than Tc, the theory is not confined and the free energy flattens to a finite value in the
large-r limit. At these temperatures, the color charge in the plasma screens the interaction
between the heavy Q and Q̄. In QCD with light dynamical quarks, as in Fig. 3.5 b) from
Ref. [231], the situation is more complicated. In this case, the free energy flattens to a finite
limit at large distance even at zero temperature, since once the heavy quark and antiquark
have been pulled far enough apart it becomes favorable to produce a light q � q̄ pair from
the medium (in this case the vacuum) which results in the formation of Qq̄ and Q̄q mesons
that can then be moved far apart without any further expenditure of energy. In vacuum this
process is usually referred to as “string-breaking”. In vacuum, at distances that are small
enough that string-breaking does not occur the potential can be approximated by (3.24), but
with a reduced string tension

p
� ⇡ 200 MeV [84]. Above Tc, the potential is screened at

large distances by the presence of the colored fluid, with the screening length beyond which
the potential flattens shrinking with increasing temperature, just as in the absence of quarks.
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• color interactions have limited range	

• gauge bosons get dressed :: longitudinal gluons	

• Hard-Thermal-Loop effective field theory
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Gauge-gravity (AdS/CFT) duality: the strong-coupling limit of the 
gauge theory (N=4 SYM) is described by a weakly-coupled 

gravitational system in 4D AdS space.
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FIG. 1. Energy and pressures for collisions of thick (top row) and thin (bottom row) shocks. The grey planes lie at the origin
of the vertical axes.

2. A dynamical cross-over. Fig. 1 shows the energy
density and the pressures for thick and thin shock colli-
sions. In the case of E and P

L

one can see the incoming
shocks at the back of the plots, the collision region in the
center, and the receding maxima at the front. The in-
coming shocks are absent in the case of P

T

, as expected.
A simultaneous rescaling of ⇢ and w that keeps ⇢w fixed
would change the overall scales on the axes of these fig-
ures but would leave the physics unchanged.

The thick shocks illustrate the full-stopping scenario.

As the shocks start to interact the energy density gets
compressed and ‘piles up’, comes to an almost complete
stop, and subsequently explodes hydrodynamically. In-
deed, at the time ⇢t

max

� 0.58 at which the energy den-
sity reaches its maximum in the top-left plot, the energy
density profile is very approximately a rescaled version of
one of the incoming Gaussians, with about three times its
height (see table I) and 2/3 its width. At this time, 90%
of the energy is contained in a region of size �z � 2.4w in
which the flow velocity is everywhere �v� � 0.1. Similarly,

System becomes “hydro-like” (no quasi-particles) on very short 
timescales and is characterized by the universal η/s = 1/4π.

Thick shock (low energy) Thin shock (high energy)



K. Tywoniuk (UB)

QCD transport properties

14

Real-time dynamics ⬄ thermodynamics
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Euclidean space and thermal fields:
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Examples of spectral function calculations performed in
this way can be found in [178,31,64,65]. The uniqueness
of the solution is guaranteed by the Carlson theorem. This
theorem of complex analysis implies that the only func-
tion f that is analytic in the upper half plane, is bounded
at infinity by e|cz| with |c| < π, and vanishes at z = in for
n ≥ 0 is f = 0. The condition |c| < π is obviously neces-
sary, because sinhπz fulfills the other conditions. The an-
alytic continuation, as a mathematical problem, has been
studied in detail in [179].

5.1 Formulation of the problem in configuration and in
frequency space

Here we will be mostly concerned with the numerical ver-
sion of the problem. The first question one may want to
address is in what form to formulate the problem. Both
on the Euclidean side and on the Minkowski side, one has
a choice of working in frequency space or in coordinate
space. If one chooses frequency space on both sides, the
naive procedure (based on Eq. 267) consists in fitting an
analytic function to the retarded correlator GR at the dis-
crete Matsubara frequencies along the imaginary axis, and
then evaluate the function for frequencies just above the
real axis. One can also work entirely in coordinate space,
in which case the kernel relating the Minkowski-time cor-
relator and the Euclidean correlator is given in Eq. (54).
One then makes an ansatz for the Minkowski-time corre-
lator and fits it to the Euclidean data. The formulation
of the problem that has been used almost exclusively is
the formulation based on the coordinate-space Euclidean
correlator GE(t) and the frequency-space Minkowski cor-
relator, which are related by the relation (see Eq. (50),

GE(t) =

∫ ∞

0
dω ρ(ω)

coshω(β/2− t)

sinhωβ/2
. (269)

We are primarily interested in the low-frequency part
of the spectral function. This leads to significant short-
cuts. In the fully frequency-space based approach, the odd
derivatives of the spectral function at the origin can be
obtained from the derivatives of the retarded correlator
along the imaginary axis, see Eq. (53). Since the trans-
port properties can be extracted in this way via Kubo for-
mulae, there is no need to literally evaluate the retarded
correlator for an argument along the real axis. In the fully
coordinate-space based approach, the low-frequency be-
havior of the spectral function is encoded in the late-
time exponential fall-off of the Minkowski-time correla-
tor, which allows one to extract for instance a diffusion
coefficient (G(t, k) ∼ e−Dk2t) without having to explicitly
perform the passage to frequency space. Finally, in the
formulation (269), the transport properties are read off
the spectral function using the Kubo formulae.

Working in frequency space, one thus has to inter-
polate between the Matsubara frequencies to obtain an
estimate of the slope of the retarded correlator at the
origin, yielding the transport coefficient. If one uses the
coordinate-space Euclidean correlator as a starting point,

one has to solve an integral equation numerically, either
Eq. (269) or Eq. (54). In all three cases, the task repre-
sents a numerically ill-posed problem. In the interpola-
tion case, one may see this by noticing that in practice,
only frequencies up to a certain magnitude are numerically
available. In that situation, a polynomial which vanishes
at ω = iℓ · 2πT for ℓ = 0, . . . , ℓmax can always be added
with an arbitrary coefficient to a given tentative solution
of the problem without spoiling the agreement with the
available data. The slope at the origin is then modified by
an arbitrary amount. Of course, such a high-degree poly-
nomial can be excluded if one takes into account the in-
formation that the retarded correlator grows at most with
a certain power (in an asymptotically free theory, or in
theories satisfying non-renormalization theorems such as
N = 4 SYM, this power is given by dimensional analysis).

5.2 A numerically ill-posed problem

To illustrate the ill-posed nature of the problem more
quantitatively, let us consider the problem at zero tem-
perature, when it reduces to the well-studied problem of
inverting the Laplace transform,

GE(t) =

∫ ∞

0
dω e−ωtρ(ω). (270)

Bertero, Boccacci and Pike [180] proved the following prop-
erty. The input ‘data’ Gdata

E (t) = GE(t) + δGE(t) is nec-
essarily imperfect, but is assumed to satisfy the quality
criterion ∫ ∞

0
dt |δGE(t)|2 ≤ ϵ2. (271)

Let δρ be the function of frequency of which δGE(t) is the
Laplace transform. Then the size of the set {δρ}, in the
sense of the L2(0,∞) norm, is infinite. Suppose however
we introduce a limit on the ‘oscillations’ of δρ(ω) in the
form ∫ ∞

0
dω ω|δρ′(ω)|2 ≤ E2. (272)

Let S be the set of δρ satisfying this bound. Then a lower
bound on the L2-size of S can be given for small ϵ/E,

supδρ∈S ||δρ|| !
πE

2| log(ϵ/E)| . (273)

From here one clearly sees that (a) letting E be arbitrarily
large results in an infinite L2-uncertainty on δρ and (b)
for a given E, the L2-uncertainty only decreases logarith-
mically in ϵ. When Gdata

E (t) comes from a Monte-Carlo
simulation, improving the accuracy is thus exponentially
computationally expensive in the desired L2-accuracy of
the spectral function.

While this fact may seem discouraging, the authors
of [180] also prove that the situation improves drastically
if the spectral function is known to satisfy certain analyt-
icity properties. Suppose that ρ is analytic in the sector
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Fig. 5. The 2+1 flavor QCD entropy density in units of T 3 as
a function of temperature [33].

the commutator-defined correlator ⟨[Txy(t,x), Txy(0)]⟩. Its
Fourier transform is given by the spectral function ρ(ω,k).
One can then derive a ‘Kubo formula’, which gives the
shear viscosity in terms of the low-frequency part of the
spectral function,

η = π lim
ω→0

lim
k→0

ρ(ω,k)

ω
. (7)

Furthermore, the spectral function ρ is formally related to
the Euclidean correlator by analytic continuation,

πρ(ω) = Im
(
G̃E

(
ωn → −i[ω + iϵ]

))
, (8)

where ωn = 2πTn is one of the Matsubara frequencies.
Alternatively, in the mixed time+spatial momentum rep-
resentation, the connection is given by an integral trans-
form,

GE(t,k) =

∫ ∞

0
dω ρ(ω,k)

coshω(β2 − t)

sinhβω/2
, (9)

where the kernel is the thermal propagator of a free scalar
field. The computational recipe is thus formally straight-
forward: calculate the Euclidean correlator GE , determine
the spectral function by analytic continuation, and finally
read off the shear viscosity from the slope of ρ at the origin.
In practice however there are very significant difficulties
in carrying out this program. The Euclidean correlator is
normally only obtained in some approximation, either be-
cause it is expanded in powers of the coupling constant, or
because it is obtained fromMonte-Carlo simulations. In ei-
ther case, an analytic continuation is not possible without
further information or assumptions. In particular, while
the Euclidean correlator can be expanded in powers of
the strong coupling, the parametric dependence of the vis-
cosity (2) makes it clear that some form of resummation
of the perturbative series is required. In general it is not
known how to implement the resummation in this way,
and an effective kinetic theory treatment has been em-
ployed instead in [14]. In the representation (9), which is

the form most commonly employed when the Euclidean
correlator is determined by Monte-Carlo simulations, it is
clear that the smoothness of the kernel implies that the
fine features of ρ(ω) (particularly on scales ∆ω ! T ) are
encoded in the correlator in a way which is numerically
very suppressed.

We wish to illustrate the latter point somewhat more
concretely. In the limit of zero-temperature, the kernel in
(9) simply becomes e−ωt, so that the Euclidean correlator
is simply the Laplace transform of the spectral function.
Since Lorentz symmetry is restored in the limit T → 0, the
problem is simplified by going to four-momentum space.
We will consider the case of the electromagnetic current
correlator, jµ(x) = 2

3 ūγµu −
1
3 d̄γµd −

1
3 s̄γµs + . . . Cur-

rent conservation and Lorentz invariance implies that a
single function of four-momentum squared determines all
correlation functions of the electromagnetic current,

∫
d4x ⟨jµ(x)jν (0)⟩ eiq·x = (qµqν − q2gµν)Π(q2). (10)

In Euclidean four-momentum space, the spectral repre-
sentation of the vacuum polarisation Π(Q2) reads

Π(0)−Π(q2) = q2
∫ ∞

0
ds

ρ(s)

s(s+ q2)
. (11)

Via the Optical Theorem, the spectral density is accessible
to experiments

πρ(s) =
s

4πα(s)
σtot(e

+e−→ hadrons) ≡ α(s)

3π
Rhad(s),

(12)
where α is the QED coupling and the first equality holds
up to QED corrections1. To illustrate the different charac-
ter of a retarded correlator in the time-like and the space-
like region, we reproduce in Fig. 6 the quantity Rhad, as
determined by experiments spanning several decades, as
well as the corresponding vacuum polarization Π(Q2) in
the space-like region. While many vector resonances show
up in Rhad (and therefore the spectral function), the vac-
uum polarisation in the space-like domain is a very smooth
function. In the absence of auxiliary information, extract-
ing the existence, position and width of each resonance
from Π(Q2) in the space-like region is therefore a numer-
ically ill-posed problem.

Returning to the physics of the quark-gluon plasma,
it is not known precisely how far up in temperatures the
sharp features of the vacuum spectral function depicted
in Fig. (6) survive. However, in the case of conserved cur-
rents, the functional form of the spectral function in the
region ω ≪ τ−1max, where τmax is the longest relaxation time
in the system, is completely determined by the continu-
ous global symmetries of the theory2. The effective theory

1 Neglecting the muon mass and up to QED radiative cor-
rections, the quantity Rhad can be expressed as Rhad(s) ≈
σ(e+e−→hadrons)
σ(e+e−→µ+µ−)

, which is convenient from an experimental

point of view [39].
2 At a phase transition, additional slow modes associated

with an order parameter (possibly of a discrete symmetry) may
play an important role.

Kubo formula: 

Spectral function ρ connects to the 
Euclidean correlator

Schematically:

Transport properties encode the long-wave length, long-time features of the underlying theory. 
This probes the E-correlator in the infrared sector — hard to control on the lattice! 
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where the “collision term” is

C[f ] =

∫

kp′k′

∣

∣

∣

∣k k’
p’p
∣

∣

∣

∣

2
{

fpfk(1 ± fp′)(1 ± fk′) − fp′fk′(1 ± fp)(1 ± fk)
}

+ (all other scattering processes). (58b)

The left-hand side of (58a) is called the convective derivative of f . If there were
no collisions, it would simply reflect the fact that f at a particular point x can
change with time simply because the particles’ velocities move them to another
point x + v∆t.

4.3. Shear viscosity η in scalar theory

As an example of how things work, I’ll start with the example of shear viscosity in
scalar φ4 theory. I’ll start by describing what shear viscosity is. One way to think
of it is to imagine a moving stream (infinitely long but finite radius R) surrounded
by a stationary ocean. If we wait, the stream will broaden and slow down, eventu-
ally dissipating its momentum across the bulk of the ocean. The shear viscosity η
characterizes the rate of this dissipation, which is proportionalk to η/R2.

How does the dissipation happen? At finite temperature, particles (of water, air,
quark-gluon plasma, whatever) are bouncing around in all directions. In the stream,
the average value of the component of momentum in the stream’s direction is non-
zero. If we wait long enough, the particles in the stream will randomly bounce out
of the stream, spreading this net momentum into the bulk of the medium. Because
of collisions, the particles move transversely in a drunken, random walk, as in Fig.
11. The shorter the steps of that walk (the shorter the mean free path), the harder
it will be to get out. Note also that the more momentum each particle carries, the
more it will transfer when it does get out. Roughly speaking,

rate ∝ η ∼ (mean free path) × (energy-momentum density). (59)

x
y

Fig. 11. A particle random walking out of a stream of moving fluid.

How could we measure all of this formally? Energy and momentum are mea-
sured by the stress-energy tensor Tµν . Imagine applying the operator Tµν(x) to the

kMore specifically, η is defined so the rate ∼ η/R2(ϵ + P ) where ϵ and P are the energy density
and pressure. In the non-relativistic limit, ϵ + P becomes mass density.
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we see that
η

s
∼ τRT ∼ !

kB

τR

τquant
. (23)

Therefore, η/s is the ratio between the medium relaxation time and the quantum
time scale τquant in units of !/kB, i.e. a measure of the transport time in “natural
units”.

In the dilute regime the ratio between the medium relaxation time and the
quantum time scale is long and kinetic theory can be used to calculate the shear
viscosity to entropy ratio. First we consider a simple classical massless gas with
particle density n and a constant hard sphere cross section σo. The equation of
state of this gas is e = 3P = 3nT and the shear viscosity is computed using kinetic
theory58

η ≃ 1.2
T

σo
, (24)

The entropy is s = (e + P)/T and the resulting shear to entropy ratio is

η

s
≃ 0.3

T

nσo
. (25)

In what follows, this calculation will provide a qualitative understanding of more
sophisticated kinetic calculations.

In the dilute hadronic regime, η/s was calculated in Ref.59 using measured
elastic cross sections for a gas of pions and kaons. In the ππ phase shifts there is a
prominent ρ resonance, while in the πK channel there is a prominent K∗ resonance.
Thus the equation of state of this gas is well modeled by an ideal gas of π, K, ρ and
K∗ 60,61. The viscosity of this mixture was computed in Ref.59 and the current
author digitized this viscosity, computed the entropy, and determined the η/s ratio.
This is shown in Fig. 10. Slightly larger values were obtained in Ref.56 which also
estimated the range of validity for hadronic kinetic theory, T <∼ 140 MeV. Finally
a more involved Kubo analysis of the UrQMD hadronic transport model 62 (which
includes many resonances) is also displayed in Fig. 10.

At asymptotically high temperatures the coupling constant αs is weak and the
shear viscosity can be computed using perturbation theory. Initially, only 2 → 2
elastic scattering was considered, and the shear viscosity was computed in a lead-
ing log plasma with self consistent screening64. Later it was recognized65,66 that
collinear Bremsstrahlung processes are important for the calculation of shear viscos-
ity and this realization ultimately resulted in a complete leading order calculation
63. We can estimate η/s in the perturbative plasma using Eq. (24) with s ∝ T 3

and σ ∝ α2
s/T 2,

η

s
∼ 1

α2
s

. (26)

The final result from a complete calculation has the form

η

s
=

1

α2
s

F (mD/T ) , (27)

what is the relaxation time?
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time τ ∼ 1/g4T for a single large-angle collision is the same as the time N/g2T for
a large number N ∼ 1/g2 of small-angle collisions (each δθ ∼ g). The small-angle
collisions will cause a random walk in the deflection angle. So the total deflection
grows as

√
N , giving

∆θ ∼ g
√

N ∼ 1. (71)

So, as summarized in Fig. 15, a typical plasma particle’s direction gets randomized
in a time of order τ ∼ 1/g4T , whether it be by a single large-angle scattering or a
sequence of many small-angle scatterings.m

1/g  T

1/g  T4

2

N ~ 1/g2

∆θ ∼ 1
N g∆θ ∼

 

Fig. 15. Different ways to get a large-angle scattering in time ∼ 1/g4T .

4.5.2. Showering

We have seen that the relevant time scale for the random walk in particle velocities
is

τrandom ∼ 1

g4T
. (72)

This is known as the “transport” mean free path. Does anything else happen on this
time scale that might be relevant? The answer is showering, by which I mean hard,
nearly collinear bremsstrahlung from small-angle collisions, such as shown in Fig.
16. Emitting the extra bremsstrahlung gluon costs an extra factor of g2 compared
to the small-angle 2→2 scattering rate σ2→2 ∼ 1/g2T of the previous section. That

mThroughout this discussion, I have talked about Coulomb scattering and the fact that Coulomb
fields are Debye screened. But why can’t 2→2 scattering occur via magnetic forces, which can
operate over scales as large as the magnetic confinement scale ξM ∼ 1/g2T? One might guess the
cross-section for such super-large impact parameter scatterings to be σ ∼ g4ξ2

M ∼ 1/T 2, which is
much larger than the other cross-sections discussed, and the deflection to be ∆θ ∼ p⊥/p ∼ ξM/T ∼
g2. But it turns out that the cross-section estimate is wrong. It’s true that static magnetic fields
are not screened at the scale 1/gT , but changing magnetic fields can be. This is Lenz’s Law from
freshman physics: conductors resist changes to magnetic fields. (The changing B fields produce
E fields, which are in turn screened.) This suppression produces σ ∼ (g2/T 2) ln(mD/g2T ), and
the result is that ∆θ ∼ g2 collisions are no more frequent than ∆θ ∼ g collisions and so are not
important in terms of randomizing particle directions.

� ⇠ g4

p2

⌧ ⇠ (n�v)�1 ⇠ (T 3�)�1

⌧rand ⇠ 1

g4T ln(1/g)In both cases:
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III.10. Input: transport coefficients are 

fundamental properties of hot QCD matter 
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η
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µ=πT

µ=2πT
Prakash et al

UrQMD

mfp=1/T

two loop µ=
2πT

Fig. 10. (Color Online) A compilation of values of η/s. The results from Prakash et al are from
Ref.59 and describe a meson gas of pions and kaons (and indirectly K∗ and ρ) computed with
measured cross sections. The black points are based on a Kubo analysis of the UrQMD code
which includes many higher resonances 62. The red lines are different implementations of the
AMY (Arnold, Moore, Yaffe) calculation of shear viscosity 63. In each curve the Debye scale is
fixed mD = 2T . In the dashed red curves the (one loop three flavor) running coupling is taken at
the scale µ. In the solid red curves αs is kept fixed. The two loop running coupling is shown with
µ = 2πT for comparison and the two loop µ = πT (not shown) is similar to the one loop µ = 2πT
result. In the AMY curves, changing the Debye mass by ±0.5T changes η/s by ∼ ±30%. Finally
the thin dashed line indicates a simple model discussed in the text with ℓmfp = 1/T .

where F (mD/T ) is a function of the Debye mass which was computed for mD/T
small and then extrapolated to more realistic values63. There are many scales in
the problem and it is difficult to know what precisely to take for the Debye mass
and the coupling constant. At lowest order in the coupling, the Debye mass is67

m2
D =

(
Nc

3
+

Nf

6

)

g2T 2 , (28)

but this is too large to be considered reliable. For definiteness we have evaluated
the leading coupling constant in Eq. (27) at a scale of πT and set the Debye mass to
mD = 2T . The resulting value of η/s is shown in Fig. 10. Various other alternatives
are explored in the figure and underscore the ambiguity in these numbers.

Clearly all of the calculations presented have a great deal of uncertainty around

Leading log result from pert theory: ⌘ ' T 3

g4 ln(1/g)
f
�
ln(1/g)

�

getting this log piece is difficulty an involves 
the LPM effect (next lecture)!
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into the deconfined region. In these collisions, one tries to infer the properties of the decon-
fined phase from features of the final products – such as their momentum spectra, chemical
composition, or correlations.

Due to the macroscopic nature of heavy ion collisions (compared to the typical hadronic
size), it makes sense to talk about the spatio-temporal development of the system created in
such a collision. In fact, experimental techniques such as Hanbury-Brown-Twiss intensity
interferometry give (to a limited extent) access to this history. The main stages of a heavy ion
collision are illustrated in the figure 1.2. A particularly successful description of this evolution

Figure 1.2: Stages of a heavy ion collision.

z 

t

strong fields classical dynamics

gluons & quarks out of eq. viscous hydro

gluons & quarks in eq. ideal hydro

hadrons kinetic theory

freeze out

is to treat it as the expansion of a fluid in empty space, via hydrodynamical equations [54–56].
Furthermore, it appears that this fluid is nearly perfect in the sense that it flows with almost
zero dissipation – in other words, it has a very small viscosity [57].

QCD enters at several places in this description. The equation of state of the quark gluon
plasma can be predicted from QCD lattice simulations [53], or even perturbative calculations
at a large enough temperature [58, 59]. Moreover, the hydrodynamical evolution needs some
initial conditions for the energy density, pressure and velocity fields. In collisions at high
energy, it is possible to calculate these initial conditions by a perturbative expansion3. This
statement is far from trivial: indeed, if most of the energy deposited in the collision were in
modes near the QCD confinement scale ⇤QCD , then calculating the initial value of the energy-
momentum tensor would not be tractable by weak coupling methods. As we shall see, a weak
coupling treatment of this problem is made possible by the emergence of a dynamical scale,
called the saturation momentum and denoted Q

s

, where all the relevant dynamics take place.
Most of the energy deposited in the collision is in momentum modes near Q

s

. Moreover,
the saturation momentum increases with the energy of the collision, and is much larger than
⇤QCD in high energy collisions. Since Q

s

is also the relevant scale for the QCD coupling, this
explains why this problem can be treated as a weak coupling problem, thanks to asymptotic
freedom.

expansion at small µ
B

, or reweighting techniques to compute expectation values at non-zero µ
B

from an ensemble
of gauge configurations obtained at µ

B

= 0. However, there is still a large uncertainty on the localization of the
critical point (where the first order transition line ends), or even on its existence.

3As we shall see later in this manuscript, the initial energy density has a well defined expansion in powers of the
QCD coupling ↵

s

. However, the calculation of a given order in this expansion requires to resum an infinite set of
graphs, and in that sense bears some non-perturbative features.

6

Formation time: 1 fm/c (3·10-24 s)	

Lifetime of QGP: 10 fm/c 

How does thermalization arise??
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Standard Model: Experimental Tests of QCD

J. Pawlowski / U. Uwer

Chemical Freeze Out 

P.Braun-Munzinger et al., hep-ph/0105229
Phys.Lett. B518 (2001) 41

Use thermal model to describe particle / anti-particle ratio:

Fitting the data:
MeV46

MeV174

B  

 

P
ChT Agrees well with the theoretical 

calculation of Tc for phase transition

Hadron yields are in chemical equilibrium: early evolution of the colliding 
system determine the final values of many observables. Matter state in 
thermal equilibrium !

At RHIC phase transition at  Tch = 174 MeV, µB = 46 MeV:

• RHIC data on the phase boundary

• Phase transition is likely to be a 
crossover and not a 1st order 
phase transition

Thermal properties at the freeze-out surface. 
Hadron yields are in chemical equilibrium.

p , K, and p production in central Pb–Pb collisions at
p

sNN = 2.76 TeV 5

Fig. 2: (color online) Mid-rapidity particle ratios, compared to RHIC results [36, 37, 48] and predictions from
thermal models [7, 17] for central Pb-Pb collisions at the LHC (combined statistical and systematic errors).

µB. In order to minimize the sensitivity to µB, the ratios K/p = (K+ +K�)/(p+ + p�) and p/p =
(p+ p̄)/(p++p�) are also shown. The ratio K/p = 0.149±0.010, is similar to the lower energy values
and agrees with the expectations from the thermal model [7]. However, the ratio p/p = 0.046±0.003, is
significantly lower than expected, by a factor ⇠1.5–1.9 (p/p ' 0.07�0.09 for [7] and [17] respectively).
The two models differ mainly in the hadron mass spectrum implementation, but were both successful in
describing RHIC data. The comparison with RHIC data also hints at a slight decrease of the p/p ratio
with energy (by a factor ⇠1.2), while essentially no change was predicted. The thermal models proved
to be very successful over a wide range of energies (from

p
sNN= 2 GeV to

p
sNN = 200 GeV [9, 7,

6, 10]): such a large difference for one of the most abundantly produced particle species was therefore
unexpected. In retrospect, some disagreement between data and the thermal model is also apparent
in the RHIC data, with the proton measurements being about 20% lower than predictions [6, 47, 49].
However, this difference was not considered to be significant, because of the differences between model
implementations, model uncertainties [50] and experimental uncertainties in the subtraction of secondary
particles in the RHIC experiments. This issue will likely be clarified by a thermal analysis including
strange and multi-strange baryons at the LHC. Current speculations are that final state interactions in the
hadronic phase, in particular via the large cross section channel for antibaryon-baryon annihilation [43],
could explain the significant deviation from the usual thermal ratios. A similar conclusion is implied by
the HKM model, where p/p = 0.052, consistent with our measurement [40]. An alternative scenario
conjectures the existence of flavor and mass dependent pre-hadronic bound states in the QGP phase, as
suggested by recent lattice QCD calculation and QCD-inspired models [51, 52].

In summary, we presented the first measurements of p , K, and p production in central Pb-Pb collisions atp
sNN = 2.76 TeV at the LHC. The pT distributions are harder than previously measured at RHIC. They

are well described by hydrodynamic models including a refined description of the late fireball stages.
Fitting the spectra with a hydro-inspired blast wave model results in the highest radial flow parameter
ever measured, hbTi= 0.65±0.02. The integrated particle ratios were compared with expectations from
thermal models. While the K/p ratio was found to agree with these expectations, p/p is a factor & 1.5
lower.
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appropriate for realization of equipartition. Specifically, λ ∼ 1/σn, where
σ is a total cross-section, λ is a mean free path, and n ∼

∫
d3p f(x, p).

Thus as the multiplicities increase, the mean free path will decrease. Fur-
thermore, the relevance of statistical arguments should improve in high-
temperature environments, owing to the same arguments.

The fundamental quantity that regulates the thermal composition of
particle species is the partition function. We will work in the grand canon-
ical ensemble. We have already encountered this quantity in Chapter 1; it
is given by Z = Tr ρ̂, where ρ̂, the statistical density matrix, is given by
(1.1). In a system that we are modeling as a gas of relativistic hadrons
(stable and unstable), the quantum numbers we choose to be conserved
are electric charge, baryon number, and strangeness. The grand canonical
partition function can then be written as a sum of partition functions for
individual hadrons and resonances:

lnZ(V, T, µQ, µB, µS) =
∑

i

lnZi(V, T, µQ, µB, µS) (14.27)

where

lnZi(V, T, µQ, µB, µS) = ±(2si + 1)
V

2π2

∫ ∞

0
dp p2 ln [1 ± λi exp(−βωi)]

(14.28)

The + or − sign is for fermions or bosons, 2si + 1 is the spin degeneracy
factor, ωi =

√
p2 + m2

i , β = 1/T , and the fugacity is

λi(T, µQ, µB, µS) = exp [β(µQQi + µBBi + µSSi)] (14.29)

The coordinate-space density of species i is then

ni(T, µQ, µB, µS) =
Ni

V
= (2si + 1)

T

2π2

∞∑

ℓ=1

(±1)ℓ+1

ℓ
λℓ
im

2
iK2(ℓβmi)

(14.30)

where K2(x) is a modified Bessel function. In actual comparisons with
experiment, it is especially important to account for resonances decaying
into lighter hadrons; then we get a net number

Nnet
i (T, µ) = Ni(T, µ) +

∑

k

Nk(T, µ)Bk→i+X (14.31)

where Bk→i+X is the branching ratio for the decay k → i + X. At high
temperatures (around and above the pion mass) the yield of the light
mesons is indeed dominated by feed-down from the higher-lying reso-
nances.

In practical applications to measured particle numbers and, especially,
ratios, the temperature T and the baryon chemical potential µB are the
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Grand canonical partition function
Fugacities:
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Motivation

●Big Bang

● Little Bang

●Heavy–ion collision

●High–energy collision

● Low energy

●High energy

●AA collision

Partons in DIS

Gluon evolution

Hadronic collisions at the LHC and QCD at high density, Centre de Physique des Houches, France, Mar 25 - Apr 4, 2008 Gluon saturation and Color Glass Condensate - p. 14

Particle production

■ But for softer jets, multiple interactions are essential.

■ On a ‘soft’ resolution scale, the hadron look dense

◆ multiparton processes inside the hadron wavefunction

◆ pileup of many partonic scatterings in every AA collision

soft probes	

dense regime	

exponential

Motivation

●Big Bang

● Little Bang

●Heavy–ion collision

●High–energy collision

● Low energy

●High energy

●AA collision

Partons in DIS

Gluon evolution

Hadronic collisions at the LHC and QCD at high density, Centre de Physique des Houches, France, Mar 25 - Apr 4, 2008 Gluon saturation and Color Glass Condensate - p. 14

Particle production

■ Justified so long as we are interested in very hard ‘jets’

(sufficiently large transverse momenta)

■ Hard partons ‘see’ a dilute regime (probe short distances)

=⇒ Only one particle (‘parton’) from each nucleus
participate in the collision

hard probes	

dilute regime	

power-like
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Photon spectra

• exponential thermal photon 
spectrum	


• inverse slope Teff = 220 MeV	


• Ti from hydrodynamics 300-600 
MeV	


• photons produced at early times	


• sensitive to early-time coupling 
& evolution
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Daniel.Lohner@cern.ch Oct 15, 2012

Effective Temperature from PHENIX

Exponential thermal 
photon spectrum

Inverse slope                 
TEff ≃ 220 ± 20 MeV

Ti from hydro 300-600 
MeV

⇒ Photons produced at 

early time
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Direct Photon Excess in Au+Au

Stefan Bathe for PHENIX, QM2011

7

� Direct photon excess above p+p
spectrum

� Exponential (consistent with 
thermal)

� Inverse slope = 220 ± 20 MeV

� Ti from hydro

� 300 . . . 600 MeV

� Depending on thermalization time

Au+Au

min. bias

√sNN = 200 GeV

p+p

NLO Vogelsang

yi
el
d

PRL 104, 132301 (2010)

(PHENIX arXiv:0912.0244)

E
dN

d3p
= C(y) exp

✓
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Deposited energy

• particle density is a measure of energy 
density	


• almost flat distribution in pseudo-
rapidity	


• factor of 2 from SPS to RHIC and 
another from RHIC to LHC
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9

FIG. 3. Charged particle pseudo-rapidity density per partic-
ipant pair for central nucleus–nucleus [17–25] and non-single
di↵ractive pp (pp) collisions [26–32], as a function of

p
s
NN

.
The solid lines / s0.15

NN

and / s0.11
NN

are superimposed on the
heavy-ion and pp (pp) data, respectively.

above (Fig. 1). The average number of participants for
the 5% most central events is found to be hN

part

i =
381 with an r.m.s. of 18 and a systematic uncertainty of
1%. The systematic uncertainty was obtained by vary-
ing the parameters of the Glauber calculation within the
experimental uncertainty and by ±8% around 64 mb for
the nucleon–nucleon cross section, by using di↵erent fit
ranges, and by comparing results obtained for di↵erent
centrality variables (SPD hits, or combined use of the
ZDC and VZERO signals).

We measure a density of primary charged particles
at mid-rapidity dN

ch

/d⌘ = 1584 ± 4 (stat.) ± 76
(sys.). Normalizing per participant pair, we obtain
dN

ch

/d⌘/(0.5 hN
part

i) = 8.3 ± 0.4 (sys.) with negligi-
ble statistical error. In Fig. 3, this value is compared
to the measurements for Au–Au and Pb–Pb, and non-
single di↵ractive (NSD) pp and pp collisions over a wide
range of collision energies [17–32]. It is interesting to
note that the energy dependence is steeper for heavy-ion
collisions than for pp and pp collisions. For illustration,
the curves / s0.15

NN

and / s0.11
NN

are shown superimposed
on the data. A significant increase, by a factor 2.2, in the
pseudo-rapidity density is observed at

p
s
NN

= 2.76 TeV
for Pb–Pb compared to

p
s
NN

= 0.2 TeV for Au–Au.
The average multiplicity per participant pair for our cen-
trality selection is found to be a factor 1.9 higher than
that for pp and pp collisions at similar energies.

Figure 4 compares the measured pseudo-rapidity den-
sity to model calculations that describe RHIC measure-
ments at

p
s
NN

= 0.2 TeV, and for which predictions atp
s
NN

= 2.76 TeV are available. Empirical extrapolation
from lower energy data [4] significantly underpredicts the
measurement. Perturbative QCD-inspired Monte Carlo
event generators, based on the HIJING model tuned to

7 TeV pp data without jet quenching [5], on the Dual
Parton Model [6], or on the Ultrarelativistic Quantum
Molecular Dynamics model [7] are consistent with the
measurement. Models based on initial-state gluon den-
sity saturation have a range of predictions depending on
the specific implementation [8–12], and exhibit a varying
level of agreement with the measurement. The prediction
of a hybrid model based on hydrodynamics and satura-
tion of final-state phase space of scattered partons [13]
is close to the measurement. A hydrodynamic model in

FIG. 4. Comparison of this measurement with model predic-
tions. Dashed lines group similar theoretical approaches.

which multiplicity is scaled from p+p collisions overpre-
dicts the measurement [14], while a model incorporating
scaling based on Landau hydrodynamics underpredicts
the measurement [15]. Finally, a calculation based on
modified PYTHIA and hadronic rescattering [16] under-
predicts the measurement.
In summary, we have measured the charged-particle

pseudo-rapidity density at mid-rapidity in Pb–Pb colli-
sions at

p
s
NN

= 2.76 TeV, for the most central 5% frac-
tion of the hadronic cross section. We find dN

ch

/d⌘ =
1584 ± 4 (stat.) ± 76 (sys.), corresponding to 8.3 ±
0.4 (sys.) per participant pair. These values are signif-
icantly larger than those measured at RHIC, and indi-
cate a stronger energy dependence than measured in pp
collisions. The result presented in this Letter provides
an essential constraint for models describing high energy
nucleus–nucleus collisions.
The ALICE collaboration would like to thank all its en-

gineers and technicians for their invaluable contributions
to the construction of the experiment and the CERN
accelerator teams for the outstanding performance of
the LHC complex. The ALICE collaboration acknowl-
edges the following funding agencies for their support
in building and running the ALICE detector: Calouste
Gulbenkian Foundation from Lisbon and Swiss Fonds
Kidagan, Armenia; Conselho Nacional de Desenvolvi-
mento Cient́ıfico e Tecnológico (CNPq), Financiadora

ALICE Coll. PRL 105 (2010)
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Standard Model: Experimental Tests of QCD

J. Pawlowski / U. Uwer

Experimental probes for the QGP 

• Energy loss of jets
• Charm production

Formed early,  
probe mediumHard Probes

Collective 
Behavior

Global 
Observables

• Hadron Yields 
• Elliptic Flow

Is QGP a 
thermalized state?

• Particle Multiplicities
• Energy Density

Is initial state dense 
enough?

Why What

Charged particle density

6% most central 
collisions (grey band: 

syst. error)

Particle density at mid rapidity  is a measure of energy density:

From SPS to RHIC the particle density has increased by factor 2,
one therefore would naively expect also an increase in energy 
density. 
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Bjorken energy density estimate

• using τ0=1 fm and R=6 fm
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Fig. 11. A figure motivating for the Bjorken model. The space between the dashed lines of constant
ηs are referred to as a space-time rapidity slice in the text. Lines of constant proper time τ are
given by the solid hyperbolas. The collection of particles in the ηs = 0 rapidity slice is indicated
by the small arrows for the central (ηs = 0) rapidity slice only. The solid arrows indicates the
average four velocity uµ in each slice. The spectators are those nucleons which do not participate
in the collision and lie along the light cone.
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Bjorken used these kinematic ideas to estimate the initial energy density in the
ηs = 0 rapidity slice at an initial time, τo ≃ 1 fm. The estimate is based on the fairly
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relevant quantity in most of the calculations and is defined as

TA(b) =
 ⇥

�⇥
dz�(z, b) . (7)

With the normalization
⌥

dbTA(b) = 1, the individual probability of a nucleon–nucleon interaction at
a given impact parameter is TA(b)⇥inelNN . If we now consider a proton–nucleus collision, the probability
that the proton interacts with n nucleons inside the nucleus is simply given by
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from which we can compute the number of collisions for a given impact parameter as
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nP (n, b) = ATA(b)⇥inelNN , (9)

where the number of participants of the nucleus A, N A
part, coincides in this case with the number of

collisions Ncoll — each nucleon in nucleus A interacts only once. The total number of participants
including the colliding proton is then NA

part + 1. The inelastic cross-section can be computed as

⇥inelpA =
 

db
A�
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P (n, b) =
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�ATA(b)⇥inelNN

⌅⌅
,

(10)
where the limit of large A has been taken for the last equality. For a nucleus–nucleus collision, the
individual probability of nucleon–nucleon interaction at impact parameter b is within the optical approx-
imation, see, for example, Refs. [19, 20] for experimental applications.

 
ds TA(b)TB(b � s)⇥inelNN ⇥ TAB(b)⇥inelNN . (11)

TAB(b) is also known as the nuclear overlap function. The corresponding probability of n NN collisions
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which gives the inelastic cross-section and number of collisions as
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NAB
coll (b) =

A�

n=0

nP (n, b) = ABTAB(b)⇥inelNN . (14)

The number of participants of nucleus A for a given impact parameter is given by the generalization of
(9); for this we have to single out one nucleon in nucleus B at transverse position b by writing BTB(b)

NA
part(b) =

 
dsB TB(s)⇥inelpA (b � s) =

 
ds B TB(s) exp

⇤
�ATA(b � s)⇥inelNN

⌅
. (15)

A similar expression exists for the number of participants in nucleus B yielding for the total number of
participants

Npart(b) = NA
part(b) + NB

part(b) . (16)
In Fig. 3 a picture of the geometry described above can be found. The measure of the geometry in heavy-
ion collisions is performed using several methods, with the possibility to cross-check. For example,
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Probability of n scatterings at	

impact parameter b:

Sum over probabilities	

= cross section:

Probabilistic model of the collision.
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Centrality estimation
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Energy sum in FCal (3.2<|η|<4.9) compared with Glauber MC ⊗ p+p data
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fiducial ΣET cut, consistent with sampling f=100±2% of inelastic total cross section.
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Average initial conditions
Smooth distribution of number of wounded nucleons (participants):
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Number of binary collisions per unit area:

N
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B
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Now, either energy density or entropy density can scale with N

part

or
N

coll

or a combination of both. Not clear from first principles.

Experimentally (PHENIX):

dN
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/d⌘

p

= ↵N

part

+ �N

coll

with ↵ = 0.88 ± 0.28 and � = 0.34 ± 12.
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Binary collisions per area: From smooth to fluctuating initial conditions

A typical distribution of energy density using this method looks like this:

(G
eV

/fm
 )3

¡

x (fm) 
y (fm)

b=2.4 fm 

 10
 20
 30
 40

 0
ï��

 0ï�
 5

 10ï��
ï�

 0
 5

 10

Chiho Nonaka and Steffen Bass, Phys.Rev. C75 (2007) 014902

This lecture is about fluctuating initial conditions

Simplest thing: Monte-Carlo (MC) Glauber

plane transverse to the beam

Björn Schenke (BNL) JET Summer School 2013, OSU, June 2013 7/90

✏ / dN
ch

d⌘
= ↵N

part

+ �N
coll

MC-Glauber
Add Gaussian energy density with width �

0

for every wounded
nucleon, binary collision, or combination
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where (x
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i

) is the center of the participant
(for binary collisions the point in between the two nucleons)

�

0

= 0.4 fm

Björn Schenke (BNL) JET Summer School 2013, OSU, June 2013 9/90

Gaussian randomization
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Inner life of nucleons

• the structure of the hadrons 
changes with energy	


• partonic degrees of freedom 
starts taking over	


• space-time picture changes	


• related to the physics of 
infrared & collinear 
divergences
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Digging out gluons
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�E = �pz +
�

x2p2
z + k2

� +
�

(1� x)2p2
z + k2

�

⇥ k2
�

2x(1� x)pz
⇥ k2

�
2kz

pz (1 − z)pz,−k⊥

zpz, k⊥

Lorentz time dilation: soft fluctuations can 
live over long timescales. 	


Lifetime vs. interaction time.

February 1, 2008 20:44 WSPC/Trim Size: 9in x 6in for Review Volume QGP3˙final˙web

10 The Color Glass Condensate and High Energy Scattering in QCD

data for the gluon distribution are plotted for Q2 = 5 GeV2, 20 GeV2

and 200 GeV2 7. The gluon distribution is the number of gluons per
unit rapidity in the hadron wavefunction, xG(x, Q2) = dNgluons/dy .
Experimentally, it is extracted from the data for the quark structure
functions, by analyzing the dependence of the latter upon the resolution
Q2 of the probe.

The growth seen in Fig. 5 appears to be more rapid than τ or τ2.
Perturbative considerations of the high energy limit in QCD by Lipatov
and colleagues lead to an evolution equation commonly called the BFKL

equation 8 which suggests that distributions may grow as an exponential

in τ 8,9. Alternatively, the double logarithmic DGLAP evolution equa-

tion 10 predicts a less rapid growth, like an exponential in
√
τ . Both of

these evolution equations would predict asymptotically a growth of the
distributions which would exceed the Froissart unitarity bound discussed
previously.

xG(x,Q 2)

x10-110-3 10-210-4

Q2 = 200 GeV2 

Q2 = 20 GeV 2

Q2= 5 GeV2

Fig. 5. The Zeus data for the gluon structure functions.

How do we understand in QCD the problem of the rapid rise of gluon
distributions at small x? Consider Fig. 6, where we view the hadron head
on. The constituents are the valence quarks, gluons and sea quarks, all
shown as colored circles. As we add more and more constituents, the
hadron becomes more and more densely populated. If one attempts to
resolve these constituents with an elementary probe, as in DIS, then, at
sufficiently small x (for a given transverse resolution), the density of the
constituents becomes so large that one cannot neglect their mutual in-
teractions any longer. One expects such interactions to give “shadowing”
by which we imply a decrease of the scattering cross-section relative to
what is expected from incoherent independent scattering.

More precisely, we shall see later that, as a effect of these interac-

1/Q21/Q2
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Dense environment
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N(x, k?) ⇠
xg(x, k?)

⇡R

2

�rec ⇠
↵s

k2?

N�rec � 1 ) k?  Qs(x)

Q

2
s(x) ⇠

↵s xg(x,Qs)

⇡R

2

is the qualitative explanation for the rise at small x of the gluon distribution that one can see
in the figure 1.4.

Another consequence of the boost is that the fluctuations that were already visible before
the boost are now very long lived: their time evolution is slowed down by the boost, and they
can be considered as static for the duration of the interaction process with the probe. The
only relevant information about these fast modes is the color current they carry. This remark
about the fast partons is at the basis of the McLerran-Venugopalan model and of the Color
Glass Condensate, that we shall introduce later in this chapter.

1.3 Gluon saturation
The previous discussion of the evolution of the nucleon structure under a boost suggests that
the gluon content evolves at small x via cascades such as those displayed in the figure 1.7:
each valence quark starts its own cascade of gluons, that have increasingly small longitudi-
nal momenta as one moves down in the cascade. As long as these gluon cascades do not

Figure 1.7: Linear evolution: gluons do not overlap in the transverse plane, and gluon cascades
evolve independently.

interact, the evolution can be described by a linear equation for the gluon distribution: the
Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [61, 62], that provides the x-dependence of
the non-integrated (i.e. transverse momentum dependent) gluon distribution. The kernel of
this equation has positive eigenvalues, which are responsible for the increase of the gluon
distribution when x ! 0 – and its solutions behave roughly as a positive power of 1/x.

However, this increase of the gluon density cannot continue forever. When the gluons
become densely packed in the wavefunction of a nucleon, the interactions between gluons
from different cascades cannot be neglected anymore, as illustrated in the figure 1.8. These
mergings of gluons from different cascades slow down4 the increase of the gluon distribution
at small x, by adding a term quadratic in the gluon density, with a negative coefficient, to the
BFKL equation. This effect is known as gluon saturation. Very schematically, the modified
equation reads5:

@n(x, k?)

@ ln(1/x)
= a

@2n

@k2?
+ bn

| {z }
BFKL

-c↵
s

n2 , (1.6)

4It has also been argued that an uninterrupted rise of the gluon distribution of the form x-� would eventually
violate unitarity bounds –such as the Froissart bound [63]– for hadronic cross-sections.

5The actual equation is more complicated than eq. (1.6). In particular, it has a non local kernel in transverse
momentum, which is mimicked here by a diffusion term.
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Figure 1.8: Non-linear evolution: gluons overlap in the transverse plane, and mergings from
different cascades occur.

where a, b and c are of order unity, and where the diffusion term in transverse momentum
mimics the actual behavior of the BFKL equation. The extra power of ↵

s

in front of the
quadratic term reflects the fact that the merging of two gluon cascades requires two extra
powers of the strong coupling g. Thus, we expect on the basis of this toy model that this
non-linear correction becomes important when the gluon density is of order 1/↵

s

.

A more precise criterion for gluon saturation has been derived by Gribov, Levin and
Ryskin in [64], in terms of the transverse momentum of these gluons. First of all, the relevant
density here is the number of gluons per unit of transverse area. Indeed, the boost in the
longitudinal direction turns the nucleon into a thin pancake due to Lorentz contraction. The
wavelength of the probe being held fixed, it becomes larger than the thickness of the Lorentz
contracted nucleon, and the probe therefore cannot resolve the gluon distribution in the lon-
gitudinal direction: it sees only the number of gluons integrated over the z axis. This surface
density can be estimated by:

N ⇠
xG(x, k2?)

⇡R2

, (1.7)

where R is the radius of the nucleon. To decide whether this density is large enough to have
gluon mergings, it should be compared to the cross-section for the recombination of two
gluons, that can be estimated as

� ⇠
↵
s

k2?
. (1.8)

When N� � 1, gluon recombination cannot be neglected anymore. This condition can be
rewritten as an inequality for the transverse momentum of the gluons,

k?  Q
s

(x) , (1.9)

where Q
s

(x) is the saturation momentum and is defined in terms of the gluon distribution as

Q2

s

(x) ⇠
↵
s

xG(x,Q2

s

)

⇡R2

. (1.10)

From the inequality (1.9), one can divide the (x, k?) plane in two domains: respectively dilute
and saturated, as illustrated in the figure 1.9 (the red line separating the domains corresponds
to the equality k? = Q

s

(x)).
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Figure 1.8: Non-linear evolution: gluons overlap in the transverse plane, and mergings from
different cascades occur.
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Number of 
gluons:

Interaction 	

cross-section:

Saturation scale:
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One scale to rule them all
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ln Λ

Y = ln 1/x

2
QCD

Saturation

DGLAP

ln Q  (Y)
2

s

BFKL

ln Q
2

Dilute system

= ω   Ys

Figure 16: The phase–space for parton evolution in the kinematical variables appropriate for DIS (lnQ2

and Y = ln 1/x), which illustrates the distribution of partons (shown as colored blobs with area ∼ 1/Q2)
within the proton disk, and the saturation line lnQ2

s(Y ) = ωsY .

Consider now the gluon overlap in the two–dimensional transverse space. As illustrated in

Fig. 16, when Q2 is high, the gluons form a dilute system (although they are relatively numerous)

because each of them occupies only a small area ∼ 1/Q2. But when decreasing x at fixed Q2,

one emits more and more gluons having (almost) the same area, so these gluons will eventually

start overlapping. We see that, what controls the gluon interactions with each other, is not their

number density xg(x,Q2)/πR2 (R is the proton radius), but rather their occupation number

ng(Y, b⊥, k⊥) ≡ (2π)3

2(N2
c − 1)

dNg

dY d2b⊥d2k⊥
∼ 1

Q2
× xg(x,Q2)

πR2(N2
c − 1)

. (2.22)

As shown by the last estimate, ng measures the ‘fraction’ of the proton area which is covered

with gluons of a given color. This ‘fraction’ can be bigger than one since the gluons can overlap

with each other. In fact, at weak coupling, the gluon interactions become an effect of O(1) when

ng ∼ 1/(αsNc) ∼ 1/λ, since in that case the overlap is strong enough to compensate for the

smallness of the coupling. This condition defines a critical line in the kinematical plane (x,Q2)

— the saturation line — which separates between a dilute region where ng ≪ 1/λ and a dense

region where the occupation number saturates at a value ng ∼ O(1/λ) (see Fig. 16). One can

solve this condition for Q2 and thus deduce the saturation momentum

Q2
s(x) ∼ λ

xg(x,Q2
s)

R2(N2
c − 1)

∼ 1

xω
, (2.23)

– 20 –

Q

2
s(x) ⇠ A

1/3
x

��

x1,2 =
M?p

s

e

±Y

x ⇠ 10�2 at RHIC (
p
s = 200 GeV)

x ⇠ 4⇥ 10�4 at LHC (
p
s = 5.5 TeV)

Hard scale of the problem (Qs ≫ ΛQCD), governs 
particle production:

Kinematics:

State-of-the-art: Gluon distribution found 
from solving the Balitsky-Kovchegov 

equation with running coupling effects.
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Hydrodynamic evolution
Given the initial energy density distribution we solve

�µT
µ⌅ = 0

Tµ⇥ = (�+ P )uµu⇥ � Pgµ⇥ + ⇧µ⇥

using only shear viscosity: ⇧µ
µ = 0

MUSIC B. Schenke, S. Jeon, C. Gale, Phys. Rev. C82, 014903 (2010); Phys.Rev.Lett.106, 042301 (2011)

3+1D event-by-event relativistic viscous hydrodynamic simulation

initial ideal ⇥/s = 0.16

evolve to

⌃ = 6 fm/c

Björn Schenke (BNL) QM2012 4/19
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Evolving the state
• initial color charge & energy density: 

sensitivity to size of initial-state 
fluctuations	


• provides initial conditions for 
hydrodynamics	


• can pin down the shear viscosity from 
observables

30

!"#$%#&%'()*+,+-'./01+-&12()'$*

34+5$/0)607+84+91':0;<7+=4+>0)#.(?&"&)7
&1@'ABCDEF4FGEH7+8/<*4+=0A4+I0%%4+CEG+JDECDK+DHDLEC7+

M8NO"&*2&

PQNRIS

PQNO"&#:01

9&"6+:<+=#?&+Q/&%%01T007+!1'4+LBUE?2
9&"6+:<+5$(%%+P(10"&);7+V0;4+CCBUE&2
9&"6+:<+-&))&/+80%01*0)7+!1'4+CE&2
9&"6+:<+3T(01)+5$/0)607+V0;4+GBHE&2
9&"6+:<+-#'$/&(+5().7+P()4+F?2
9&"6+:<+P'$/&0"+5%1'$6"&);7+V0;4+GBHE&2

!"#$%&'()%*+,%-.//01%23%45678%9$1:3%

7."%0#5-5".20%#.62%-.;3:%<"70:2.5"2$%5"%

=#3>%62<15068%

?-/3:2."2%:3#0%/#.$01%@$%73#3:%79.:A0%=#<72<.253"6

Schenke, Tribedy, Venugopalan 
1206.6805, PRL 108 (2012)



K. Tywoniuk (UB)

Non-central collisions
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Gunther Roland                                    International Conference on the Initial Stages of High-Energy Nuclear Collisions              Illa da Toxa September 2013

x

y
Nucleus 2Nucleus 1

Participant

Region

b

Geometry

this is what nuclei looked like in early 2000’s

“this was how nuclei looked like in the early 
2000’s” (G. Roland)

Physics Motivation 

 

B. Alver, G. Roland, PRC81 (2010) 054905  

 

B. Schenke, S. Jeon, C. Gale PRL 106, 042301  

• Particle collectivity to probe QGP early stage 

• Event‐by‐event initial state geometry fluctuation  

‐> Final state momentum anisotropy, odd harmonics  

• Unknown reaction plane, fluctuation of participant plane  

‐> Flow + flow fluctuation + nonflow 

Glauber Model  Viscous Hydro. 

3 

Li YI, IS2013, Spain 

Few‐particle correlation, unrelated to participant plane 
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Thermalization and Harmonics 

in CMS
2

Glauber:  Correlations with Participant Plane

Centrality ∝35%
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Azimuthal asymmetries
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II.3. Why is the study of vn interesting? 

•  Single 2->2 process 
•  Maximal asymmetry 

•  NOT correlated to  
  the reaction plane 

•  Many 2->2 or 2-> n 
  processes  

•  Reduced asymmetry 
 

 
•  NOT correlated to  

  the reaction plane 

! 

~ 1 N

•  final state interactions  
•  asymmetry caused not only 

  by multiplicity fluctuations 
•  collective component is  

  correlated to the reaction plane 

The azimuthal asymmetry of particle production has a collective 

and a random component. Disentangling the two requires a 

statistical analysis of finite multiplicity fluctuations. 

U.A.Wiedemann 

courtesy: 	

U.A. Wiedemann 	

(Spåtind 2012)

dilute case free streaming final-state interactions

Asymmetry YES YES (smaller ~1/√N) YES
Correlation w/	


event plane NO NO YES (collective component)

• degree of final state interactions determine the how effectively 
spatial asymmetries transform to momentum asymmetries	


• limit σ→∞: hydrodynamical limit

AA at RHIC:

34

! Initial conditions for 
hydrodynamical evolution are a key 
ingredient in those calculations. CGC 
gives larger eccentricity: room for 
viscosity or larger equilibration times.
! Uncertainties at the nuclear 
periphery (NP region).

Gluon saturation: 5. Saturation in data.

vn = ⇥cos
�
n(� � ⇥n)

⇥
⇤

reaction plane
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The QGP flows
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• transport coefficients can be found	

• hierarchy of vn coefficients 

consistent with almost perfect 
liquid

Temperature dependent �/s
Use �/s(T ) as in Niemi et al., Phys.Rev.Lett. 106 (2011) 212302 and arXiv:1203.2452
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ATLAS 30-40%, EP

τswitch = 0.2 fm/c 

solid: η/s =0.2 
dashed: η/s(T) 

 v2 
 v3 
 v4 
 v5

vn(pT ) for given �/s(T ) indistinguishable from constant �/s = 0.2
More detailed study needed
Experimental data:
ATLAS collaboration, Phys. Rev. C 86, 014907 (2012)

Björn Schenke (BNL) QM2012 17/19

Schenke, Jeon, Gale PRC82 (2010), PRL 106 (2011)

0.07 ≤ η/s ≤ 0.43
Luzum, Ollitrault et al.

Flow analysis B. Schenke, S. Jeon, C. Gale, Phys. Rev. C85, 024901 (2012)

After Cooper-Frye freeze-out and resonance decays
in each event we compute
vn = ⇥cos[n(�� ⇥n)]⇤
with the event-plane angle �n = 1

n arctan �sin(n�)⇥
�cos(n�)⇥

Sensitivity of event averaged vn on
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viscosity initial state granularity

Sensitivity to viscosity and initial state structure increases with n

Björn Schenke (BNL) QM2012 5/19

• higher harmonics are 
more sensitive to 
viscosity and granularity
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Further puzzles
• D meson (= u,d + c)	

• mass hierarchy follows from perturbation 

theory	

• in HIC, heavy-quarks behave (flow etc) 

very similarly to the light quarks	

• Teff~mQ? strong-coupling dynamics?
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Figure 3. Left panel (from [28]): comparison between D0,D⇤+ and D+ average v2 and charged hadron v2 measured in 30-50% central Pb–
Pb collisions. Right panel: azimuthal correlations between D mesons (average of D0 and D⇤+ results) and charged hadrons in pp collisions
at
p

s = 7 TeV, compared to expectations from simulations with the PYTHIA event generator [32, 33]. The boxes represent the systematic
uncertainty not correlated in ��.

mesons and of J/ from B-meson decay measured with CMS [26], displayed in the left panel of Fig. 2, represents an
indication for a stronger suppression of charm than beauty in central Pb–Pb collisions. The 8 < pT < 16 GeV/c range
was chosen for D mesons in order to have a similar kinematic range than that of B mesons decaying in a J/ in the
measured 6.5 < pT < 30 GeV/c range. For the subtraction of non-prompt D mesons from B-meson decays, on the
basis of CMS results, R

feed�down
AA /RD

AA = 2 was assumed as a central value and the range 1 < R

feed�down
AA /RD

AA < 3 was
considered for assigning the systematic uncertainty related to this hypothesis. As reported in [21, 27], the D-meson
RAA is compatible within uncertainties with the charged-hadron RAA for pT > 1 GeV/c in central Pb–Pb collisions.
The same observation holds for more peripheral collisions, as also visible in the right panel of Fig. 2, where the
centrality dependence of D-meson and charged-pion nuclear modification factors is shown for 2 < pT < 3 GeV/c.

In the left panel of Fig. 3 the first measurement of D-meson elliptic flow in heavy-ion collisions is shown. The
measurement, performed with ALICE in the 30-50% centrality range [28], exploits the event plane method, in which
the correlation of the particle azimuthal angle (') to the reaction plane RP is analyzed. The reaction plane is estimated
via the event plane  2, which is obtained from the azimuthal distribution of a (sub-)sample of tracks in the event [29].
The measurement represents a 5 � observation of v2 > 0 in the range 2 < pT < 6 GeV/c, with an average of the
measured values in this interval around 0.2. A positive v2 is also observed for pT > 6 GeV/c, which most likely
originates from the path-length dependence of the partonic energy loss, although the large uncertainties do not allow
a firm conclusion. The measured D-meson v2 is comparable in magnitude to that of charged particles, which is
dominated by light-flavour hadrons [30]. This suggests that low momentum charm quarks take part in the collective
motion of the system.

As an outlook, in the right panel of Fig. 3, the first measurement of the azimuthal correlations between D mesons
and charged particles in pp collisions at

p
s = 7 TeV is shown (more details on the analysis technique can be found

in [31]). The measurement, which is the average of D0 and D⇤+ correlations with charged particles, is compatible
with the expectations obtained from the PYTHIA event generator [32] (tunes Perugia 0, Perugia 2010, and Peru-
gia 2011 [33]), considering the large statistical and systematic uncertainties. The latter is dominated by the 14%
uncertainty on the normalization. The larger statistics expected from upcoming runs at the LHC in 2014-2018, should
allow for a precise measurement already in run 2 and the upgrade of the ALICE detector during the long shut down
in 2018 [34] should give access to this observable also in Pb–Pb collisions with run 3 data.
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Triangular flow vs multiplicity 

rather similar in pPb vs PbPb 

CMS 

Phys. Lett. B 724 (2013) 213 

Direct comparison of v3 in pPb and PbPb

Small system (p+Pb) shows very smiliar 
features — are we completely 

dominated by fluctuations?
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Summary: QCD fluid in HIC

• perturbative techniques give fundamental insight	


• experimental features point to fluid-like features of 
the formed plasma — good description of data!	


• solutions of AdS/CFT shares many of the same 
features (thermalization, small viscosity)	


• what is the gravity dual of “real” QCD? how can 
we access the strong-coupling regime of QCD 
otherwise?
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