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Covariance Matrix 

two-mode case: 
2

664

�2EX1 C(EX1EX2) C(EX1EY 1) C(EX1EY 2)
C(EX2EX1) �2EX2 C(EX2EY 1) C(EX2EY 2)
C(EY 1EX1) C(EY 1EX2) �2EY 1 C(EY 1EY 2)
C(EY 2EX1) C(EY 2EX2) C(EY 2EY 1) �2EY 2

3

775

single mode case : 
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symmetric, positive matrix, therefore diagonalizable 

"principal component analysis" 



généralisable à N modes: N modes propres existent 
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Recherche de modes propres:  
cas mono-quadrature et  N modes  
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Transmission through  
scattering medium 

Speckle	
  figure	
  :	
  complex	
  distribu5on	
  …	
  but	
  coherent	
  and	
  determinis,c	
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Controlling the time and frequency degrees of freedom
The presence of many spatial channels in the optical domain pro-
vides great flexibility for wavefront-shaping experiments. However, 
wavefront shaping only works for a narrow frequency range. By opti-
mizing the focus intensity and then detuning the laser, van Beijnum 
and co-workers56 have shown that the effect of optimization is lost 
after the laser has been detuned by the speckle correlation frequency 
δω. Rather than being a limitation, this allows for even more degrees 
of freedom to control the waves36. An incident light pulse excites 
all the modes that exist within its bandwidth (Fig.  3a). A source 
emits light with many frequency components, each of which causes 
a different speckle pattern. Similarly, tuning the phase of multiple 

spatial components makes it possible to control the relative phases 
and amplitudes of the frequency components, thereby allowing the 
transmitted speckles to interfere constructively at a chosen time. 
This extra dimension of control drastically increases the possibili-
ties offered to an experimentalist.

An experimentalist can select a point in space and measure 
the phase and amplitude of each uncorrelated frequency compris-
ing the spectrum of the field. A very basic way of controlling this 
transient wave field involves adding all the uncorrelated speckles in 
phase on the chosen point at a specific time. This control can be 
achieved by conjugating the phase of each component of the meas-
ured polychromatic wave field and sending it again through the 
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Figure 3 | Taking advantage of the temporal degrees of freedom in complex media. a, A red laser beam creates a speckle pattern after propagating 
through a multiply scattering medium. Shifting the laser frequency by more than the correlation frequency of the medium provides an uncorrelated 
speckle pattern, which is depicted here by the green and blue speckles. A focus in space and time can be created by adjusting the phases and amplitudes 
of the frequency components. b, Top: Selective focusing of ultrasound waves using time reversal. A 1-μs-duration pulse centred at 1.5 MHz is emitted 
from each transducer of a TRM and propagates through a multiply scattering medium towards five receivers. Middle: Example of a 400-μs-long impulse 
response acquired from a TRM/receiver couple. Bottom: Time reversal is used to focus waves spatiotemporally onto five independent foci through the 
scattering medium; a single spot is measured through water. c, Optical pulse transmission through a disordered medium. A 65 fs pulse from a Ti:sapphire 
laser is passed through an SLM before it hits a scattering sample. The scattered pulse has a duration of several picoseconds. Using a reference path, the 
transmitted amplitude is measured at a single point in space and time, at the detector. The spatial phases of the incident beam are modified to optimize 
this amplitude. The result is a short transmitted pulse at the target location and time. Figure b reproduced from ref. 105, © 2003 APS. Figure c adapted 
from ref. 65, © 2011 APS.
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Polychromatic (i.e. temporal) 

Spectral	
  dependence/	
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Monochromatic speckle 

P (I) / exp

�I/hIi



Device for wavefront control 

Spatial light modulator (SLM) 
(mostly liquid crystals) 

 
Segmented, >1 million pixel 

 course : 1 microns 
 speed:  <50Hz 

Deformable mirrors 
(piezo, magnetics…) 

 
 10-100 actuators (typ.) 
course : 10-20 microns  

Speed > kHz 

Adaptive optics Diffractive optics, displays …. 



Transmission matrix measurement and use 



singular value decomposition of the transmission matrix 
valid for any matrix 

M=U.diag(λ).V U, V unitaries 

histogram 
of singular values 



Spatial multiplexing in Telecommunications 
 





The MIMO concept 

Multiple (modes) In Multiple (modes) out 

find the eigenstates of propagation 











FIELD QUANTIZATION 



quantifization requires modes 

Ê+(r, t) =
X

m

E0âmfm(r, t)

comes from electromagnetism 
linearity of Maxwell equations 

comes from quantization procedure: 
linearity of quantum mechanics 

| i =
1X

n1=0

...

1X

nm=0

...Cn1,...,nm,...|n1 photons en f1, ..., nm photons en fm, ...i

most general quantum state of field 

double basis:  
- of modes,  
- of states inside each mode 
both can be changed 



Expérimental characterization!
of the temporal shape of the 

principal modes or "supermodes"!





. 
if « click »: 

photon counter 

. 

 conditional generation of single photons 
"heralded photons"                                                       

Parametric splitting  
of light 

single photon state 
in the same time window 



experimental set-up 

O. Morin et al,  Phys. Rev. Letters 111, 213602 (2013) 

Parametric crystal 
 inside an optical cavity 

photon counter 

homodyne 
detection 
signal x(t) 
recorded  
on computer 



 used modes : time bins                                                        

time 

Δt	



temps u1 u2 
u3 u4 

u5 u500 

sampling time (200ps) 

measured quantity : 
homodyne signal  
intensity during Δt	


(on a given quadrature) 
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averaged over a great number of clicks triggered on "click"  
of photon detector 

u1000 

... 

1000   1000 covariance matrix of a single quadrature, which can be diagonalized 

... 1000 measured  
time bins:  

⇥



eigen values of covariance matrix 

1: level of vacuum fluctuations (=E0
2) 

time shape of temporal mode 

only one eigen value different from vacuum fluctuations 
the generated state is single mode 

it corresponds to the temporal mode of the OPO cavity  
(=Fourier transform of cavity spectrum) 

e�|t�ttrigger|/Tcav



!
manipulation !

of frequency modes!
!

"quantum frequency combs"!



frequency 

The quantum analogue of  
Wavelength Division Multiplexing 

(WDM) ? 

multi-frequency quantum state 
many modes easily accessible :  

a way to massively parallel quantum information processing ? 



Balanced homodyne detection of squeezed vacuum 

       squeezed vacuum 
             in mode  u1  

   
   

   
   

  
Laser beam 
(Local Oscillator) 
in same mode u1 

Shot noise
Measured noise
Noise corrected from losses

dB

ϕ	


ϕ	

ϕ	



vacuum 
fluctuation 
level E0 

squeezed 
quadrature 



Ø  use several homodyne detections 
 

   multimode input beam  
   

   
   

   
  

Laser beam 
in mode wk ϕ	



How to analyze the modal content 
 of a multimode light state ? 

one performs a series of homodyne measurements  
on a set of modes   {wk(r, t)}

gives information  
about the projection 
of the multimode 
 input beam 
on the Local Oscillator 
mode 



The frequency comb  

Frequency modes of a mode-locked laser: about 100.000 

frequency 

Can we entangle all these modes ? 

Can we perform quantum computing operations 
on all these modes ? 

time 

optical 
frequency 
 comb: 



Parametric down conversion  
of monochromatic pump 

Ø  for a monochromatic   pump 

output : 
 two mode  
EPR entangled state 

 	



nonlinear crystal 

1 
2 

ν	



⌫signal + ⌫idler = ⌫pump

spectrum of down-converted light: 

Ø  creates independent couples of EPR entangled modes 



Mode-
locked laser 

Parametric crystal 

Tround trip = Tinter−pulse

the Synchronously Pumped   
Optical Parametric Oscillator  (SPOPO) 



Parametric down conversion of a frequency comb 

Ø  for a frequency comb  pump 

output : 
 two mode  
EPR entangled state 

 	



nonlinear crystal 

1 
2 

spectrum of down-converted light: 

Ø  all couples of frequencies should be entangled 



A liitle bit of theory ... 

ℓ
ℓʹ′

Symmetrical matrix 

pump 

( )∑
ʹ′

ʹ′
+
ʹ′

+
ʹ′ +=

ℓℓ
ℓℓℓℓℓℓ

,
, ˆˆˆˆˆ aaaaGH ℓ

ℓʹ′

ℓℓ ʹ′,G

Crystal phase matching 
 coefficient 

 pump spectral amplitude 

( ) ( )∑
ʹ′

ʹ′
+
ʹ′

+
ʹ′ʹ′ ++=

ℓℓ
ℓℓℓℓℓℓℓℓ

,

ˆˆˆˆ)(,ˆ aaaaH pump ωωαωωχ

 Shifeng Jiang, N. Treps, C. Fabre, New Journal of Physics, 14 043006 (2012) 
G. De Valcarcel, G. Patera, N. Treps, C. Fabre, Phys. Rev. A74, 061801(R) (2006)  



Diagonalizing the interaction 

Ø  Eigenstates:   
linear combinations of frequency modes 
«  
s"supermodes" 
 
 
        eigenvalues 
        
       
                  :multi-squeezing hamiltonian 

ℓ
ℓ

ℓaUb kk ˆˆ ∑=
ℓ

ℓʹ′
ℓℓ ʹ′,G

Ĥ = ! Λk b̂k
2 + b̂k

+2( )
k=1

Nm

∑

kΛ

Ψout = Squeezed statek (Λ1) ⊗ ...⊗ Squeezed statek (ΛNm
) ⊗ 0 ⊗ ...



Simple example: Gaussian variation of ℓℓ ʹ′,G

kΛ

supermode shapes 

( )kk r−Λ=Λ 0

Eigenmodes:   combs with Hermite-Gauss modal amplitudes 

frequency 

HG0 HG1 HG2 



Simple example: Gaussian variation of ℓℓ ʹ′,G

kΛ

supermode shapes 

( )kk r−Λ=Λ 0

Eigenmodes:  trains of pulses with Hermite-Gauss temporal 
shapes 

time 
HG1 HG0 HG2 



Ø Starting from two squeezed supermodes 

  

are EPR entangled 

entanglement: another choice of mode basis  

squeezed entangled 
 there will be entanglement 

 between different spectral parts of the comb 

frequency 
HG0 

HG1 
frequency 

frequency 

frequency 

b̂1 b̂2

b̂± =
1p
2
(b̂1 ± b̂2)

b̂1

b̂2

b̂+

b̂�

the mixed modes  



pump 

quantum state at SPOPO output 

- factorized squeezed vacuum states in supermode basis 

⌦ ⌦ ⌦ ⌦ ... 

- multipartite entangled state in frequency mode basis 

it depends on the way one looks at it ! 

SPOPO 



Experiment!





Experimental set-up   

mirror on PZT 
to change LO phase 

Synchronously Pumped 
Optical Parametric Oscillator 

operated below threshold 

ϕ	





      Homodyne detection measurement using 
 pump laser as Local Oscillator 

 4dB (6 dB inferred) squeezed  vacuum 

ϕ	



ϕ	



⊗

Shot noise
Measured noise
Noise corrected from losses

dB



mirror on PZT 
to change LO phase 

characterization of multimode frequency comb:   
multiple homodyne detection with pulse-shaped LO 

pulse shaping 
 by Spatial Light Modulator 



(1) : mode analysis in frequency space :  
multiple frequency bands (6 to 10) 



complete determination of the noise covariance 
matrix 

requires 55 homodyne measurements 

< ÊX,iÊX,j >< ÊX,iÊP,j >< ÊP,iÊP,j >

< ÊX,iÊX,j >=
1

2
(�2(ÊX,i + ÊX,j)��2ÊX,i ��2ÊX,j)

�2ÊX,i�2ÊP,i



inspection of   all 511 possible  bipartitions with 10 pixels 

 bi-partite entanglement ? 



all 511 bipartitions are 
entangled ! 

"genuine"  bi-partite entanglement ? 

entanglement witness: Positive Partial Transpose 
criterion 

entangled 



What about multipartite entanglement ? 



limit of  
multi-entanglement 

115 974 all entangled multipartitions ! 



experimental 20*20 covariance matrix: 

x quadratures p quadratures 

1.66 0.25 0.09 0.08 -0.03 -0.05 -0.08 -0.11 -0.42 -1.23
0.25 1.33 0.19 0.15 0.06 -0.06 -0.17 -0.33 -0.59 -0.51
0.09 0.19 1.22 0.07 -0.01 -0.08 -0.21 -0.34 -0.44 -0.20
0.08 0.15 0.07 1.08 -0.02 -0.12 -0.21 -0.24 -0.25 -0.07

-0.03 0.06 -0.01 -0.02 0.92 -0.13 -0.14 -0.11 -0.09 0.01
-0.05 -0.06 -0.08 -0.12 -0.13 0.89 -0.07 0.02 0.02 0.04
-0.08 -0.17 -0.21 -0.21 -0.14 -0.07 1.02 0.12 0.10 0.20
-0.11 -0.33 -0.34 -0.24 -0.11 0.02 0.12 1.14 0.29 0.22
-0.42 -0.59 -0.44 -0.25 -0.09 0.02 0.10 0.29 1.36 0.40
-1.23 -0.51 -0.20 -0.07 0.01 0.04 0.20 0.22 0.40 1.88

1.66 0.25 0.09 -0.02 0.04 0.00 0.01 0.09 0.39 1.19
0.25 1.33 0.19 0.05 0.13 0.12 0.14 0.28 0.50 0.53
0.09 0.19 1.22 0.17 0.21 0.28 0.32 0.37 0.39 0.26

-0.02 0.05 0.17 1.31 0.35 0.38 0.37 0.33 0.26 0.12
0.04 0.13 0.21 0.35 1.38 0.47 0.43 0.31 0.22 0.10
0.00 0.12 0.28 0.38 0.47 1.42 0.42 0.30 0.19 0.10
0.01 0.14 0.32 0.37 0.43 0.42 1.34 0.27 0.21 0.08
0.09 0.28 0.37 0.33 0.31 0.30 0.27 1.30 0.22 0.15
0.39 0.50 0.39 0.26 0.22 0.19 0.21 0.22 1.36 0.40
1.19 0.53 0.26 0.12 0.10 0.10 0.08 0.15 0.40 1.88

[0] 

[0] 

Tr⇢2 = 0.45± 0.09



(3) mathematical search for uncorrelated modes  

 obtained by diagonalizing  
the X or P measured  covariance matrix 

1.66 0.25 0.09 0.08 -0.03 -0.05 -0.08 -0.11 -0.42 -1.23
0.25 1.33 0.19 0.15 0.06 -0.06 -0.17 -0.33 -0.59 -0.51
0.09 0.19 1.22 0.07 -0.01 -0.08 -0.21 -0.34 -0.44 -0.20
0.08 0.15 0.07 1.08 -0.02 -0.12 -0.21 -0.24 -0.25 -0.07

-0.03 0.06 -0.01 -0.02 0.92 -0.13 -0.14 -0.11 -0.09 0.01
-0.05 -0.06 -0.08 -0.12 -0.13 0.89 -0.07 0.02 0.02 0.04
-0.08 -0.17 -0.21 -0.21 -0.14 -0.07 1.02 0.12 0.10 0.20
-0.11 -0.33 -0.34 -0.24 -0.11 0.02 0.12 1.14 0.29 0.22
-0.42 -0.59 -0.44 -0.25 -0.09 0.02 0.10 0.29 1.36 0.40
-1.23 -0.51 -0.20 -0.07 0.01 0.04 0.20 0.22 0.40 1.88

1.66 0.25 0.09 -0.02 0.04 0.00 0.01 0.09 0.39 1.19
0.25 1.33 0.19 0.05 0.13 0.12 0.14 0.28 0.50 0.53
0.09 0.19 1.22 0.17 0.21 0.28 0.32 0.37 0.39 0.26

-0.02 0.05 0.17 1.31 0.35 0.38 0.37 0.33 0.26 0.12
0.04 0.13 0.21 0.35 1.38 0.47 0.43 0.31 0.22 0.10
0.00 0.12 0.28 0.38 0.47 1.42 0.42 0.30 0.19 0.10
0.01 0.14 0.32 0.37 0.43 0.42 1.34 0.27 0.21 0.08
0.09 0.28 0.37 0.33 0.31 0.30 0.27 1.30 0.22 0.15
0.39 0.50 0.39 0.26 0.22 0.19 0.21 0.22 1.36 0.40
1.19 0.53 0.26 0.12 0.10 0.10 0.08 0.15 0.40 1.88

[0] 

[0] 

not always possible (non-commuting matrices) 

search for mode basis change minimizing the off-diagonal terms 



 X and P matrix eigenvalues 
8 modes contain 
uncorrelated 
squeezed vacuum states 

 Eigenmodes or "supermodes" from 10 frequency bands 

the measured SPOPO output 
is an  

intrinsic 8-mode  
non-classicalstate 



 Direct measurement of squeezing in the supermodes 

same amounts of measured squeezing as determined by diagonalization 



One shot measurement !
of the covariance matrix!

   !



Multiplexed Homodyne Detection 

M.Beck, PRL 84 5748 (2000);  S. Armstrong et al, Nat. Comm. 3, 1026 (2012). 

Local oscillator 

G. Ferrini et al New J Phys 15, 093015 (2013) 

our experiment : array of 6 photodiodes 



 simultaneous detection of frequency band modes 



blue/red  
correlation 

 simultaneous detection of frequency band modes 

�2
blue

�2
red



X Block Matrix 

P Block Matrix 

�
�

C
or

re
la

tio
n 

�
�

 X and P covariance matrices 



-4.6dB -3.5dB 

-1.7dB -1.5dB 

-0.8dB -0.5dB 

 diagonalization: squeezed eigenmodes 

much faster data acquisition, and on a single quantum object  



spectral analysis of phase and 
amplitude fluctuations !
of a mode-locked laser!

!
!

Thèse R. Shmeissner!
!



study of the intensity and phase noise 
 of the frequency comb produced by the laser 

R. Schmeissner's thesis 



Matrices de covariance des quadratures d'amplitude (1) 
                                                                 et de phase (2)  

eigenvalues as a fonction of Fourier frequency 

1 2 



gives very rich information about the laser properties 

1 
principal mode for amplitude noise 

2 
principal mode for phase noise 
is mean field mode 

E '< E(r, t) > ei�

eigenstates as a fonction of Fourier frequency 



extraction of cluster states !
from the multimode state!

 !



interesting states for one way quantum computing:  
the "cluster states" 

M. Yukawa, et al. Phys Rev A 78, (2008), Tokyo group. 

can be generated from 4 squeezed modes by a basis change 

generation by mixing  
4 single mode  
squeezed states 

example : the linear cluster state 



Implementation with frequency combs  
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==
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=

M1 

M2 

M3 

M4 

 0.38-0.05i    0.29+0.36i   0.29+0.37i     0.42-0.47i 
-0.05+0.38i   0.36+0.29i   0.37+0.29i   -0.47+0.42i 
-0.13-0.57i    0.53+0.05i  -0.45+0.26i    0.06+0.31i 
 0.57+0.13i  -0.05-0.53i   -0.27+0.45i   -0.31-0.06i 



The "quality" of cluster states is characterized by "nullifiers" 
which can be evaluated by proper homodyne measurements 

all these clusters "exist" in the SPOPO beam ! 

measurements on cluster states nodes can be "extracted"  
 using homodyne detection with appropriate LO 



for measurement-based quantum computing  
 

using cluster states 
 

a simultaneous measurement of the nodes is necessary 
 
 

Experiment in progress now in Paris 



optimization of modes in parameter 
estimation!



Optical techniques are widely used to make 
  precise and sensitive estimations 

of various parameters,  
 

and in particular to position events in space and time 



Measurements are carried out  
by estimating phase shifts  

or time delays 



Imaging Intracellular Fluorescent 
Proteins at Nanometer Resolution 
E. Betzig et al Science 313 1642 (2006) 
 

It is also possible to evaluate 
transverse positions x0, y0 
 of fluorescent nano-objects 



Fluorescent  
molecule 
localized 

at  
x0 

Point 
 Spread 

 Function 
centered on  

x0 

Microscope 

laser 

i1(t) 
i2(t) 
i3(t) 
i4(t) 

CCD 
camera 

Image 
 processing E(x0) 

Resolution: 
 about 2 nm 

method for estimation of transverse position 



optical system p-dependent 
light beam 

p 

E(p) 
Estimator 

 of p 

General scheme for estimating a parameter p  
using information carried by light 

photodetection 
+ Data processing 

p value 



optical system p-dependent 
light beam 

p 

E(p) 
Estimator 

 of p 

General scheme for estimating a parameter p  
using information carried by light 

photodetection 
+ Data processing 

p value 

How to achieve  
the most sensitive determination of p  

for a given mean photon number N ? 



bound optimized over: 
 
-   all possible observables acting on light 
-   all possible data processing protocols 
 

answer given by Quantum Cramer Rao Bound 

E(p) 

optimized 
detection and data  

processing 

Helstrom (1976), Caves, Braunstein (1994) 



What remains to be chosen  : 

                 the quantum state of light 
 
 
used to carry the information in the experiment 

Ψ p( )

E(p) 

optimized 
detection and data  

processing 
ψ(p) ?



  possible choices ? 

-  non-classical state of light 
                squeezed, entangled, Fock, NOON ...  

-  number of modes 
 use of possible entanglement between modes         
 possible addition of the quantum effects of each mode 

 practical constraint :  
 state with large mean photon number N 
 because quantum limits scale as 1/Nx   

- spatio-temporal shape of each mode 

novel aspect of the present approach 



our choice : the multimode Gaussian pure state 

 includes a wide class of non-classical states 
- single and multimode squeezed states 
- multipartite quadrature entangled states 

excludes  states which are « more quantum », 
like the NOON, or Fock states 
- not available for very large <N> value  
- hyper-sensitive to decoherence 
- require complex photodetection schemes 

- if it includes a coherent state in one mode: 
               <N>=1015 easy to reach 

- readily available (12 dB squeezing) 

Einstein Podolsky Rosen paper state 



udet (x, y, t) = pc
∂uav
∂p p=p0

normalizing factor 

uav (x, y, t, p) =
1
N

ψ p, t( ) Ê (+) (x, y) ψ(p, t)

Introduction of important modes 

average mode :  
spatio-temporal dependence of the average field value 

detection mode :  
sensitivity of illumination mode to the  parameter variation 

uav (x, y,t, p0 +δ p) = uav (x, y,t, p0 )+δ p
∂uav
∂p

p0



Quantum Cramer Rao bound for Gaussian pure states 

ΔpQCRb =
pc
2 N

Δdet

p-sensitivity 

« shot noise »  noise term 

Noise in the detection mode 
normalized to shot noise  

expression in the high N limit:  

value independent  
of the fluctuations of all modes orthogonal to  

udet 

udet 



Quantum Cramér Rao bound 
using minimal non-classical Gaussian resources 

Squeezer 1 σ1	



p 

E(
p)

 detection 
and data     
processing 

Squeezer 2 σ2	



Squeezer 3 σ3	



Coherent state 

The lowest Quantum Cramér Rao bound is obtained: 

estimated 
p value 

unitary transform: 
mode mixing 

+ 
mode shaping 

-when the most squeezed beam available  
   is put in the detection mode 
-when there are no correlations 
  between the detection mode and the other modes 
 



- Entanglement does not help 
           it actually reduces squeezing in the right mode 

- Multisqueezing does not help 
             squeezing is not « additive » 

Conclusions for the experimentalist 

- Squeeze one mode but the right one 
             maximum possible single mode squeezing 
             in the detection mode 



 
 
 

How to make an estimation  
at the QCR bound ? 

udet

i2 

i1 
+ 

- 
E(p)=i1-i2 optical system 

p 

no other measurement starting from           
 (given mean field)   can do better 

uav

use homodyne detection  
with detection mode as a local oscillator 



 
 
 

How to make an optimized estimation  
 beyond shot noise ? 

uav

udet

i2 

i1 
+ 

- 
E(p)=i1-i2 

uav
udet

optical system 

p 
squeezed 

udet

coherent 

use a light beam made of: 
- coherent state in average mode 
- squeezed vacuum state in detection mode 



Optimized estimation of transverse position 

E(p) 

⊗

⊗

TEM00  

Squeezed 

 TEM00 beam :  

uav
 TEM01  
udet

Coherent 

detection mode  



Cramer Rao 
bound 

for 
coherent states Reduced limit with squeezed  

TEM10 mode  

E(p) 

⊗

⊗

TEM00  

Experiment 
(collaboration ANU Canberra LKB Paris) 

TEM01 comprimé  

ΔE(p) 

M. Lassen et al. Phys. Rev Letters 98, 083602 (2007)  

measured displacement 
0.1 nm 



Mode-locked  
Laser 

Mode-locked  
Laser 

B. Lamine, C. Fabre, N. Treps, 
Phys. Rev. Letters 101 123601 (2008)  

clock synchronization  

Optimized estimation of time delays 



Envelope 
displacement : time 
of flight 

Carrier displacement : 
phase 

ωΔdetection mode :   

average mode : HG0 

HG0 HG1 



Δt( )S−CRb =
1
N

1

2 ω0
2 +Δω 2

Σdet

N : total number of photons 

ω0 : mean frequency 

Δω : frequency spread 

Quantum Cramer Rao bound 

shift of pulse enveloppe maximum 

shift of oscillation at optical frequency 

 Σdet: noise in detection mode 

10mw, 10fs, 100MHz, 1s integration 
time : 

for coherent field :  



Optimal measurement  reaching the Cramer Rao bound 

Local Oscillator in detection mode 

to squeeze the detection mode : 
 
use quantum frequency comb generated by a  
synchronously pumped OPO 
 




