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Motivation

• At nano-scale, quantum 
mechanics and interaction play 
important roles in the 
transport properties. !

• What are the universal 
properties and how to study 
them? 

A. Nitzan and M. A. Ratner, Science 300, 1384 (2003)



Universal Properties

1D Luttinger liquid wires with a weak link

Kane and Fisher, PRL; PRB (1992)

Repulsive interaction:  

Attractive interaction:
G = 0

G = ge2/h

g < 1

g > 1

� 6= 0

1 < g < 3

Chiral fixed point:Y-junction

C. Chamon, M. Oshikawa and I. 
Affleck, PRL (2003)



Universal Conductance

Given an arbitrary junction with some structure and 
interactions, how to determine the universal conductance 
of the junction?

Analytical Methods: BCFT!
!
Numerical Methods: DMRG, MERA

ARMIN RAHMANI et al. PHYSICAL REVIEW B 85, 045120 (2012)

FIG. 1. (Color online) A schematic illustration of the generic
system that is the subject of this paper. We have M quantum wires
connected to a molecular system of certain structure and interactions.
We have currents Iα running in wires α = 1, . . . ,M and voltages Vα

applied to the endpoints of the wires.

The junctions we are concerned with in this paper fall into
the category of quantum impurity problems. The junction,
with all the complex structure and interactions it contains, is
localized at the endpoints of the wires. It can therefore be
thought of as one (rather arbitrary) impurity inserted into a
system, the bulk behavior of which is given by that of M
independent quantum wires. A classic example of quantum
impurity problems is the Kondo model describing the behavior
of conduction electrons interacting with a local magnetic
moment.34 The powerful methods of boundary conformal field
theory (BCFT) have proven useful in a multitude of quantum
impurity problems.35,36 Thus, BCFT is the main analytical
technique used in this paper.

Determining the conductance of quantum junctions in
the presence of strong electron-electron interactions is a
long-sought and challenging goal. The Landauer-Büttiker
formalism, which is the method of choice in the calculation of
quantum conductance, does not account for these interactions,
which indeed play a key role in low dimensions. Functional
renormalization-group methods have been helpful in studying
the interaction effects in the vicinity of the junction, but their
applicability is also dependent upon the presence of large
noninteracting leads.37,38

In recent years, efficient numerical methods, such as the
density-matrix renormalization group (DMRG),39 have been
developed for studying strongly correlated quasi-1D quantum
problems. Since the quantum junctions described above can
be thought of as quasi-1D (by folding all the wires to one
side so they run parallel to one another), these numerical
methods could potentially be efficient tools for computing the
conductance of junctions with an arbitrary number of wires
and in the presence of strong interactions.

In fact, DMRG has already been applied to the study of
quantum junctions.40 However, when it comes to calculating
the conductance of strongly correlated junctions, there are
fundamental difficulties even when we are armed with pow-
erful tools such as DMRG. One such difficulty arises from
the fact that conductance is a property of an open quantum
system. We define the conductance in terms of the current
passing through the system and the underlying assumption
is that we have reservoirs that can act as sources and drains
for electrons. To study conductance, we either need to model
the reservoirs carefully or send them to infinity. The latter
is a simpler and more elegant way of formally dealing with
quantum transport, but has the downside that for a numerical
calculation of conductance, we would need to model large
enough systems that faithfully approximate the semi-infinite
ones.

Another difficulty with calculating the linear conductance
is that, within the linear-response framework, conductance is
formally related to dynamical correlation functions. It may
then appear that one needs to use the much more computa-
tionally demanding time-dependent numerical methods such
as time-dependent DMRG to calculate the conductance.

For junctions of two quantum wires, time-dependent
DMRG has already been used for conductance
calculations.41–43 A brute force calculation with
time-dependent methods in large systems is not, however,
currently feasible for strongly correlated junctions of more
than two quantum wires.

It is the objective of this paper to make such calculations
possible with a combination of analytical and numerical
techniques. More specifically, the main objective of this paper
is to develop a formalism that would allow us to apply
numerical methods such as time-independent DMRG and the
related matrix product states to calculate the linear-response
conductance of strongly correlated junctions of an arbitrary
number of quantum wires with rather generic structures and
interactions in the junction.44 In this paper, we focus on the
systems with spinless electrons, but our method can also be
extended to systems with spin-1/2 electrons.

One particular application for the formalism we seek to
develop in this paper is the problem of the M fixed point in a
Y junction of spinless Luttinger liquids. The existence of this
nontrivial fixed point was conjectured many years ago, but its
nature, and more specifically its conductance, had remained
an open question in quantum impurity problems.45,46

The outline of this paper is as follows. In Sec. II, we
summarize the main results of this paper. We present a key
relationship [Eq. (2)] between the junction conductance and
certain static correlation functions in a finite system. This
relationship serves as the basis of the method developed
here. We also present in Sec. II a step-by-step recipe for
applying the method in practice as well as a summary of
the results on the Y junction, which were obtained with this
method. In Sec. III, we present some explicit calculations in a
noninteracting lattice model that help motivate the derivation
of Eq. (2) and clarify the connection of the continuum results to
lattice calculations. The results derived are in fact some special
cases, which can be obtained with elementary methods, of the
general relation Eq. (2), the derivation of which requires the
machinery of BCFT. In Sec. IV, we briefly review the main
analytical techniques, namely, bosonization and boundary
conformal field theory, used in this paper and set up the
notation. Section V is devoted to deriving Eq. (2) in the
BCFT framework. In Sec. VI, we discuss in detail the method
proposed in this work for conductance calculations and clarify
practical issues regarding a lattice-model implementation. In
Sec. VII, we present numerical benchmarks with DMRG for
interacting systems and exact diagonalization for noninter-
acting systems to verify the correctness of the method. In
Sec. VIII, we study a Y junction of quantum wires and obtain
the previously unknown conductance of its M fixed point as
a function of the Luttinger parameter g. Finally, we conclude
in Sec. IX by outlining the outlook for future applications
and the impact of the results obtained in this paper. Some
of the results of this paper have been briefly reported in
Ref. 42.

045120-2



Quantum Wire Junction
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FIG. 1. (Color online) A schematic illustration of the generic
system that is the subject of this paper. We have M quantum wires
connected to a molecular system of certain structure and interactions.
We have currents Iα running in wires α = 1, . . . ,M and voltages Vα

applied to the endpoints of the wires.

The junctions we are concerned with in this paper fall into
the category of quantum impurity problems. The junction,
with all the complex structure and interactions it contains, is
localized at the endpoints of the wires. It can therefore be
thought of as one (rather arbitrary) impurity inserted into a
system, the bulk behavior of which is given by that of M
independent quantum wires. A classic example of quantum
impurity problems is the Kondo model describing the behavior
of conduction electrons interacting with a local magnetic
moment.34 The powerful methods of boundary conformal field
theory (BCFT) have proven useful in a multitude of quantum
impurity problems.35,36 Thus, BCFT is the main analytical
technique used in this paper.

Determining the conductance of quantum junctions in
the presence of strong electron-electron interactions is a
long-sought and challenging goal. The Landauer-Büttiker
formalism, which is the method of choice in the calculation of
quantum conductance, does not account for these interactions,
which indeed play a key role in low dimensions. Functional
renormalization-group methods have been helpful in studying
the interaction effects in the vicinity of the junction, but their
applicability is also dependent upon the presence of large
noninteracting leads.37,38

In recent years, efficient numerical methods, such as the
density-matrix renormalization group (DMRG),39 have been
developed for studying strongly correlated quasi-1D quantum
problems. Since the quantum junctions described above can
be thought of as quasi-1D (by folding all the wires to one
side so they run parallel to one another), these numerical
methods could potentially be efficient tools for computing the
conductance of junctions with an arbitrary number of wires
and in the presence of strong interactions.

In fact, DMRG has already been applied to the study of
quantum junctions.40 However, when it comes to calculating
the conductance of strongly correlated junctions, there are
fundamental difficulties even when we are armed with pow-
erful tools such as DMRG. One such difficulty arises from
the fact that conductance is a property of an open quantum
system. We define the conductance in terms of the current
passing through the system and the underlying assumption
is that we have reservoirs that can act as sources and drains
for electrons. To study conductance, we either need to model
the reservoirs carefully or send them to infinity. The latter
is a simpler and more elegant way of formally dealing with
quantum transport, but has the downside that for a numerical
calculation of conductance, we would need to model large
enough systems that faithfully approximate the semi-infinite
ones.

Another difficulty with calculating the linear conductance
is that, within the linear-response framework, conductance is
formally related to dynamical correlation functions. It may
then appear that one needs to use the much more computa-
tionally demanding time-dependent numerical methods such
as time-dependent DMRG to calculate the conductance.

For junctions of two quantum wires, time-dependent
DMRG has already been used for conductance
calculations.41–43 A brute force calculation with
time-dependent methods in large systems is not, however,
currently feasible for strongly correlated junctions of more
than two quantum wires.

It is the objective of this paper to make such calculations
possible with a combination of analytical and numerical
techniques. More specifically, the main objective of this paper
is to develop a formalism that would allow us to apply
numerical methods such as time-independent DMRG and the
related matrix product states to calculate the linear-response
conductance of strongly correlated junctions of an arbitrary
number of quantum wires with rather generic structures and
interactions in the junction.44 In this paper, we focus on the
systems with spinless electrons, but our method can also be
extended to systems with spin-1/2 electrons.

One particular application for the formalism we seek to
develop in this paper is the problem of the M fixed point in a
Y junction of spinless Luttinger liquids. The existence of this
nontrivial fixed point was conjectured many years ago, but its
nature, and more specifically its conductance, had remained
an open question in quantum impurity problems.45,46

The outline of this paper is as follows. In Sec. II, we
summarize the main results of this paper. We present a key
relationship [Eq. (2)] between the junction conductance and
certain static correlation functions in a finite system. This
relationship serves as the basis of the method developed
here. We also present in Sec. II a step-by-step recipe for
applying the method in practice as well as a summary of
the results on the Y junction, which were obtained with this
method. In Sec. III, we present some explicit calculations in a
noninteracting lattice model that help motivate the derivation
of Eq. (2) and clarify the connection of the continuum results to
lattice calculations. The results derived are in fact some special
cases, which can be obtained with elementary methods, of the
general relation Eq. (2), the derivation of which requires the
machinery of BCFT. In Sec. IV, we briefly review the main
analytical techniques, namely, bosonization and boundary
conformal field theory, used in this paper and set up the
notation. Section V is devoted to deriving Eq. (2) in the
BCFT framework. In Sec. VI, we discuss in detail the method
proposed in this work for conductance calculations and clarify
practical issues regarding a lattice-model implementation. In
Sec. VII, we present numerical benchmarks with DMRG for
interacting systems and exact diagonalization for noninter-
acting systems to verify the correctness of the method. In
Sec. VIII, we study a Y junction of quantum wires and obtain
the previously unknown conductance of its M fixed point as
a function of the Luttinger parameter g. Finally, we conclude
in Sec. IX by outlining the outlook for future applications
and the impact of the results obtained in this paper. Some
of the results of this paper have been briefly reported in
Ref. 42.
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Interaction and hopping amplitude

V 0, t0V, t

Wire

Junction area

Tight-binding model

Kane and Fisher, PRL; PRB (1992)

Transport properties through a general junction

Ii =
X

j

GijVj

Linear response regime

conductance tensor



Interacting Quantum Wire

H =
X
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arccos (V/2) g < 1: repulsive
g = 1: non-interacting
g > 1: attractive

Half-filling, Bethe-Ansatz

spinless fermion�2 < V < 2



Junction: Boundary CFT

1
2

M

...

Without junction, CFT with M 
species of boson fields lives on 
the infinite complex plane.

z = � + ix

Hypothesis:  At RG fixed points, 
the universal behaviors of 
junction can be described by a 
conformally invariant boundary 
conditions.

x

τ

�j , j = 1, · · · ,M

BCFT with M species of 
boson fields lives on the 
upper-half complex plane. 



Universal Conductance

Gij = lim
⇥!0+

�e2

~
1

⇥L

Z 1

�1
d� ei⇥�

Z L

0
dx�T�J i(y, �)Jj(x, 0)⇥

How does the boundary condition of junction affect 
transport?

Kubo formula

Current operator for a given wire j
Jj
L(z) =

ip
2⇥

⇤ �j(z, z̄)

Jj
R(z̄) =� ip

2⇥
⇤̄ �j(z, z̄),

Jj = Jj
R � Jj

L

Primary fields

current-current correlation function has the information about BC



Universal Conductance in BCFT

⇥T�J i
L(z1)J

j
L(z2)⇤ =

g

4⇥2

�ij
(z1 � z2)2

,

⇥T�J i
R(z̄1)J

j
R(z̄2)⇤ =

g

4⇥2

�ij
(z̄1 � z̄2)2

.

1
2

M

...

LL and RR correlators same as no junction

⇥T�J i
R(z̄1)J

j
L(z2)⇤ = � g

4�2
Aij

B
1

(z̄1 � z2)2

LR-RL correlators:

1
2

M

...
J. L. Cardy and D. C. Lewellen, Phys. Lett. B 259, 274 (1991).

•The boundary does not change the 
scaling dimensions of the operators.!
• Information of BC is encoded in A



Universal Conductance

Conductance (from Kubo formula):

How to compute            ? Aij
B

Numerical: ⇥T�J i
R(z̄1)J

j
L(z2)⇤ = � g

4�2
Aij

B
1

(z̄1 � z2)2

Gij = g
e2

h
(�ij +Aij

B )

Challenge:
• Dynamical correlators!!
• Open quantum system  

Time-dependent!!
Infinitely large system

Conformally invariant BC

Boundary states |B�
Cardy’s BCFT: Aij

B =
�J i

LJ
j
R, 0|B⇥

�1, 0|B⇥
J. L. Cardy and D. C. Lewellen, Phys. Lett. B 259, 274 (1991).



Challenges

Time-dependent calculations?

Conformal symmetry ties 
space and time together.

hJ i
R(x)J

j
L(x)i =

g

4�2
Aij

B
1

(2x)2

A static ground state expectation value

Infinitely large system?

• Map to a finite system (DMRG)!
!

• Deal with it directly (MERA)



DMRG approach

GENERAL METHOD FOR CALCULATING THE UNIVERSAL . . . PHYSICAL REVIEW B 85, 045120 (2012)

FIG. 2. (Color online) A schematic illustration of the finite
system, constructed from the junction of interest and an appropriate
mirror image, which we use in our method to extract the conductance
Gαβ . The conductance is related to the ground-state ⟨J α

R (x)J β
L (x)⟩GS

correlation function of chiral currents in this finite system through
Eq. (2).

II. MAIN RESULTS

We developed a method to extract the universal linear
conductance Gαβ of quantum multiwire junctions defined in
Eq. (1) from a calculation of the ground-state expectation
values of operators involving currents and densities in an
appropriately constructed finite system.

At the core of the method lies an important general
relationship, which we recently derived in Ref. 47 using the
machinery of BCFT. The relationship is derived in Sec. V and
simply states that

lim
x→∞

〈
J α

R (x)J β
L (x)

〉
GS

[
4 ℓ sin

(
π

ℓ
x

)]2
e2

h
= Gαβ , (2)

where x is the distance from the boundary on the left in a
system of length ℓ, with ℓ → ∞ and finite x/ℓ, constructed
from the junction of interest and an appropriate mirror image
placed on the right endpoints of the wires as seen in Fig. 2.
Here, J α

R (x) [J β
L (x)] is the right-moving (left-moving) current

on wire α (β). Note that although Eq. (2) holds asymptotically
(x → ∞), it can be used to extract the conductance Gαβ even
with finite but large enough x.

The relationship above is the key ingredient of our method
for calculating the conductance. If we can compute the quantity
⟨J α

R (x)J β
L (x)⟩GS, which is a ground-state expectation value in

a finite system of length ℓ, as a function of x, then we can
multiply it by a universal function to get the left-hand side of
Eq. (2) above. This quantity will then saturate to the universal
conductance of the junction for large x.

Apart from the derivation of the key Eq. (2), we provide a
recipe for applying this continuum result to a lattice calcula-
tion. This requires specifying the procedure for constructing
the lattice (tight-binding) Hamiltonian of the aforementioned
finite system from the Hamiltonian of the junction of interest
(that couples infinitely long wires). It also requires specifying
lattice operators, i.e., in terms of the tight-binding fermionic
creation and annihilation operators, the correlation functions
of which are a good approximation to ⟨J α

R (x)J β
L (x)⟩GS. This

is important because the chiral current operators are defined
for the continuum theory, and chiral creation and annihilation
operators can not be directly modeled on the lattice. The recipe
for applying the key relation Eq. (2) to a lattice computation
is given in Sec. VI.

For quick reference and an illustration of the method,
here we give a simple example and explain a step-by-step
application of the method to the well-known problem of a weak

link in the Luttinger liquid. The starting point for applying
our method is always a tight-binding lattice Hamiltonian of
spinless electrons for bulk wires and their connection at the
junction, namely, H = Hboundary + Hbulk. For a weak link in a
Luttinger liquid, we can write

Hboundary = −tc
†
1,0c2,0 − tc

†
2,0c1,0

and the following Hamiltonian for the bulk of the wires:

Hbulk =
2∑

α=1

∞∑

j=0

[
− c

†
α,j cα,j+1 − c

†
α,j+1cα,j

+V

(
nα,j − 1

2

)(
nα,j+1 − 1

2

)]
. (3)

Note that there is some arbitrariness in dividing the system
into the junction and wires. The boundary Hamiltonian above
is a minimal choice, but including more sites in Hboundary does
not affect the results as long as the system is large enough
and the correlation functions discussed below are computed
far away from the boundary. Given the system Hamiltonian,
our method consists of the following steps.

(i) Construct the finite system as in Fig. 2. For this, we
need to construct a Hamiltonian H ′ = H0 + H ′

bulk + Hℓ

where H0 and Hℓ, respectively, describe the junction on the
left side of the system (x = 0) in Fig. 2 and the mirror image
at x = ℓ. The recipe for constructing these Hamiltonians is
simple. The left boundary Hamiltonian H0 is simply equal
to Hboundary and the bulk Hamiltonian H ′

bulk has exactly the
same form as the bulk Hamiltonian of the semi-infinite sys-
tem, but a finite number of terms, i.e.,

∑∞
j=0 →

∑N−1
j=0 . The

construction of the right Hamiltonian goes as follows. First,
we consider the same Hamiltonian as Hboundary but acting
on the other endpoint, namely, −tc

†
1,Nc2,N − tc

†
2,Nc1,N

and then we apply two transformations K and C on this
Hamiltonian. K simply takes the complex conjugate and
C changes c → c†. In this case, assuming a real hopping
amplitude t , we have

Hℓ = C(−tc
†
1,Nc2,N − tc

†
2,Nc1,N )

= tc
†
1,Nc2,N + tc

†
2,Nc1,N .

(ii) Having constructed the Hamiltonian H = H0 +
H ′

bulk + Hℓ of the finite system, measure, by a numerical
DMRG calculation, the following ground-state expectation
value:

〈
J 1

R(m)J 2
L(m)

〉
= − 1

2v2
⟨J 1(m)J 2(m)⟩,

where J α(m) = i(c†α,m cα,m+1 − c
†
α,m+1 cα,m) is simply the

current operator and v is the charge carrier velocity
for the Luttinger liquids described by Hbulk. The above
equation is valid for time-reversal-symmetric systems such
as the example at hand. The general construction of the
operator ⟨J 1

R(m)J 2
L(m)⟩ in terms of the lattice creation and

annihilation operators is given in Sec. VI.
(iii) Fit the data for ⟨J 1

R(m)J 2
L(m)⟩ to the asymp-

totic functional form from Eq. (2), i.e., ⟨J 1
R(m)J 2

L(m)⟩ ∝
[4N sin( π

N
m)]−2, and obtain G12 from the overall coeffi-

cient.
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Conformal mapping of upper complex plane to a finite strip

⇥ =
⇤

�
ln z

⇢
T [i] = �i
C(c) = c†whereHR = T [C(HL)]

A. Rahmani et al. PRL (2010); PRB (2012)



DMRG results

Two wires (Kane and Fisher’s problem)

Attractive interaction: g>1

A. Rahmani et al. PRL (2010); PRB (2012)



DMRG results
Repulsive interaction: g<1

A. Rahmani et al. PRB (2012)

Finite-size effects

subleading irrelevant 
operator contribution



Limitation

• Limitation of DMRG approach:!
★ “Small” system sizes; finite size effects. 

Universal regime reached?!

★ No information about the scaling 
dimensions of the operators at the junction.!

• Alternatives? !
★ Entanglement Renormalization (MERA)
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G. Vidal



Graphical Representation

A =

2

666664

A1

A2

A3
...

AN

3

777775
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vector

α
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2
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B11 · · · B1n
...

. . .
...

Bm1 · · · Bmn

3
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α β

matrix

α β

rank-3 tensor

C↵��

γ
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rank-n tensor
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α2 α3
… αn

Sscalar



Graphical Representation

product of tensors (matrices)

• Internal lines are summed over 
• External lines are external indices

R
α β γ

SQ =

Q↵� =
X

�

R↵�S��

α β

B

A C

D

Tr(ABCD)

i

A B C
α β

j k

Tijk =
X

↵�

A↵iB↵�jC�k



Multiscale Entanglement Renormalization Ansatz 

isometry disentangler

R
G

 d
ir

ec
tio

n

G. Evenbly and G. Vidal, Phys. Rev. B, 79,144108(2009)



Scale-invariant MERA

All the wτ and uτ are the same at all layers!
Describe one-dimensional critical systems

R
G

 d
ir

ec
tio

n

G. Evenbly and G. Vidal, Phys. Rev. B, 79,144108(2009)



Scaling Dimensions

Scaling operator S(Os) = �Os

S(�) = 3��� h�i�ji =
1

92�
tr(⇢�i�j) =

C

r2�
G. Evenbly and G. Vidal, Phys. Rev. B, 79,144108(2009)

Eigenvalues of S gives scaling dimensions



Semi-infinite Wire 
boundary isometry

LL wire

boundary H

Bulk: u and w from !
scale-invariant MERA

Boundary tensors form an MPS
Evenbly et al. PRB (2010)



Impurity in LL Wire

V 0, t0V, t

LL wire LL wire

Kane-Fisher Problem



Impurity in LL Wire

V 0, t0V, t

LL wire LL wire

Kane-Fisher Problem



Universal Conductance

x

hJ(�x)J(x)i = � v

2

⇡

2

1

x

2



Non-universal Behavior

<1

Power-law is an artifact !
of scale-invariant MERA



spin-spin correlation

(a) (b)

CS+S�(r) =
��hS+(r1)S

�(r2)i � hS+ihS�i
�� = ↵r�2�

Bulk Wire



spin-spin correlation

With impurity

� = 1/4gUniversal non-Universal

(a) (b)



Scaling Dimensions
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Scaling Dimensions
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Conclusions

• Applying boundary MERA to a Luttinger liquid 
wire with a single impurity, we are able to access 
the universal regime for g >1 (attractive) with 
various t over a long distance and confirm the 
prediction from BCFT.!

• Scaling dimensions of boundary operators are 
obtained directly.!

• Non-universal behaviors for g <1 (repulsive) with 
various t.!

• Extension to Y-junction, other types of wires

arXiv: 1402.5229Universal Tensor Network Library: uni10.org



• Fully implemented in objected-oriented C++ !
• Aimed toward applications in tensor network algorithms!
• Provides basic tensor operations with easy-to-use interface!

• A symmetric tensor class UniTensor (Abelian symmetry) with auxiliary 
classes for quantum numbers, Qnum, blocks Block and bond labels, 
Bond and functions performing tensor operations.!

• A network class Network, where details of the graphical representations 
of the networks are processed and stored. !

• An engine to construct and analyze the contraction tree for a given 
network.!

• A heuristic algorithm to search for an optimal binary contraction 
order based on the computational and memory constraints. !

• Provides wrappers for Matlab and Python (soon). !
• Supports acceleration with Nvidia Cuda based GPU.!
• Open source LGPL with cite-me license.

Uni10

http://uni10.org


