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Two things that should definitely be non-zero:

1. CMB bispectrum

2. non-Blackbody spectrum
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Observed CMB blackbody power spectrum

Observations
Constrain theory of early universe

+ evolution parameters and geometry



1. Beyond Gaussianity – general possibilities

Θ 𝑙1 Θ 𝑙2 = 𝛿 𝑙1 + 𝑙2 𝐶𝑙

- power spectrum encodes all the information

- modes with different wavenumber are independent

Gaussian + statistical isotropy 

Flat sky approximation:  Θ 𝑥 =
1

2𝜋
∫ 𝑑2𝑙 Θ(𝑙)𝑒𝑖𝑥⋅ 𝑙

Higher-point correlations

Gaussian: can be written in terms of 𝐶𝑙

Non-Gaussian: non-zero connected 𝑛-point functions

(Θ = 𝑇)



Flat sky approximation:

If you know Θ 𝑙1 , Θ 𝑙2 , sign of 𝑏𝑙1𝑙2𝑙3tells you which sign of Θ 𝑙3 is more likely

Bispectrum

Trispectrum

〈Θ 𝑙1 Θ 𝑙2 Θ(𝑙3)〉 =
1

2𝜋
𝛿 𝑙1 + 𝑙2 + 𝑙3 𝑏𝑙1𝑙2𝑙3
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N-spectra…

𝒍𝟏 + 𝒍𝟐 + 𝒍𝟑 = 𝟎



+

+
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𝑘1 + 𝑘2 + 𝑘3 = 0, 𝑘1 = 𝑘2 = |𝑘3|Equilateral

=
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AL: The Real Shape of Non-Gaussianities, arXiv:1107.5431



Millennium simulation



Near-equilateral to flattened:
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𝑘1 + 𝑘2 + 𝑘3 = 0, 𝑘1 ≪ 𝑘2, 𝑘3Local (squeezed) 𝑘2 ∼ −𝑘3

𝑘1 𝑘2

𝑘3

T(𝑘2)𝑇(𝑘1)

−𝑇(𝑘3)

=+

+

+

b>0

b<0

𝑇(𝑘3)

Squeezed bispectrum is a correlation of small-scale power with large-scale modes



Liguori et al 2007

e.g. 𝜁 = 𝜁0 1 +
6

5
𝑓𝑁𝐿𝜁0,𝑙

Single-field slow-roll inflation: 𝑓𝑁𝐿 ∼ 0

⇒ Any significant detection would rule out large classes of inflation models

⇒ 𝑇 ∼ 𝑇𝑔(1 +
6

5
𝑓𝑁𝐿𝜁∗,𝑙)

Primordial local non-Gaussianity
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But even with 𝒇𝑵𝑳 = 𝟎, we observe CMB at last scattering modulated by other perturbations



Overdensity (𝜁 larger)
Underdensity

Different lensing, expansion

and redshifting along the 

line of sight geodesics

Last-scattering is modulated

by the large-scale perturbations

Single field inflation: physics locally identical

- statistically equivalent

arXiv:1204.5018

Also: astro-ph/0405428, arXiv:1109.1822



⇒ observable CMB bispectrum even with single-field inflation

Linear-short leg approximation for nearly-squeezed shapes (𝑙1 < 𝑙2, 𝑙3):

Weyl lensing bispectrum – from correlation of T with lensing via ISW

+ perms

Squeezed limit (𝑙1 ≪ 𝑙)

Similar result for polarization



Perfect Planck  ∼ 5𝜎;
Cosmic Variance ∼ 9𝜎

arXiv:1101.2234v2

Lensing signal-to-noise variance as a function of the largest-scale mode
(T+E; 𝑙max = 2000; 𝜎 = 1/ area under curve)

Already detected by Planck TT at ∼ 2.5𝜎
arXiv:1303.5077



Ricci focussing (anisotropic dilation) bispectrum

Anisotropic redshifting bispectrum

Squeezed limit (𝑙1 ≪ 𝑙)

Other effects of super-horizon modes:

Allowing for polarization (𝑋, 𝑌, 𝑍 = 𝑇, 𝐸), total is

This term dominates:

depends on peakiness

of 𝐶𝑙: boost from polarization



What about sub-horizon effects? Need full second-order Boltzmann code



Intrinsic signal-to-noise variance as a function of the largest-scale mode
(ideal experiment, 𝑙max = 3000, T+E; 𝜎 = 1/ area under curve)

Squeezed super-horizon shapes

- accurate analytic result

Lensing

variance

Sub-horizon dynamics 

- requires Boltzmann code (SONG)

Lensing

smoothing



Is the intrinsic (non-lensing) bispectrum also observable?

Ideal experiment, straight 2-nd order calculation with no other NG: 3.8𝜎 - YES!

Accounting for lensing variance: 2.7σ

+ accounting for lensing smoothing (lensing of intrinsic bispectrum): ∼ 2𝜎

Not a huge signal, but definitely an important bias for 

any similar shapes

For local 𝑓𝑁𝐿 bias is 0.4-0.6, small but not negligible

Lensing bispectrum is detectable at about 5𝜎

(includes lensing variance only)

BUT



2. Rayleigh scattering
blue sky thinking for future CMB observations

arXiv:1307.8148; previous work: Takahara et al. 91, Yu, et al. astro-ph/0103149



Thomson Scattering

𝑒− 𝑒−

Rayleigh Scattering

𝑝+

Classical dipole scattering

Frequency independent

Given by fundamental constants:

𝜎𝑇 =
8𝜋

3

𝑒2

4𝜋𝜖0𝑚𝑒𝑐
2

2

Frequency dependent

Depends on natural frequency 𝜔0 of target

𝜎𝑅 ≈
𝜔4

𝜔0
4 𝜎𝑇

Oscillating dipole 𝒑 = 𝑝0 sin(𝜔𝑡)  𝒛 ⇒ radiated power ∝ 𝜔4𝑝0
2 sin2 𝜃 dΩ

𝑚𝑒  𝑧 = −𝑒𝐸𝑧 sin𝜔𝑡

⇒ 𝒑 =
−𝑒2𝐸𝑧

𝑚𝑒𝜔
2 sin𝜔𝑡  𝒛

𝑚𝑒  𝑧 = −𝑒𝐸𝑧 sin𝜔𝑡 − 𝑚𝑒𝜔0z

⇒ 𝒑 =
−𝑒2𝐸𝑧

𝑚𝑒(𝜔
2−𝜔0

2)
sin𝜔𝑡  𝒛

(𝑚nucleus ≫ 𝑚𝑒)

(𝜔 ≪ 𝜔0)

http://farside.ph.utexas.edu/teaching/em/lectures/node95.html



Photon scattering rate

Total cross section ≈

, 𝑅𝐻𝑒 ≈ 0.1𝜈eff ≡
8

9
c RA ≈ 3.1 × 106GHz

(Lee 2005: Non-relativistic quantum calculation, for energies well below Lyman-alpha)

Rayleigh only 

negligible compared to 

Thomson for

𝑛𝐻
1+𝑧 𝜈obs

3×106GHz

4
≪ 𝑛𝑒



Visibility



Small-scale CMB

Primary signal Primary + Rayleigh signal



Rayleigh temperature power spectrum

Solid: Rayleigh × Primary

Dot-dashed: Rayleigh × Rayleigh

Small-scale signal is highly correlated

to primary

Dots: naïve Planck sensitivity

Can hope to isolate using

Low frequency × High frequency

Note:  not limited by cosmic variance of primary anisotropy 

– multi-tracer probe of same underlying perturbation realization

Primary+Rayleigh 2 = Primary2 + 2 Primary × Rayleigh + Rayleigh2

Test of expansion and ionization history at recombination



Hot spots are red, cold spots are blue

Polarization is scattered and is red too

Small-scale CMB cont.

Rayleigh difference signal: (photons scattered in to line of sight) – (scattered out)

∼ 𝜏𝑅 Δ𝑇 very correlated to primary Δ𝑇



Sachs-Wolfe Doppler ISWTemperature 

perturbation at

recombination
(Newtonian Gauge)

Rayleigh signal only generated by sub-horizon scattering

(no Rayleigh monopole background to distort by anisotropic photon redshifting)

Large-scale CMB temperature

Rayleigh scattering probes Doppler terms independently of SW/ISW



Measure new primordial modes with Rayleigh×Rayleigh spectrum?

In principle could double number of modes compared to T+E!

BUT: signal highly correlated to primary on small scales; need the uncorrelated part

Solid: Rayleigh× Rayleigh total;  Dashed: uncorrelated part; Dots: error per 
Δ𝑙

𝑙
= 10 bin a from PRISM



Number of new inflation modes with PRISM-like future CMB

New modes almost all in the 𝑙 ≤ 500 temperature signal: total ≈ 10 000 extra modes

More horizon-scale information (disentangle Doppler and Sachs-Wolfe terms)

Define



Polarization
Generated by scattering of anisotropic unpolarised light at recombination

Rayleigh polarization signal highly correlated to the blackbody because scattering the same quadrupole

High-energy scattered more ⇒ large-scale polarization becomes blue



Primary

Δ𝑇

𝑇
+Φ+ ISW

(anisotropic redshifting to constant 

temperature recombination surface)

 n ⋅ vb: Doppler

Rayleigh, Primary

Polarization from quadrupole scattering

Rayleigh, Primary

On horizon scales three nearly-independent perturbation modes being probed



Rayleigh polarization power spectra

Solid: primary Dashed: primary + Rayleigh (857GHz)

Large-scale polarization from scattering into the line of sight ⇒ polarized CMB sky is blue
but same quadrupole, so highly correlated to primary



Expected signal as function of frequency
Zero order: uniform blackbody not affected by Rayleigh scattering (elastic scattering, photons conserved)

1st order: anisotropies modified, no longer frequency independent

Need sensitivity at 200GHz ≤ 𝜈 ≤ 800GHz
(+probably higher for foreground separation efficiency; very hard above 350GHz from ground)



Fractional total 𝑪𝒍 differences at realistic frequencies

TE:TT, EE, BB: 
Δ𝐶𝑙
𝐶𝑙

Δ𝐶𝑙
𝑇𝐸

𝐶𝑙
𝐸𝐸𝐶𝑙

𝑇𝑇



• Significant Rayleigh signal at 𝜈 ≥ 200 GHz; several percent on T, E at 𝜈 ≥ 500GHz

• Non-blackbody signal in the anisotropies (but no spectral distortion in monopole)

• Strongly correlated to primary signal on small scales (mostly damping)

– robust detection via cross-correlation?

• Powerful test of recombination physics/expansion

• Boosts large-scale polarization (except B modes from lensing)

- consistency test that large-scale B modes are from scattering at recombination

- in principle separate lensing and tensors at the power spectrum level

• Multi-tracer probe of last-scattering 

- limited by noise/foregrounds, not cosmic variance

• May be able to provide additional primordial information (10,000+ modes) 

- mostly horizon-scale T modes at recombination from Doppler signal

Rayleigh summary


