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On5c?	  



Epistemic?	  



“There	  is	  no	  quantum	  world.	  
There	  is	  only	  an	  abstract	  
quantum	  physical	  descrip5on.	  
It	  is	  wrong	  to	  think	  that	  the	  
task	  of	  physics	  is	  to	  find	  out	  
how	  nature	  is.	  Physics	  
concerns	  what	  we	  can	  say	  
about	  nature...”	  –	  Niels	  Bohr	  



Arguments	  for	  ψ	  being	  epistemic	  

• 	  	  Non-‐orthogonal	  quantum	  states	  cannot	  reliably	  be	  dis5nguished	  
–	  just	  like	  probability	  distribu5ons.	  

• 	  	  The	  informa5on	  required	  to	  specify	  a	  quantum	  state	  is	  
exponen5al	  in	  the	  number	  of	  systems	  –	  just	  like	  probability	  
distribu5ons.	  	  

• 	  	  Quantum	  states	  	  cannot	  be	  cloned,	  can	  be	  teleported	  	  etc	  –	  just	  
like	  probability	  distribu5ons.	  

• 	  	  R.	  W.	  Spekkens,	  Phys.	  Rev.	  A	  75,	  032110	  (2007).	  



But	   our	   present	   QM	   formalism	   is	   not	  
purely	   epistemological;	   it	   is	   a	   peculiar	  
mixture	   describing	   in	   part	   reali5es	   of	  
Nature,	   in	   part	   incomplete	   human	  
informa5on	   about	   Nature	   -‐-‐-‐	   all	  
scrambled	   up	   by	   Heisenberg	   and	   Bohr	  
into	  an	  omeleMe	  that	  nobody	  has	  seen	  
how	   to	   unscramble.	   Yet	   we	   think	   that	  
the	   unscrambling	   is	   a	   prerequisite	   for	  
any	   further	   advance	   in	   basic	   physical	  
theory.	  For,	   if	  we	  cannot	  separate	   the	  
subjec4ve	  and	  objec4ve	  aspects	  of	  the	  
formalism,	   we	   cannot	   know	  what	   we	  
are	  talking	  about;	  it	  is	  just	  that	  simple.	  
	  

E.	  T.	  Jaynes	  
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Ontological	  models*	  	  

*à	  la	  Harrigan,	  Rudolph,	  Spekkens	  
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Ontological	  models	  	  

Prepara5on	   Measurement	  



λ	   M	  

k	  
Ontological	  models	  	  

A	  physical	  system	  has	  an	  on*c	  state	  -‐-‐	  an	  objec5ve	  physical	  state,	  
independent	  of	  the	  experimenter,	  and	  independent	  of	  which	  
measurement	  is	  performed.	  Call	  this	  state	  λ,	  and	  the	  set	  in	  which	  
it	  lives,	  Λ.	  



λ	   M	  

k	  

⇠M (k|�)

Ontological	  models	  	  

Measurement	  responds	  to	  the	  physical	  state.	  The	  probability	  for	  
outcome	  k	  of	  a	  measurement	  M	  is	  determined	  by	  λ	  through	  a	  
response	  func*on	  ξ.	  

Pr(k|�,M) ⌘ ⇠M (k|�)



λ	   M	  

k	  

ψ	  
⇠M (k|�)

Ontological	  models	  	  

A	  quantum	  state	  ψ	  is	  associated	  to	  a	  prepara5on	  procedure.	  
Given	  knowledge	  of	  ψ,	  the	  experimenter’s	  informa5on	  about	  the	  
on5c	  states	  is	  represented	  as	  a	  probability	  distribu5on	  μψ.	  	  	  	  

µ (�)



λ	   M	  

k	  

ψ	  
⇠M (k|�)

Ontological	  models	  	  

µ (�)

Recover	  quantum	  predic5ons:	  

|hk| i|2 =

Z

⇤
⇠M (k|�)µ (�)d�



ψ-‐on5c	  models	  
Λ	  

Λψ	  

Λϕ	  

• 	  	  The	  quantum	  state	  can	  be	  inferred	  from	  the	  on5c	  state.	  
• 	  	  The	  quantum	  state	  is	  a	  physical	  property	  of	  the	  system,	  and	  is	  not	  
mere	  informa5on.	  

Suppose	  that	  for	  every	  pair	  
of	  dis5nct	  quantum	  states	  ψ	  
and	  ϕ,	  the	  distribu5ons	  μψ	  
and	  μϕ	  do	  not	  overlap:	  



ψ-‐epistemic	  models	  

• 	  	  μψ	  and	  μϕ	  can	  overlap.	  
• 	  	  Given	  the	  on5c	  state	  λ0	  above,	  cannot	  infer	  whether	  the	  quantum	  
state	  ψ	  or	  ϕ	  was	  prepared.	  

Λ	  

Λψ	  

Λϕ	  

λ0	  



The	  PBR	  theorem	  

•  Pusey,	  BarreM,	  Rudolph,	  Nature	  Physics	  (2012).	  

•  Given	  an	  assump5on	  about	  independent	  
prepara5ons,	  no	  psi-‐epistemic	  model	  can	  reproduce	  
the	  predic5ons	  of	  quantum	  theory.	  



However…	  
•  The	  theorem	  requires	  two	  systems	  and	  requires	  an	  

assump5on	  that	  independent	  prepara5ons	  are	  associated	  
with	  independent	  distribu5ons.	  

λ1	  

M	  

ψ	  

φ	  
λ2	  

µ�(�2)

µ (�1)
µ ,�(�1,�2) = µ (�1)µ�(�2)



However…	  

•  Independence	  ≈	  locality?	  

Schlosshauer	  and	  Fine,	  arxiv:1306.5805	  
Emerson	  et	  al,	  arXiv:1312.1345;	  	  
	  
•  Since,	  given	  Bell’s	  theorem,	  any	  ontological	  model	  of	  quantum	  theory	  

violates	  (some	  form	  of)	  locality,	  we	  cannot	  dismiss	  psi-‐epistemic	  
theories	  on	  that	  basis.	  

	  
	  
•  What	  can	  we	  say	  about	  psi-‐epistemic	  models	  without	  the	  

independence	  assump5on?	  



Results	  for	  single	  systems	  



There	  exist	  psi-‐epistemic	  models	  

•  Explicit	  psi-‐epistemic	  construc5on:	  Lewis,	  Jennings,	  BarreM	  
and	  Rudolph,	  PRL	  (2012).	  

•  But	  μψ	  and	  μϕ	  only	  overlap	  only	  for	  some	  pairs	  of	  quantum	  
states.	  It	  is	  a	  rather	  trivial	  psi-‐epistemic	  model.	  



Aaronson	  et	  al.	  (arXiv:1303.2834)	  	  

•  Maximal	  non-‐triviality:	  μψ	  overlaps	  with	  μφ	  for	  any	  pair	  of	  non-‐orthogonal	  
state	  vectors	  |ψ>	  and	  |φ>.	  

•  Symmetry:	  the	  on5c	  states	  λ	  are	  quantum	  states	  and	  μψ(λ)	  is	  symmetric	  
under	  unitaries	  that	  fix	  |ψ>,	  i.e.	  it	  	  depends	  only	  on	  |<ψ|λ>|.	  

	  
Results:	  
	  
•  Provide	  an	  explicit	  construc5on	  of	  a	  maximally	  non-‐trivial	  model,	  but;	  

•  Prove	  that	  there	  are	  no	  maximally	  non-‐trivial	  symmetric	  models	  for	  d≥3.	  



Hardy,	  arXiv:1205.1439	  
	  
•  On*c	  indifference:	  “Any	  quantum	  transforma5on	  on	  a	  system	  which	  

leaves	  unchanged	  any	  given	  pure	  state,	  |ψ>	  ,	  can	  be	  performed	  in	  such	  a	  
way	  that	  it	  does	  not	  affect	  the	  underlying	  on5c	  states	  λ	  ∈	  	  Λψ	  	  in	  the	  on5c	  
support	  of	  that	  pure	  state.”	  

Results:	  	  

•  Spekkens’	  toy	  model	  violates	  on5c	  indifference;	  

•  Theorem:	  on5c	  indifference	  must	  be	  violated	  by	  any	  psi-‐epistemic	  model	  
of	  quantum	  theory.	  



•  δ-‐con*nuity:	  “states	  that	  are	  close	  to	  each	  other	  (|<φ|ψ>|	  ≥	  1	  −	  δ)	  all	  
share	  common	  on5c	  states.”	  

	  

Theorem:	  “There	  are	  no	  δ-‐con5nuous	  models	  with	  	  
reproducing	  the	  measurement	  sta5s5cs	  of	  quantum	  states	  in	  a	  Hilbert	  space	  of	  
dimension	  d.”	  

Patra	  ,	  Pironio	  and	  Massar,	  PRL	  111,	  090402	  (2013)	  

� � 1�
p

(d� 1)/d



Patra	  ,	  Pironio	  and	  Massar,	  PRL	  111,	  090402	  (2013)	  

Defini5on	  (Con4nuity)	  .	  A	  ψ-‐epistemic	  model	  is	  con5nuous	  if	  
there	  exists	  a	  non-‐zero	  δ	  >	  0	  such	  that	  it	  is	  δ-‐con5nuous.	  
	  
Defini5on	  (Separability)	  .	  Let	  Q	  be	  the	  prepara5on	  of	  a	  
physical	  system	  yielding	  with	  non-‐zero	  probability	  P(λ|Q)	  >	  0	  
the	  real	  state	  λ.	  A	  model	  is	  separable	  if	  n	  independent	  copies	  
Qn	  =	  (Q,	  .	  .	  .	  ,Q)	  of	  the	  prepara5on	  devices	  yield	  with	  non-‐zero	  
probability	  P(λ	  =	  λn|Qn)	  >	  0	  a	  system	  in	  the	  joint	  real	  state	  λn	  
=	  (λ,	  .	  .	  .	  ,	  λ),	  for	  any	  posi5ve	  integer	  n.	  
	  
Theorem	  2.	  	  Separable	  con5nuous	  ψ-‐epistemic	  models	  cannot	  
reproduce	  the	  measurement	  sta5s5cs	  of	  quantum	  states	  in	  a	  
Hilbert	  space	  of	  dimension	  d	  ≥	  3.	  
	  
	  



What	  have	  we	  learned	  so	  far?	  

•  Psi-‐epistemic	  models	  can	  be	  constructed,	  but	  they	  must	  
violate	  a	  number	  of	  different	  assump5ons.	  

•  What	  can	  be	  said	  about	  psi-‐epistemic	  models	  without	  any	  
extra	  assump5ons?	  

•  Since	  psi-‐epistemic	  models	  can	  be	  constructed,	  the	  best	  one	  
can	  do	  is	  put	  a	  bound	  on	  how	  much	  the	  epistemic	  
distribu5ons	  overlap.	  



Arguments	  for	  ψ	  being	  epistemic	  

• 	  	  Non-‐orthogonal	  quantum	  states	  cannot	  reliably	  be	  dis5nguished	  
–	  just	  like	  probability	  distribu5ons.	  

• 	  	  The	  informa5on	  required	  to	  specify	  a	  quantum	  state	  is	  
exponen5al	  in	  the	  number	  of	  systems	  –	  just	  like	  probability	  
distribu5ons.	  	  

• 	  	  Quantum	  states	  	  cannot	  be	  cloned,	  can	  be	  teleported	  	  etc	  –	  just	  
like	  probability	  distribu5ons.	  

• 	  	  R.	  W.	  Spekkens,	  Phys.	  Rev.	  A	  75,	  032110	  (2007).	  



Dis5nguishing	  probability	  distribu5ons	  

Consider	  two	  prepara5ons	  of	  a	  classical	  system,	  corresponding	  to	  distribu5ons:	  
	  	  
	  p	  =	  (p1	  ,	  p2	  ,	  …	  ,	  pd)	  	  
	  q	  =	  (q1	  ,	  q2	  ,	  …	  ,	  qd)	  

	  
A	  priori	  probability	  for	  each	  prepara5on	  is	  ½.	  
	  
With	  a	  single-‐shot	  measurement	  on	  the	  system,	  must	  guess	  which	  prepara5on	  
method	  was	  used.	  
	  

	   	   	  	  
	  
	  
where	  D(p,q)	  is	  the	  classical	  trace	  distance	  between	  p	  and	  q,	  
	  

	  	   D(p, q) =
X

i

|pi � qi|

Prob(guess correctly) =

1

2

(1 +D(p, q))



Dis5nguishing	  quantum	  states	  

Consider	  two	  prepara5ons	  of	  a	  quantum	  system,	  corresponding	  to	  state	  vectors:	  
	  	  
	  |ψ>	  
	  |ϕ>	  

	  
A	  priori	  probability	  for	  each	  prepara5on	  is	  ½.	  
	  
With	  a	  single-‐shot	  measurement	  on	  the	  system,	  must	  guess	  which	  prepara5on	  
method	  was	  used.	  With	  an	  op5mal	  measurement:	  
	  

	   	  	  
	  

	  	  
where	  DQ(|ψ>	  ,	  |ϕ>)	  is	  the	  quantum	  trace	  distance	  between	  |ψ>	  and	  |ϕ>,	  

	  	  

Prob(guess correctly) =

1

2

(1 +DQ(| i, |�i))



A	  simple	  Lemma	  
	  
In	  any	  ontological	  model	  that	  reproduces	  the	  predic5ons	  for	  a	  
d	  dimensional	  quantum	  system:	  

Proof	  sketch	  
	  
Since	  the	  measurement	  device	  only	  has	  access	  to	  λ,	  dis5nguishing	  
between	  |ψ>	  and	  |ϕ>	  must	  be	  at	  least	  as	  hard	  as	  dis5nguishing	  between	  
μψ	  and	  μϕ	  . 



A	  simple	  Lemma	  
	  
In	  any	  ontological	  model	  that	  reproduces	  the	  predic5ons	  for	  a	  
d	  dimensional	  quantum	  system:	  

An	  ontological	  model	  is	  maximally	  psi-‐epistemic	  iff	  	  



Maximally	  ψ-‐epistemic	  models	  

An	  ontological	  model	  is	  maximally	  psi-‐epistemic	  iff	  	  

Why	  is	  this	  natural?	  
	  
•  In	  a	  maximally	  psi-‐epistemic	  model,	  failure	  to	  dis5nguish	  |ψ>	  and	  |ϕ>	  

is	  en*rely	  due	  to	  the	  ordinary	  classical	  difficulty	  in	  dis5nguishing	  the	  
probability	  distribu5ons	  μψ	  and	  μϕ	  .	  No	  other	  limita5ons	  or	  uniquely	  
quantum	  effects	  need	  be	  invoked.	  



Maximally	  ψ-‐epistemic	  models	  

•  Prior	  work:	  

OJE	  Maroney,	  arXiv:1207.6906	  
MS	  Leifer,	  OJE	  Maroney,	  Physical	  Review	  LeMers	  (2013)	  
	  
•  The	  defini5on	  of	  maximally	  epistemic	  used	  in	  those	  results,	  

however,	  suffers	  from	  a	  finite	  precision	  problem.	  

•  With	  our	  improved	  defini5on,	  maximally	  epistemic	  models	  can	  
be	  experimentally	  ruled	  out	  for	  all	  d≥3,	  and	  the	  gap	  between	  
maximally	  epistemic	  theories	  and	  quantum	  theory	  grows	  with	  
the	  dimension	  of	  the	  Hilbert	  space.	  

	  



This	  will	  be	  useful	  in	  the	  following:	  
	  
Define	  the	  classical	  overlap	  	  	  
	  
Similarly	  the	  quantum	  overlap	  	  
	  
In	  any	  ontological	  model	  that	  reproduces	  the	  predic5ons	  for	  a	  d	  
dimensional	  quantum	  system:	  

An	  ontological	  model	  is	  maximally	  psi-‐epistemic	  iff	  	  

!(µ , µ�) = 1�D(µ , µ�)

!Q(| i, |µi) = 1�DQ(| i, |�i)

!(µ , µ�)  !Q(| i, |�i) 8 | i, |�i

!(µ , µ�) = !Q(| i, |�i) 8 | i, |�i



Our	  main	  results	  
Theorem	  1	  
	  
No	  maximally	  psi-‐epistemic	  model	  can	  recover	  the	  quantum	  
predic5ons	  in	  d ≥ 3.	  

Theorem	  2	  
	  
Consider	  an	  ontological	  model	  that	  reproduces	  quantum	  predic5ons	  
in	  power	  prime	  dimension	  d	  and	  sa5sfies:	  
	  
	  
	  
	  
Then	  	  α	  <	  2/d.	  
	  
	  



Simple	  proof	  of	  theorem	  1	  (d≥4)	  
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Addi5onally	  

•  A	  slightly	  more	  involved	  proof	  gives	  a	  noise-‐tolerant	  version	  of	  both	  
Theorems	  1	  and	  2	  for	  d	  ≥	  4.	  Maximally	  psi-‐epistemic	  models	  cannot	  
approximately	  recover	  quantum	  predic5ons.	  

•  A	  (messier)	  proof	  covers	  the	  d=3	  case,	  and	  is	  also	  noise	  tolerant.	  

•  An	  explicit	  maximally	  psi-‐epistemic	  model	  exists	  in	  d=2	  (constructed	  by	  
Kochen	  and	  Specker).	  



What	  have	  we	  learned?	  

•  No	  ψ-‐epistemic	  model	  can	  fully	  explain	  the	  
indis5nguishability	  of	  quantum	  states	  –	  one	  of	  the	  main	  
mo5va5ons	  for	  those	  theories.	  

•  In	  the	  limit	  of	  large	  Hilbert	  spaces,	  the	  explana5on	  becomes	  
arbitrarily	  bad,	  as	  α	  <	  2/d.	  	  

	  	  
	  	  	  	  	  (Leifer,	  arXiv:1401.7996:	  exponen*ally	  bad.	  α	  <	  2d	  e−cd)	  

	  



NOT(psi-‐epistemic)	  ≠	  psi-‐on5c	  
•  An	  analogy:	  Bell's	  theorem	  shows	  that	  local	  causality	  is	  violated.	  If	  

there	  are	  no	  hidden	  variables	  it	  is	  violated	  trivially.	  However,	  this	  
does	  not	  mean	  that	  there	  is	  anything	  going	  faster	  than	  light,	  and	  
there	  is	  an	  opera5onal	  no5on	  of	  locality	  (signal	  locality)	  that	  is	  s5ll	  
true.	  

•  In	  PBR	  and	  here,	  if	  there	  are	  no	  on5c	  variables,	  then	  also	  trivially	  
the	  quantum	  state	  cannot	  be	  a	  state	  of	  knowledge	  about	  them.	  	  

•  But	  to	  conclude	  (with	  PBR)	  that	  the	  quantum	  state	  is	  on*c	  requires	  
an	  assump5on	  that	  the	  λ’s	  do	  exist	  (and	  thus	  by	  the	  theorem,	  
include	  ψ).	  



“Whose	  informa*on?	  Informa*on	  about	  what?”	  
–	  John	  Bell	  
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	  1)	  About	  measurement	  outcomes.	  
	  2)	  About	  on5c	  variables.	  
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But:	  an*-‐realism,	  measurement	  problem…	  



A	  common	  ground?	  
•  Whether	  or	  not	  the	  quantum	  state	  corresponds	  to	  any	  

type	  of	  observa5on-‐independent	  reality,	  it	  undeniably	  
encodes	  informa5on	  about	  measurement	  outcomes.	  

•  Thinking	  opera5onally	  has	  been	  leading	  to	  progress	  in	  
founda5ons.	  
–  e.g.	  reconstruc5ons,	  generalised	  probabilis5c	  theories.	  

	  
•  Hopefully	  these	  insights	  will	  lead	  to	  a	  beMer	  

understanding	  of	  the	  type	  of	  reality	  underlying	  the	  
theory,	  and	  progress	  in	  going	  beyond	  QM.	  



Why	  is	  Spekkens’	  toy	  theory	  (par5ally)	  succesfull?	  

•  Our	  theorem	  implies	  that	  some	  limita5on	  on	  the	  measurability	  of	  λ	  is	  
necessary	  for	  any	  ontological	  model	  that	  reproduces	  quantum	  theory.	  

•  Analogue	  of	  “knowledge	  balance	  principle”	  of	  Spekkens’	  toy	  theory.	  
	  

•  If	  the	  λ	  is	  “carried	  by	  the	  system”,	  this	  limita5on	  is	  mysterious.	  
	  
•  Opera5onal	  analogues	  of	  this	  principle	  have	  been	  proposed	  [Rovelli	  

(1996),	  Zeilinger	  (1999),	  Masanes	  &	  Mueller	  (2012)…].	  
	  
“We	  can	  ask	  more	  ques5ons	  about	  a	  quantum	  system	  than	  it	  can	  encode”.	  

•  Success	  of	  toy	  theory	  due	  to	  knowledge	  balance	  rather	  than	  psi-‐
epistemicity?	  



Finally…	  

•  Is	  this	  any	  use	  for	  anything?	  
	  
•  Apart	  from	  the	  founda5onal	  implica5ons,	  these	  results	  are	  
about	  the	  (im)possibili5es	  of	  simula5ng	  quantum	  
mechanics	  with	  certain	  classical	  models.	  

	  
•  Like	  Bell	  inequali5es,	  is	  there	  any	  informa5on-‐theore5c	  
applica5on	  of	  this	  new	  theorem?	  

•  Mon5na	  (PRL,	  2012):	  quantum	  communica5on	  complexity?	  

Thank	  you!	  


