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Full Dicke Model Hamiltonian (R.H. Dicke 1954)

N two-level atoms (described by spin-% Pauli operators JS,)JD_)

interacting (via dipole E - D) with M radiation bosonic field
modes (a,, ajl) within an ideal cavity. Atoms are separated, so
that dipole-dipole D - D interactions are negligible.

_WOZUZI)+ZwaaTaa+ZZ\/_aT+aa)(U+ +ol )

i=1a=1

wo: level spliting; w,: photon frequencies; A, : coupling .
constants (depend on the intensity of the cavity electric field E).
Basic commutation relations:

[0, 0] = £6101), [0, 0W] = 26100, [an,al] = dus
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Case of a single-mode radiation field M = 1

A
H = wod; +wala+ —=(af +a)(J; +J-),

VN
Collective atomic operators: Jy = EiN:l US), k=2z+,—
Hilbert Space: Span{|n) @ |j,m)}
n=0,...,00: number of photons, afajn) = n|n)
2j = N: “number of atoms” (et does not mix j sectors)
m = —j,...,j: atomic sector — (N + 1)-level system
m + j: number of excited atoms, J;|j,m) = m|j,m)

N =afa+ J; + j: total “excitation number”
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Rotating Wave Approximation (valid for small )\)

“Jaynes-Cummings Hamiltonian”

A
Hrwa = wod; + wala+ —=(afJ_ +ad.),
RWA oYz \/N( +)

neglects the “counter-rotating” terms afJ, and aJ_. This
makes Hgrwa integrable, simplifying the analysis but removing
the posibility of caos. Dicke used this model to illustrate the
importance of collective effects in the atom-light interaction,
leading to the concept of super-radiance: the atomic ensemble
spontaneously emits above \RWVA =, /owg with an intensity

o N2, rather than o< N (incoherent radiation).

N = ata+J, +j: is conserved in the RWA
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Dicke Hamiltonian and parity

A
H = wod; +wala+ ——(al +a)(J; +J_),
oYz \/N( )(+ )

Hilbert Space: Span{|n) @ [j,m)},n =€ N, m = —j,...,j

Jeli.m) = Vi(i +1) - m(m£1)[j,m £ 1),
afln) = vn+ 1jn + 1),ajn) = vijn — 1)
N = ata+J, +j: counts the number of excitation quanta
Parity operator P = el™V is conserved [P,H]=0

and both operators can then be jointly diagonalized.
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The ground state is even

The matrix elements of the Hamiltonian in this basis are:
(n’;j,m'[HIn;j,m) = (nw + Mwp)dn’ ndm'.m
A
ﬁ( vin+ 15n’,n-i-l + \/ﬁén/,n—l)

X(\/J(J +1) = m(m + 1)/ m+1
+Vi(+1) —m(m — )6 m-1)-

+

In) ®|j,m) and |n’) ® |j, m") are connected by temporal evolution
iff n +m +j and n’ + m’ 4 j have the same parity (even or odd)

ei7("+m+i): good quantum number. The ground state is even
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Variational approximation: coherent states

The following variational approximation to the ground state is
usually considered:

|, 2) = |a) @ [2)

where
—|a|? oaf —|a|? oo o
‘a> — g laf*/2gaa ‘O> — e ‘/ZZn:O\/m‘n>" s
2) = (14 [22) P, i) = (1 + 27 S (E) M2 m),

are the ordinary (canonical) and spin-j coherent states for the
photon and the atom sectors, respectively.
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Ground-State Energy Surface (for N — o0),
Equilibrium Points and critical atom-field coupling

strength: ¢ = 2,/wwp

The equilibrium points

0’ if A < Ac
o=y = -4
0o={ N %%m A > Ao
0, if A < A\¢ (normal phase)
L 2 (27!
Z2=20= ch)i1 if A\ > \¢ (superradiant phase)
A A
(%)

minimize the energy surface (z = e~'?tan(9/2)):

E(,z) = (a,z|H|o,2)

= wla|? — $Nwg cos(d) + \/ZN)\O“J\;%* sin(#) cos(¢)
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Quantum Phase Transition (Hepp and Lieb 1973)

Normal and superradiant phases

Mean number of photons in the ground state:

0, if A\ < A¢ (normal phase)

i _
(a0, Z0la'alag, 29) = { lag|?, A > A (superradiant phase)

Mean number of excited atoms in the ground state:

0, if A\ < Ac (normal phase)

2 . N
N2, i) > A (superradiant phese)

(g, Z0[dz+j|v, 20) = {
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Holstein-Primakoff representation

A
H = wd; + wala+ ——(al +a)(Jy +J_),
oYz \/N( )(+ )

Angular momentum operators J in terms of the bosonic
operators, [b,bf] = 1 (N = 2)):

J; =bfvN —bib = vVNbf +O(1/N),
J_=+vN-bfbb=+vNb+O(1/N),
J;/N = (bfb —N/2)/N = —-1/2 + O(1/N).

Linear aproximation (valid in the thermodynamic limit N — o)
Hoo = wob'b +wa'a + A(a" + a)(b" +b),

two coupled oscillators (exactly integrable)
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Ground state wave function in position and momentum

Position and momentum operators for the two bosonic modes:
X:\/%(a“ra), Px =i/%(al —a),
__1 1 _ wo (h
Y —\/m(b +b), Py =i,/22(b" +b),

ZZC In;j,m), nc: cutoff

n=0m=-—j

L (wx? Hn (vwX)Hjm (VoY )
X,y) = \/wwge 2 (WX +eoy? i) Ri+m
Y(x,y) gmz_; M o(n+m+j) /2\/m

X p_ i M
i - e BV W{J)izj: i) Hn(%)HHm(%)
PP) = T & 2 T 22 g |
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Figure: Ground state density function in position space (top) and
momentum space (bottom) for different values of \ (from left to right
A=03,1=055and A =0.7)forwy =w=1and N = 20. !
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Uncertainty principle

Variances diverge in the superradiant phase for j — oo
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Entropic Uncertainty of the Ground State

Numerical calculations (Ac = 0.5)

St = _/f(x,y)lnf(x,y)dxdy, p=1f, v =19

4.7

N=20 —— —
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~ 455 |
<
@ 45t
X
< 445t
%
o 4.4
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43t
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- N ™ < wn © ~ © o —
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A
Not compatible with |ag, zp), which gives constant entropy

429 ~2In(er) <S,+S,,
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Symmetry-adapted CSs: Schrodiger catlike states

Ground (+) and first-excited (-) states (even and odd parity):

ez E|-a)®|-2)
o2, %) = Ni(a,2) ’

where N is a normalization factor

2ix 1/2
Nei(a,z) = V2 <1 + g2l <1 — |Z|2> J)

1+(z[2

We shall use the fact that
Min((a,z,i\H\a,z,i» = <a07207i‘H‘a07207i>

far from A, and the approximation |z) ~ [3) = e~18*/2e2"|0)
with 3 = \/2jz forj > 1 i
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Even-Ground State Wave Function in Position and

Momentum Representation

Taking into account the position and momentum representation
of an ordinary (canonical) CS:

2\ /4
<X|O£> _ <w_) ei 2wa2Xe—(\/DX—\/§a1)2/2’
s

1/4 JVE
_ aip j V20,)%/2
pla) = () Vive ,

X,Y) = ( e~ 2(Vox=V2a0)’=3(y&oy —V2 o)

4 e S(VEX+V2a0P— (/o y+V2 o) )

b2
bt 2/ \/mwow M
(PxPy) = o ?ao)e =720 cos (va(Bga0 + P5th),

—2a2—2ﬁ2 1/2 I
where now N, (ag, 5o) = (2(1 + e % o)) ) 5



Step Behavior of Entropy in the Thermodynamic Limit
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Rényi entropy

1
Rf"zl_uln/f“(r)dr, for O<p<oo, p#l,
Hausdorff-Young inequality:
, 1 1
Ry +RY>9(p,v), ;‘1';:2

D 1 I 1 v
() =75 [—u—l n(%)+5 =g (;)} :
Rényi entropy in position and momentum representation
1
1 .
RY ~ In (u# 177) ;o iFA < A¢
In (zuﬁw) DA > Ae
In (yﬁw) , ifA < Ac
RY ~ 1
Y r(2v+1) 1—v . il
In <<W> 7T>, If)\Z)\C 5
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Cat variances

1, 4o
_ 2" Nylep:Bo)? Apx _ 2 27 - 1
AX = o T =2 (e mr V2
1 47r/3§
_ 4] 2T Ni(ag.B0)2 Apy _ 2 2r _ 1
Ay = w0 v = 2o memr Dtz
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Numerical versus cat approximation, N = 20
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Entanglement

Ground state wave function (real)

Z Z Cnm¢n m(X,¥), (dnm|dn m) = OnnOmm

n=0m=-—j

Reduced density matrix:

pr(x.x') = / dyw(x,y)o(x',y)

Purity:

2
Tl’(p%) = //dXdX/pl(X,X/)pl(X/,X) = Z (Z Cnmcn m)
nn’= m=—j
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Entanglement Linear Entropy Ly()\) = 1 — Tr(p?)

0.5¢

I
|
|
Il L A’
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Husimi distribution

Husimi distribution of the basis (photon times Dicke) states:

—laf?/2 0 ( 2 )ZH'm

(J) . _ € « j+m

(a Z) (n‘a><J7m|Z> - \/m (1+ |Z|2)J :
Husimi distribution of the ground state
V(a,z) = |<oz72|¢>|2

Ne¢ .

= ¥ Z CimCiny e (0. 2) e (6. 2)
n,n’=0 m,m’=—j

and normalized according to:
2j+1 ) d?z
) d°a—— =
= f Ve ay
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Moments and Rényi-Wehr| entropies

v-th moments of the Husimi distribution (|z) ~ =/2jz):
dzadzﬂ v j—)oo V_Z, if A< Ac
MJ,V()‘) = /1%4 2 ( ( 7/8)) { 21—1/1/—2’ if A > . :

Rényi-Wehrl entropy:

(M, ()

Wj,u()‘) =

Webhrl entropy (v — 1)

d2ad?28 oo [ 2, if A < A
W;(\) = —/R4 = ®(a, B) In (e, B) — { 2+1n(2), ifA> A
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Growth of zeros of the Husimi distribution and QPT

Husimi density is determined by its zeros through the
Weierstrass-Hadamard factorization. The distribution of zeros
differs for classically regular or chaotic systems and can be
considered as a quantum indicator of classical chaos.

1+27Zze

e —in(21 4+ 1), 1 € Z.

V(,z) =0 = 2aae + 2jIn 132

Using the approximation |z) ~ |3), B = \/2jz:

®(a, B) = 0 = 2aae + 26Be = in(2l +1), 1 € Z,

ap = _&ﬂb
Qe
ﬂe 7T
_ Peg T 2141
Qo aeﬁz Zae( +1)
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Growth of zeros of the Husimi distribution and QPT

Figure: Zeros of the Husimi distribution ®(«, 8) in the cell

ag, B2 € [—1,1] of the momentum plane for A = 0.6, = 10 (top-left),
A =0.6,j = 100 (top-right), A = 10,j = 10 (bottom-left) and

A =10,j = 100 (bottom-right) for A = 0.5.
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