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Classical n-state system

p = (p1, . . . , pn)T — probability vector

pi ≥ 0 ;
∑
i

pi = 1

How to map p into q ?

q = T p

T – stochastic matrix

Tij ≥ 0 ;
∑
i

Tij = 1
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Classical dynamics of n-state system

p(t) = (p1(t), . . . , pn(t))T ; p(0) = p

p(t) = T (t)p

pi(t) =
∑
j

Tij(t)pj

T (t) – classical dynamical map

T (t) – stochastic matrix ; T (0) = In
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Pauli rate equation

d
dt pi(t) =

∑
j

(
πijpj(t)− πjipi(t)

)
; p(0) = p

πij ≥ 0 ; – transition probability from state “j” to state “i” per unit
time

Lij = πij − δij
∑
k

πkj

d

dt
pi(t) =

∑
j

Lij pi(t)

d

dt
p(t) = Lp(t)

L – classical stochastic generator
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Pauli rate equation – properties of L

d

dt
p(t) = Lp(t)

Lij = πij − δij
∑
k

πkj

Lij = πij ; i 6= j

∑
i

Lij =
∑
i

πij −
∑
k

πkj = 0
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Kolmogorov conditions

Suppose you are given L but do not know that

Lij = πij − δij
∑
k

πkj ; πij ≥ 0

How to check that L is legitimate?

Kolmogorov conditions

Lij ≥ 0 (i 6= j) ;
∑

i Lij = 0
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Classical stochastic dynamics

p(t) = T (t)p

d

dt
T (t) = LT (t) ; T (0) = In

T (t) = etL

classical stochastic semigroup

T (t+ s) = T (t)T (s)
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Irreversibility

Remark: note, that T (t) is invertible

T−1(t) = e−tL

however, its is not stochastic matrix !!!

Stochastic dynamics is irreversible
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Algebraic approach

Classical algebra of observables

(Rn, ◦) – commutative algebra

a = (a1, . . . , an)T

(a ◦ b)k := akbk

a ≥ 0 ⇐⇒ a = x ◦ x ⇐⇒ ak = x2
k ≥ 0

e = (1, . . . , 1)T ; a ◦ e = a
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Algebraic approach — states

States = normalized positive linear functionals

p(a) = aT · p =
∑
k

pkak

p(a) ≥ 0 ; a ≥ 0

p(e) = 1

p = (p1, . . . , pn)T ; pk ≥ 0 ;
∑
k

pk = 1
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Algebraic approach — positive maps

A linear map M : Rn −→ Rn is positive iff

a ≥ 0 =⇒ Ma ≥ 0

M is positive iff Mij ≥ 0

A positive map M is stochastic iff MTe = e

A positive map M is doubly-stochastic iff M and MT are
stochastic.
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Algebraic approach — generator

Lij = πij − δij
∑
k

πkj ; πij ≥ 0

(Lp)j =
∑
i

(
πijpj − πjipi

)
Π – positive map ; Πij = πij ≥ 0

Lp = Πp− (ΠTe) ◦ p

If Π is stochastic, then

Lp = Πp− p =⇒ L = Π− In
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Quantum Markovian semigroup
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Operator algebras — intro

A – C∗-algebra with identity I

a ≥ 0 ⇐⇒ a = xx∗ ; A+

A linear map
Φ : A −→ B(H)

is positive iff

Φ(A+) ⊂ A+
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States

A positive map

Φ : A −→ C

such that

Φ(I) = 1

is called a state.
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Mk(A) = Mk(C)⊗A

A linear map
Φ : A −→ B(H)

is k-positive iff

Φk := 1lk⊗Φ : Mk(A) −→Mk(B(H))

is positive.

A linear map
Φ : A −→ B(H)

is completely positive (CP) iff it is k-positive for k = 1, 2, . . ..
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Example: how Φ2 operates

X ∈M2(A)

X =

(
a1 a2

a3 a4

)
; a1, a2, a3, a4 ∈ A

Φ2(X) =

(
Φ(a1) Φ(a2)
Φ(a3) Φ(a4)

)
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Stinespring theorem

A map Φ : A −→ B(H) is CP iff there exists

Hilbert space K
representation

π : A −→ B(K)

linear operator

V : K −→ H

such that

Φ(a) = V π(a)V †
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Stinespring theorem vs. GNS

Φ : A −→ B(H)

If H = C or A is commutative, then Φ is CP iff it is positive.

If H = C and Φ is positive (and hence CP), then Φ defines a state.
Then

Φ(a) = V π(a)V † = 〈Ω|π(a)|Ω〉

recovers GNS !
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H = Cn ; A = B(H) = Mn(C)

Φ : Mn(C) −→Mn(C)

Φ is CP iff Φ is n-positive

Choi, Kraus, Sudarshan

Φ(a) =
∑
α

Kα aK
†
α

Φ is trace-preserving iff
∑

αK
†
αKα = In

Φ is unital (Φ(In) = In) iff
∑

αKαK
†
α = In



Invitation to open quantum systems

H = Cn ; A = B(H) = Mn(C)

Φ : Mn(C) −→Mn(C)

Φ is CP iff Φ is n-positive

Choi, Kraus, Sudarshan

Φ(a) =
∑
α

Kα aK
†
α

Φ is trace-preserving iff
∑

αK
†
αKα = In

Φ is unital (Φ(In) = In) iff
∑

αKαK
†
α = In



Invitation to open quantum systems

H = Cn ; A = B(H) = Mn(C)

Φ : Mn(C) −→Mn(C)

Φ is CP iff Φ is n-positive

Choi, Kraus, Sudarshan

Φ(a) =
∑
α

Kα aK
†
α

Φ is trace-preserving iff
∑

αK
†
αKα = In

Φ is unital (Φ(In) = In) iff
∑

αKαK
†
α = In



Invitation to open quantum systems

States

Φ : Mn(C) −→ C

Φ(a) = Tr(aρ)

quantum states −→ density operators in Mn(C)

S(H) – space of quantum states

ρ ≥ 0 , Tr ρ = 1
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Why CP ?

Φ1 & Φ2 - positive maps

Φ1⊗Φ2 needs NOT be positive !!!

Φ1 & Φ2 - CP maps

Φ1⊗Φ2 is CP as well !!!
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Why CP ?

ρ ∈ S(HA⊗HB)

ρ =
∑
k

pkρ
A
k ⊗ ρBk

(1lA⊗Φ)ρ ≥ 0

If ρ is entangled and Φ positive (1lA⊗Φ)ρ needs NOT be positive !!!

If Φ is CP, then (1lA⊗Φ)ρ ≥ 0 always !!!



Invitation to open quantum systems

Why CP ?

ρ ∈ S(HA⊗HB)

ρ =
∑
k

pkρ
A
k ⊗ ρBk

(1lA⊗Φ)ρ ≥ 0

If ρ is entangled and Φ positive (1lA⊗Φ)ρ needs NOT be positive !!!

If Φ is CP, then (1lA⊗Φ)ρ ≥ 0 always !!!



Invitation to open quantum systems

Why CP ?

ρ ∈ S(HA⊗HB)

ρ =
∑
k

pkρ
A
k ⊗ ρBk

(1lA⊗Φ)ρ ≥ 0

If ρ is entangled and Φ positive (1lA⊗Φ)ρ needs NOT be positive !!!

If Φ is CP, then (1lA⊗Φ)ρ ≥ 0 always !!!



Invitation to open quantum systems

Dynamical map

Λt : S(H) −→ S(H) ; t ≥ 0

Λ0 = 1l

Λt completely positive and trace preserving (CPTP)

ρ0 −→ ρt := Λtρ0

Classical −→ Quantum

Stochastic map −→ CPTP map
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Markovian semigroup

The quantum analog of the Pauli rate equation

d

dt
pt = Lpt

is the following Master Equation

d

dt
ρt = Lρt

L : B(H) −→ B(H)

generator of the dynamical semigroup (“superoperator")
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Markovian semigroup

ρt = Λtρ

d

dt
Λt = LΛt ; Λ0 = 1l

Λt = etL = 1l + tL+
1

2
t2L2 + . . .

ΛtΛs = Λt+s ; t, s ≥ 0
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Markovian semigroup

What are the properties of L such that Λt = etL is CPTP ?

Lp = Πp− (ΠTe) ◦ p ; Πij ≥ 0

a ◦ b =
1

2
(a ◦ b + b ◦ a) =

1

2
{a,b}◦

Π −→ Φ – CP

Lρ = Φρ− 1
2{Φ

∗ In, ρ}

Tr(a[Φρ]) = Tr([Φ∗a]ρ)
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Gorini-Kossakowski-Sudarshan & Lindblad

Lρ = Φρ− 1
2{Φ

∗ In, ρ} ; Φ - CP

Φρ =
∑
α

VαρV
†
α

Lρ =
∑
α

(
VαρV

†
α −

1

2
{V †αVα, ρ}

)

Lρ = −i[H, ρ] +
∑
α

(
VαρV

†
α −

1

2
{V †αVα, ρ}

)
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Example 1 – pure decoherence of a qubit

Lρ = −i[H, ρ] +
∑

α

(
VαρV

†
α − 1

2{V
†
αVα, ρ}

)
H = 0 ; V =

√
γ/2σz ; γ > 0

Lρ =
1

2
γ (σzρσz − ρ)

e1 =

(
1
0

)
; e0 =

(
0
1

)
e1 – excited state ; e0 – ground state

ρt =

(
ρ11 ρ10 e

−γt

ρ01 e
−γt ρ00

)
−→

(
ρ11 0
0 ρ00

)
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Example 1 – pure decoherence of a qubit

Lρ = −i[H, ρ] +
∑

α

(
VαρV

†
α − 1

2{V
†
αVα, ρ}

)
H =

ω

2
σ3 ; V =

√
γ/2σz ; γ > 0

Lρ = − iω
2

[σ3, ρ] +
1

2
γ (σzρσz − ρ)

ρt =

(
ρ11 ρ10 e

−iωt−γt

ρ01 e
iωt−γt ρ00

)
−→

(
ρ11 0
0 ρ00

)
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Example 2 – dynamics of a qubit

σ+ = |1〉〈0| ; σ− = |0〉〈1|

unitary evolution L0ρ = −i[σ3, ρ]

dumping L−ρ = σ−ρσ+ ; L−|1〉〈1| = |0〉〈0|
pumping L+ρ = σ+ρσ− ; L+|0〉〈0| = |1〉〈1|
pure decoherence Lzρ = σzρσz

L =
ω

2
L0 + γ− L− + γ+ L+ +

γ

2
Lz ; γ−, γ+, γ > 0

ρt =

(
p1(t) x(t)
x(t) p0(t)

)
; p0(t) + p1(t) = 1
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Example 2 – dynamics of a qubit

ρt =

(
p0(t) x(t)
x(t) p1(t)

)
; p0(t) + p1(t) = 1

p0(t) = p0(0) e−(γ++γ−)t +
γ−

γ+ + γ−

(
1− e−(γ++γ−)t

)
p1(t) = 1− p0(t)

xt = x0 exp
(
− iωt− [γ− + γ+]t/2 + γt

)
p0(t) −→ p∗0 =

γ−
γ+ + γ−

; p1(t) −→ p∗1 =
γ+

γ+ + γ−

ρt −→
(
p∗1 0
0 p∗0

)
– equilibrium state
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Reduced dynamics

H⊗HR

Λtρ := TrR

[
e−iHt(ρ⊗ωR)eiHt

]

One obtains Markovian semigroup Λt = etL only under suitable
Born-Markov approximation

Genuine Λt is NOT of the form etL !
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Pure decoherence model

H = HS ⊗ IR + IS ⊗HR +HSR

|n〉 – orthonormal basis in HS ; Pn := |n〉〈n|

HS =
∑
n

εnPn

HSR =
∑
n

Pn⊗Bn

IS =
∑
n

Pn

H =
∑

n Pn⊗Zn ; Zn = εnIR +HR +Bn
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Pure decoherence model

H =
∑

n Pn⊗Zn ; Zn = εnIR +HR +Bn

Ut = e−iHt = exp
(
− i[

∑
n

Pn⊗Zn]t
)

=
∑
n

Pn⊗ e−iZnt

ρt = TrR

[
e−iHt(ρ⊗ωR)eiHt

]
=

∑
m,n

TrR

[
Pm⊗ e−iZmt(ρ⊗ωR)Pn⊗ e−iZnt

]
=

=
∑
n,m

cmn(t)PmρPn

cmn(t) = Tr
(
e−iZmt ωR e

iZnt
)
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The matrix [cmn(t)] ≥ 0, and Λt is CPTP.
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H =
∑

n Pn⊗Zn ; Zn = εnIR +HR +Bn

ρt = Λtρ =
∑
n,m

cmn(t)PmρPn

d

dt
Λt = LtΛt ; Lt =?

Lt = Λ̇t Λ−1
t

Ltρ =
∑
m,n

ċmn(t)

cmn(t)
PmρPn =

∑
m6=n

αmn(t)PmρPn
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Invitation to open quantum systems

How to describe general quantum evolution?

ρ −→ ρt = Λtρ



Invitation to open quantum systems

There are several approaches

local in time master equation (TCL approach)
non-local master equation (TC – memory kernel)
stochastic unraveling
...
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Local in time master equation – TCL

d

dt
Λt = LtΛt , Λ0 = 1l

Λt = T exp

(∫ t

0
Ludu

)
=

= 1l +

∫ t

0
dt1 Lt1 +

∫ t

0
dt1

∫ t1

0
dt2 Lt1Lt2 + . . .
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Basic question

What are condition for Lt such that the solution to

d

dt
Λt = LtΛt , Λ0 = 1l

Λt = T exp

(∫ t

0
Ludu

)
is legitimate — CPTP?

Conditions for Lt are NOT known
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What are condition for Lt such that the solution to

d

dt
Λt = LtΛt , Λ0 = 1l

Λt = T exp

(∫ t

0
Ludu

)
is legitimate — CPTP?

Conditions for Lt are NOT known



Invitation to open quantum systems

Special classes

1 C1 – Markovian semigroup (K-L generator)
2 C2 – Divisible maps
3 C3 – Commutative dynamics

C1 ⊂ C2 ∩ C3



Invitation to open quantum systems

Divisible maps

Λt – dynamical map

Λt is divisible iff

Λt = Vt,sΛs

t ≥ s ≥ 0

Vt,s completely positive maps for all t ≥ s
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Divisible maps

d

dt
Λt = LtΛt , Λ0 = 1l

d

dt
Vt,s = LtVt,s , Vs,s = 1l

Vt,s = T exp

(∫ t

s
Ludu

)
Λt = Vt,0

Vt,sVs,u = Vt,u
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Divisible maps
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dt
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s
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)
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Vt,sVs,u = Vt,u
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Divisible maps

Λt is divisible iff

Lt – legitimate Kossakowski-Lindblad generator for all t

Ltρ = −i[H(t), ρ] +
∑
α

(
Vα(t)ρV †α(t)− 1

2
{V †α(t)Vα(t), ρ}

)



Invitation to open quantum systems

Divisible vs. Markovian

Λt = Vt,sΛs

Vt,sVs,u = Vt,u

Some authors call the quantum evolution Markovian iff Λt defines
divisible dynamical map.

Markovianity = Divisibility



Invitation to open quantum systems

Commutative dynamics

[Lt, Lu] = 0

Λt = T exp

(∫ t

0
Ludu

)
= exp

(∫ t

0
Ludu

)

Lt defines a legitimate generator iff∫ t
0 Ludu has K-L form for all t ≥ 0
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Invitation to open quantum systems

Example: qubit dynamics

commutative pure decoherence

Ltρ =
1

2
γ(t)

(
σzρσz − ρ

)

ρt =

(
ρ00 ρ01 e

−Γ(t)

ρ10 e
−Γ(t) ρ11

)
; Γ(t) :=

∫ t

0
γ(u) du

Λt is CPTP iff Γ(t) ≥ 0

Λt is divisible (Markovian) iff γ(t) ≥ 0

Λt is a Markovian semigroup iff γ(t) = γ > 0
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Stochastic unraveling

ψ̇t = i
2 ωt σz ψt

〈〈ωt ωs 〉〉 =: α(t, s) , 〈〈ωt 〉〉 = 0

ρt := 〈〈 |ψt〉〈ψt| 〉〉 −→ ρ̇t = γ(t)
(
σzρtσz − ρt

)
γ(t) :=

∫ t

0
α(t, s) ds needs not be positive!

Γ(t) :=

∫ t

0
γ(u) du =

∫ t

0

∫ t

0
α(u, s) du ds ≥ 0

Markovian ←→ α(t, s) = γδ(t− s) ←→ γ(t) = γ



Invitation to open quantum systems

Markovianity – various concepts

Markovian semigroup (white noise) −→ M1

ΛtΛu = Λt+u

divisibility −→ M2

Vt,sVs,u = Vt,u

distinguishability of states (Breuer et al) −→ M3

NOT related to any composition law

M1 ⊂ M2 ⊂ M3
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Distinguishability

D[ρ1, ρ2] :=
1

2
||ρ1 − ρ2||1

||A||1 := Tr|A| = Tr
√
AA†

D[ρ1, ρ2] = distinguishibility of ρ1 and ρ2

Λ — CPTP map (quantum channel)

D[Λ ρ1,Λ ρ2] ≤ D[ρ1, ρ2]
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Divisibility vs. distinguishability

Λt – dynamical map

ρ1(t) = Λtρ1 , ρ2(t) = Λtρ2

D[ρ1(t), ρ2(t)] ≤ D[ρ1, ρ2] ; t ≥ 0

ρt = UtρU
†
t =⇒ d

dt
D[ρ1(t), ρ2(t)] = 0

ρt = eLtρ =⇒ d

dt
D[ρ1(t), ρ2(t)] < 0
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Markovianity — new definition

Breuer, Lane and Piilo, PRL 2008

σ[ρ1, ρ2; t] :=
d

dt
D[ρ1(t), ρ2(t)] = flux of information

Λt is Markovian iff σ[ρ1, ρ2; t] ≤ 0



Invitation to open quantum systems

Divisibility vs. information flow

Markonianity I ←→ semigroup Λt = etL

Markonianity II ←→ divisibility
Markovianity III ←→ σ[ρ1, ρ2; t] ≤ 0

Divisibility =⇒ σ[ρ1, ρ2; t] ≤ 0

σ[ρ1, ρ2; t] ≤ 0 does not imply Divisibility
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Example: decoherence of qubit (Sabrina talk)

Ltρ =
1

2
γ(t)

[
σzρσz − ρ

]
M1 ⊂M2 =M3

γ(t) ≥ 0 ⇐⇒ σ[ρ1, ρ2; t] ≤ 0



Invitation to open quantum systems

Special class of generators

P — CPTP projector

P2 = P

L := γ(P − 1l) ; legitimate K-L generator

Λt = etL = e−γt1l + (1− e−γt)P

t −→∞ =⇒ ρt −→ Pρ
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Example 1

P – CPTP projector

|1〉, |2〉 . . . – orthonormal basis in H

Pk := |k〉〈k|

Pρ =
∑

k Pk ρPk P2 = P

ρii(t) = ρii ; ρij(t) = e−γtρij

pure decoherence of a qudit
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Example 2

ω – density matrix ; γ > 0

Pρ = ωTr ρ P2 = P

Lρ = γ
(
ωTr ρ− ρ

)
; – K-L generator

ρ −→ ρt = e−γt ρ+
(

1− e−γt
)
ω

t −→∞ =⇒ ρt −→ ω (asymptotic state)
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Example 2

Lρ = γ
(
ωTr ρ− ρ

)
; – K-L generator

ω – density matrix ; γ > 0

γ −→ γ(t) ≥ 0

ω −→ ωt – time-dependent density matrix for t ≥ 0

Ltρ = γ(t)
(
ωt Tr ρ− ρ

)
; – K-L generator for t ≥ 0

Λt – divisible map
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Example 2

Lρ = γ
(
ωTr ρ− ρ

)
; – K-L generator

ω – density matrix ; γ > 0

γ −→ γ(t) (needs not be positive!!!)

ω −→ ωt – hermitian matrix ; Trωt = 1

Ltρ = γ(t)
(
ωt Tr ρ− ρ

)
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(
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Example 2

Lρ = γ
(
ωTr ρ− ρ

)
; – K-L generator

ρ −→ Λtρ = e−γt ρ+
(

1− e−γt
)
ωTrρ

Ltρ := γ(t)
(
ωt Tr ρ− ρ

)
Λtρ = e−Γ(t)ρ+

(
1− e−Γ(t)

)
Ωt Trρ

Γ(t) =

∫ t

0
γ(u)du ; Ωt =

1

eΓ(t) − 1

∫ t

0
γ(u)eΓ(u) ωu du
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Example: Λt legitimate

Λtρ = e−Γ(t)ρ+
(

1− e−Γ(t)
)

Ωt Trρ

Γ(t) =

∫ t

0
γ(u)du ; Ωt =

1

eΓ(t) − 1

∫ t

0
γ(u)eΓ(u) ωu du

Λt is CPTP iff

Γ(t) ≥ 0

Ωt ≥ 0 , that is, Ωt defines a density matrix
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Example: Λt divisible

Λtρ = e−Γ(t)ρ+
(

1− e−Γ(t)
)

Ωt Trρ

Γ(t) =

∫ t

0
γ(u)du ; Ωt =

1

eΓ(t) − 1

∫ t

0
γ(u)eΓ(u) ωu du

Λt is divisible iff

γ(t) ≥ 0

ωt ≥ 0 , that is, ωt defines a density matrix
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Example: information flow

Λtρ = e−Γ(t)ρ+
(

1− e−Γ(t)
)

Ωt Trρ

Γ(t) =

∫ t

0
γ(u)du ; Ωt =

1

eΓ(t) − 1

∫ t

0
γ(u)eΓ(u) ωu du

∆ = ρ1 − ρ2 ; Tr ∆ = 0

Λt∆ = e−Γ(t)∆

Negative information flow is controlled ONLY by γ(t) ≥ 0 and
NOT by ωt !!!

Divisible maps ⊂ σ[ρ1, ρ2; t] ≤ 0
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Divisibility and contractivity

σ(ρ1, ρ2; t) :=
d

dt
||Λt ∆ ||1 ; ∆ := ρ1 − ρ2

Tr ∆ = 0

∆ traceless hermitian −→ ∆ hermitian

Let Λt be a dynamical map. Λt is divisible if and only if

d

dt
||Λt ∆ ||1 ≤ 0

for all ∆† = ∆ ∈ B(H)
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Divisibility implies monotonicity of several well known quantities.

distinguishability,
fidelity,
relative entropy,
entanglement measures, ...
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Divisibility vs. fidelity

F (ρ, σ) =
(

Tr
[√√

ρ σ
√
ρ
])2

F (ρ, σ) ≤ F (ρ(t), σ(t))

If Λt is a divisible map, then

d

dt
F (ρ(t), σ(t)) ≥ 0 .
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Divisibility vs. entropy

S(ρ ||σ) = Tr
[
ρ(log ρ− log σ)

]
S(ρ(t) ||σ(t)) ≤ S(ρ ||σ)

If Λ(t) is a divisible map, then

d

dt
S(ρ(t) ||σ(t)) ≤ 0 .
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Divisibility vs. entropy

The same works for relative Rényi and Tsallis entropies

Sα(ρ ||σ) =
1

α− 1
log
[
Tr ρασ1−α

]
; α ∈ [0, 1) ∪ (1,∞)

Tq(ρ ||σ) =
1

1− q

[
1− Tr ρqσ1−q

]
; q ∈ [0, 1)

lim
α→1

Sα(ρ ||σ) = lim
q→1

Tq(ρ ||σ) = S(ρ ||σ)
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Divisibility vs. entanglement

W – an arbitrary density matrix in H⊗H′

Wt = (Λt⊗ 1l)W

If E is an entanglement measure then

E [(Φ⊗Φ′)W ] ≤ E [W ] ,

If E is an entanglement measure then

E [Wt] ≤ E [W ] ,

If Λt is divisible then
d

dt
E [Wt] ≤ 0 ,
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