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Evolutionary game theory

John Maynard Smith
(1920 - 2004)

George Price
(1922 - 1975)



  

Hawks and doves

hawk dove
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R = resource (food)
D = damage received in conflict

D > R



  

Hawks and doves

[hawks ]= x [doves]=1− x

Accumulated payoffs are proportional to:

W hawk (x )=
R−D

2
x+R(1− x)

W dove(x )=
R
2
(1−x )

Evolutionary assumption:

f i( x )=ℱ (W i (x )) ℱ ' (w)>0



  

Hawks and doves

W hawk (x )−W dove( x)=
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Symmetric games

 Individuals confronting each other (players): n
 Species (strategies): i = 1, … , r
 Payoffs:
 Mean payoffs in a population x:

Π(i , j2 ,… , jn)

W i( x )=∑
j 2=1

r

⋯∑
j n=1

r

Π(i , j2 ,… , jn) x j 2
⋯x j n

i=1,… , r



  

Classic games

prisoner's dilemma

coop. defect
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stag-hunt

stag hare

stag 3 0
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Classic games



chicken / snowdrift

stay quit

stay –1 2

quit 0 0p
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Classic games



  

Classic games

rock, paper, scissors
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Classic games

D
C
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Classic games
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Classic games
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Classic games

0 1 2 ... n – 1

C b / n – c 2 b / n – c 3 b / n – c ... b – c

D 0 b / n 2 b / n ... (n – 1) b / np
la
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1

remaining remaining n n – 1– 1 players players

public goods

# C



  

Replicator equation

Simplest relation between fitness and payoff:

ℱ (w )=αw+γ

d x i

d t
=x i ( f i( x )−x⋅ f ( x))

d x i

d (α t )
=x i (W i( x)−x⋅W ( x) )

equilibria are independent of α and γ



  

Replicator equation

Common choice:

d x i

d t
=x i (W i( x )−x⋅W ( x ))

ℱ (w )=w

replicator equation



  

Social dynamics: imitation

imitation probability

T j i= f i , j (x )

i j



  

Social dynamics: imitation

meeting probability

d x i

d t
=∑

j=1

r

[ f i , j( x)− f j ,i (x )] x i x j

i j



  

Social dynamics: imitation

f i , j (x )=F (W i( x ) ,W j( x ))

Assumptions:

F (u ,v)=ϕ(u−v)

ψ(z )≡ϕ( z)−ϕ(−z )

d x i

d t
=x i∑

j=1

n

ψ[W i( x )−W j (x )] x j

1

2

3



  

Social dynamics: imitation

ϕ( z )=(z )+ ⇒ ψ( z )= z

d x i

d t
=x i (W i( x )−x⋅W ( x ))



  

Equilibria

d x i

d t
=x i (W i( x )−x⋅W ( x ))

x i=0 or W i( x )=x⋅W ( x)

all species present in an equilibrium earn the same payoff



  

2 species, 2 players

[A ]= x [B]=1− xΠ=(a b
c d )
A    B

A
B

f A (x )=a x+b(1−x )
f B (x )=c x+d (1−x )

d x
d t
=x (1−x ) [b−d−(b−d +c−a) x ]



(b−d )(c−a)<0 ⇔ 1 species dominates

b−d>0

b−d<0

x0 1

x0 1

all-A

all-B

2 species, 2 players



(b−d )(c−a)>0 ⇔ x *=
b−d

b−d+c−a

b−d>0

b−d<0

all-Aall-B
0 1x *

x0 1x *

x

2 species, 2 players



2 species, 2 players
prisoner's 
dilemma stag hunt

chicken / 
snowdrift

a 3 3 –1

b 0 0 2

c 4 2 0

d 1 1 0

c – a 1 –1 1

b – d –1 –1 2

(b – d)(c – a) –1 1 2

defect coop. hare stag½ quit stay⅔



2 species, n players
(public goods)

[C]=x

W D( x)=∑
k=0

n−1

(n−1
k ) x k (1−x )n−1− k b

n
k

=b
n−1

n
x                    

W C(x )=∑
k=0

n−1

(n−1
k ) xk (1−x )n−1− k ( b

n
(k+1)−c)

=b
n−1

n
x+

b
n
−c                         



2 species, n players
(public goods)

d x
d t
=x (1−x )[W C( x)−W D (x )]

= x (1−x )( bn−c)          

b>n c

b<n c

0 1

x0 1

all-C

all-D

xweak altruism

strong altruism



Replicator eq.: properties

e i=(0,… ,0,1,0,… ,0)
( i)

W i( x )=e i⋅W ( x ) ∀ x

1

e
1
,…,e

r
  are equilibria of the replicator equation



Replicator eq.: properties

Π̃(i , j2 ,… , jn)=Π(i , j2 ,… , jn)+ξ( j2 ,… , j n)

Ω( x )=∑
j 2=1

r

⋯∑
jn=1

r

ξ ( j 2 ,… , jn) x j2
⋯x j n

W̃ i( x )=W i (x )+Ω(x )

d x i

d t
=x i [W̃ i( x)−x⋅W̃ ( x) ]=x i [W i( x)−x⋅W ( x) ]

2



Replicator eq.: properties

V ( x )≡∏
i=1

r

x i
pi

d V
d t
=V (x ) [ p⋅W ( x )−( p⋅1) x⋅W ( x) ]

3

in particular:

d
d t (

x i

x j
)=( x i

x j
)[W i( x)−W j( x )]



Π=(
0 −1 1
1 0 −1
−1 1 0 )

R P S

R
P
S

Π=−Π
T

⇒ x⋅W ( x)=xΠ x=0

Rock, paper, scissors

p=( 13 ,
1
3

,
1
3 ) ⇒ W ( p )=0

p  is an interior equilibrium



Rock, paper, scissors

V ( x )≡ x1 x 2 x3 ⇒
d V
d t
=V ( x)3 p⋅W ( x )=0

x1 x2 x3=c⩽
1

27
orbits

R P

S



Π=(
0 −a 1
1 0 −a
−a 1 0 )
R P S

R
P
S

Generalized RPS

W ( p)=
1−a

3
1 p⋅W ( p)=

1−a
3

p  is an interior equilibrium



Generalized RPS

d V
d t
=V (x ) [1⋅W ( x)−3 x⋅W (x ) ]                       

=V (x )(1−a) [1−3( x1 x2+ x2 x3+x3 x1)]

=V ( x )
3
2
(1−a)[ x1

2
+ x2

2
+x3

2
−

1
3 ]             

a>1 a=1 a<1



Π=(
0 −a2 b3

b1 0 −a3

−a1 b2 0 )
R P S

R
P
S

       detΠ<0
(a1 a2 a3>b1b2 b3)

       detΠ=0
(a1 a2 a3=b1 b2 b3)

        detΠ>0
(a1 a2 a3<b1b2 b3)

Generalized RPS



  

Hyperparasites

Turner & Chao, Nature 398, 441-443 (1999)

W cheater (x )=T (1− x)+P x
W cooper.( x )=R (1− x)+S x

[cheater ]= x



  

Hyperparasites

Turner & Chao, Nature 398, 441-443 (1999)

T
R

P
S

P

W cheater( x)

W cooper.( x)
=

T (1− x)+P x
R(1− x)+S x



  

Lizard's mating habits

AA BB CC

A  A  monogamous and jelous
B  B  polygamous

C  C  sneaky

AA

BB CC

Uta stansburiana



  

Lizard's mating habits

Zamudio & Sinervo, PNAS 97, 14427-14432 (2000)
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