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Conclusion

• An expansion in gradients rather then density 
perturbations, allows for non-linear densities

• The solution to the metric is given in terms of initial 
conditions and a number of time-dependent functions

• The gradient expansion follows exact gravitational collapse 
remarkably well
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Metric up to 4 gradients

5

This is simply the separate universe approximation where each point evolves as a homogeneous FRW universe. Up
to second order in gradients we get
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where we have substituted the 0th order result in the terms that contain two gradients: R̂ij ⌘ R̂ij(klm) and R̂ ⌘ R̂(klm)
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�
(2)

ij = A2(t)kij + �(t)(R̂kij � 4R̂ij) , (32)

where

�(t) = e
2

R
t

t

i

H

tZ

t
i

h
e
�2

R
x

t

i

H
J
i
dx =

2p
3⇤

"
sinh

p
3⇤

2
t

#
4/3

p
3⇤
2 tZ

p
3⇤
2 t

i

(sinhu)�4/3
J(u) du . (33)

Proceeding to 4 gradients we have
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where a vertical bar denotes covariant derivation w.r.t. the seed metric kij and the Bianchi identity has been used to
eliminate some terms. The C and D coe�cients then read
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We obtain
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One could proceed in this manner to obtain higher order terms.

C. Range of validity and the relation to the Zel’dovich approximation

Before proceeding further it is worth estimating the range over which the gradient expansion can be applied.
Focusing at early enough times the cosmological contant doesn’t play a role and the universe evolves as if it were
matter dominated. The metric in the gradient expansion then reads
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where we have ignored terms that are subdominant when t � t
i

. We can then estimate that the expansion should be
valid for t . t
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kij = initial seed spatial metric (synch. comov. gauge)

ˆ =quantities evaluated on kij
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Action for a dusty scalar field 
in GR

2

o↵ers a less laborious way to perform the expansion. In this section we follow the HJ methods to obtain a gradient
expansion for inhomogeneities in a ⇤CDM universe.

The applicability of a gradient expansion does not rely on some quantity being a small perturbation around a
given background but would generally require the existence of a hierarchy between spatial and temporal derivatives
@tQ > @iQ ⇠ �Q

�t > �Q
L where Q is either a matter or a metric quantity with �t and L the characteristic time-scale

and length-scale of the system respectively. One would generically expect the gradient expansion to be applicable on
length-scales L � �t i.e. scales beyond causal contact. This has indeed been used in early universe cosmology where
@tQ ⇠ HQ under the guise of the super-horizon (aH < x) ”separate universe” approximation which is nothing but
the lowest order in a gradient expansion [? ]. However, the gradient expansion can also be used for length scales
within causal contact provided that the spatial variation of the initial data is smooth enough and the spatial gradients
small. One could then still use the gradient expansion but for a limited time span: bigger spatial variations would
correspond to shorter times for which the gradient series would apparently converge. We will make these statements
more precise below.

A. Hamilton-Jacobi for ⇤CDM

Let us start by writing an action for gravity with a cosmological constant ⇤ and Cold Dark Matter (CDM)
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where � is a potential for the 4-velocity of CDM, Uµ = �gµ⌫@⌫�, and ⇢ is the energy density. The latter acts as
a Lagrange multiplier whose variation ensures that UµUµ = �1. Variation w.r.t. � gives the continuity equation
rµ(⇢@µ�) = 0 while variation of the CDM part of the action w.r.t. gµ⌫ gives the usual CDM energy momentum
tensor Tµ⌫ = ⇢UµU⌫ . Gravity is described by the standard Einstein-Hilbert term with the addition of a cosmological
constant with (4)R the 4-dimensional Ricci Scalar, and  = 8⇡G. The ADM decomposition for the metric can now
be used to develop a Hamiltonian formalism for this system. Writing the metric as

g
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Choosing the velocity potential � to define the time hypersurfaces of the system implies that @i� = 0 along with
@�
@t = 1 and N = 1. The metric then takes the form

ds2 = �dt2 + �ij(t,x)dx
idxj , (9)
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o↵ers a less laborious way to perform the expansion. In this section we follow the HJ methods to obtain a gradient
expansion for inhomogeneities in a ⇤CDM universe.

The applicability of a gradient expansion does not rely on some quantity being a small perturbation around a
given background but would generally require the existence of a hierarchy between spatial and temporal derivatives
@tQ > @iQ ⇠ �Q

�t > �Q
L where Q is either a matter or a metric quantity with �t and L the characteristic time-scale

and length-scale of the system respectively. One would generically expect the gradient expansion to be applicable on
length-scales L � �t i.e. scales beyond causal contact. This has indeed been used in early universe cosmology where
@tQ ⇠ HQ under the guise of the super-horizon (aH < x) ”separate universe” approximation which is nothing but
the lowest order in a gradient expansion [? ]. However, the gradient expansion can also be used for length scales
within causal contact provided that the spatial variation of the initial data is smooth enough and the spatial gradients
small. One could then still use the gradient expansion but for a limited time span: bigger spatial variations would
correspond to shorter times for which the gradient series would apparently converge. We will make these statements
more precise below.
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and ti is the initial time. Given the above, the metric can now be obtained by solving equation (14). Up to terms
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gradients separately.
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to the comoving synchronous gauge1. It also means that ⇡� now plays the role of the Hamiltonian density:�⇡� ⌘ H.
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Let us now apply the HJ approach to the Hamiltonian system (11) - see eg [? ]. The action can be considered as a
function of the metric and time S[t, �ij ]. Then the momentum is simply the variation of this action w.r.t. the metric
⇡ij = �S/��ij , the Hamiltonian is minus the rate of change of the action with time and the HJ equation
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This is simply the separate universe approximation where each point evolves as a homogeneous FRW universe. Up
to second order in gradients we get
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Proceeding to 4 gradients we have
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where a vertical bar denotes covariant derivation w.r.t. the seed metric kij and the Bianchi identity has been used to
eliminate some terms. The C and D coe�cients then read
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One could proceed in this manner to obtain higher order terms.

C. Range of validity and the relation to the Zel’dovich approximation

Before proceeding further it is worth estimating the range over which the gradient expansion can be applied.
Focusing at early enough times the cosmological contant doesn’t play a role and the universe evolves as if it were
matter dominated. The metric in the gradient expansion then reads
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where we have ignored terms that are subdominant when t � t
i

. We can then estimate that the expansion should be
valid for t . t
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and the spatial coordinate lines comove with the matter - there is no peculiar velocity. This choice then corresponds
to the comoving synchronous gauge1. It also means that ⇡� now plays the role of the Hamiltonian density:�⇡� ⌘ H.
By imposing the energy constraint U = 0 we obtain in this gauge a hamiltonian density for the gravitational field
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where R is the Ricci scalar of the 3-dimensional time hypersurfaces. The action finally takes the form
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and defines a constrained Hamiltonian system where the canonical momentum ⇡ij is constrained to be covariantly
conserved
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ki = 0 . (12)

Let us now apply the HJ approach to the Hamiltonian system (11) - see eg [23]. The action can be considered as a
function of the metric and time S[t, �ij ]. Then the momentum is simply the variation of this action with respect to
the metric ⇡ij = �S/��ij , the Hamiltonian is minus the rate of change of the action with time and the HJ equation
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contains all the dynamical information of the system. It is a single partial di↵erential equation for S as a functional
of �ij and a function of t. Once S[t, �ij ] is determined the metric can be obtained from
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=
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Furthermore, the remaining constraint (12) will be automatically satisfied if

S =

Z
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p
� F(t, �ij) , (15)

where F(t, �ij) is some scalar function of the metric making S invariant under 3-D di↵eomorphisms. Indeed, the
variation of such a functional with respect to the metric will yield a covariantly conserved tensor which will thus
satisfy (12). Once a solution is obtained, the CDM density can be obtained from

⇢(t,x) =
⇢
0p
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, (16)

where ⇢
0

is a constant. Equations (13) and (14) are the basic equations that need to be solved in this approach.

B. The gradient expansion

The gradient expansion in this formulation begins by writing an ansatz for F as [5, 6]

F = �2H(t) + J(t)R+ L
1

(t)R2 + L
2

(t)RijRij + . . . , (17)

a series in powers of the 3-D Ricci curvature (involving an increasing number in gradients of �ij). The HJ equation
(13) can now be solved separately for terms with a di↵erent number of gradients. This gives for the time dependent

1
There is conceptual similarity of this choice to the Lagrangian picture of cosmological perturbations [22]; see also the discussion below

on the relation to the Zel’dovich approximatiton.

S[⇡ij , �ij , t] = F [⇡ij , �ij , t] =

Z
d

3
x

p
�F [⇡ij , �ij , t]

[Salopek, Stewart,  CQG 1992]
[Croudace, Parry, Salopek, Stewart,  ApJ 1993]
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Let’s compare to something 
real

• Exact solutions for a spherically symmetric collapsing object 
embedded in FLRW, using the LTB metric         [WV, GERG 2012]
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a(r, t) + ra0(r, t)
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dr2 + r2a2(r, t)d⌦2
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Range of applicability

6

The exact coe�cient is of course dependent on the form of the initial 3-metric kij . We can therefore estimate that the
expansion should be valid for t . t

con

. After this time the contributions to the metric of successive terms containing
more gradients are no longer perturbatively ordered and the iterative solution to (27) breaks down. However, note
that the timescale over which the series breaks down is commensurate with the time of collapse for a region of positive
spatial curvature (where R̂kij � 4R̂ij < 0). After that the region either forms a singularity or a caustic is created
which would need extra physics for its resolution. Either way, one would not expect the current description to hold
anymore and thus the limited timescale over which the expansion holds does not appear to be a serious limitation.
For negative curvature regions which keep on expanding things are less clear-cut since there is no natural limit on the
evolution timescale. Nevertheless, it would seem that the gradient expansion can provide a fair description for times
longer than t

con

even in this case - see [19].
Let us now apply the above to our universe. Assuming the standard inflationary initial conditions, the initial seed

metric takes the form

kij =

✓
t
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t
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3
�(x)

◆
, (39)

where �(x) is the primordial Newtonian potential and we have scaled the seed metric such that in the absence of
perturbations the scale factor would be unity today. Note that the lowest order in the above expansion is simply the
separate universe approximation where each spatial point scales as a FRW, CDM, universe with scale factor a / t2/3.
With kij as the initial metric, we have
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The timescale for which the above approximation for the metric is accurate is estimated to be

t
con

t
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' 3.4⇥ H3

0

(r2�)3/2
, (42)

in accordance to (38). We see that for describing an inhomogeneous universe which resembles ours for the whole of t
0

,
the metric can include perturbations down to about k = 0.3hMpc�1. Of course, even shorter scales can be accurately
described but for shorter times, comparable to the collapse times of the over-dense regions.

Given these approximations, the local density of matter can be obtained from
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Note that if this expression is expanded to linear order in � one recovers the result of linear perturbation theory for
the density contrast in the synchronous gauge. Dropping the B̂ij term we have
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which reproduces the well known Zel’dovich approximation. Thus, the gradient expansion in the comoving synchronous
gauge can be thought of as providing a relativistic extension of the Zel’dovich approximation [5, 6]2. In fact, as will
also be demonstrated below, the higher order terms are crucial for increased accuracy during the more advanced
stages of the gravitational evolution.

At late times H !
q

⇤

3

and the universe enters a de Sitter phase in which case it is easy to see that the 4-

gradient terms in the metric are exponentially suppressed, the 2-gradient terms freeze while the 0-gradient terms are
exponentially enhanced. Thus, the gradient expansion becomes increasingly better with time, converging with time
to the separate universe picture as would be expected, apart from patches which su↵er gravitational collapse before
the de Sitter phase.

2
Planar solutions in the presence of ⇤ akin to Zel’dovich pancakes are described in [24] and [25] for GR and Newtonian Gravity respectively
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perturbations the scale factor would be unity today. Note that the lowest order in the above expansion is simply the
separate universe approximation where each spatial point scales as a FRW, CDM, universe with scale factor a / t2/3.
With kij as the initial metric, we have
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where

B̂ij =
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The timescale for which the above approximation for the metric is accurate is estimated to be

t
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0

(r2�)3/2
, (42)

in accordance to (38). We see that for describing an inhomogeneous universe which resembles ours for the whole of t
0

,
the metric can include perturbations down to about k = 0.3hMpc�1. Of course, even shorter scales can be accurately
described but for shorter times, comparable to the collapse times of the over-dense regions.

Given these approximations, the local density of matter can be obtained from
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Note that if this expression is expanded to linear order in � one recovers the result of linear perturbation theory for
the density contrast in the synchronous gauge. Dropping the B̂ij term we have
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which reproduces the well known Zel’dovich approximation. Thus, the gradient expansion in the comoving synchronous
gauge can be thought of as providing a relativistic extension of the Zel’dovich approximation [5, 6]2. In fact, as will
also be demonstrated below, the higher order terms are crucial for increased accuracy during the more advanced
stages of the gravitational evolution.

At late times H !
q

⇤

3

and the universe enters a de Sitter phase in which case it is easy to see that the 4-

gradient terms in the metric are exponentially suppressed, the 2-gradient terms freeze while the 0-gradient terms are
exponentially enhanced. Thus, the gradient expansion becomes increasingly better with time, converging with time
to the separate universe picture as would be expected, apart from patches which su↵er gravitational collapse before
the de Sitter phase.

2
Planar solutions in the presence of ⇤ akin to Zel’dovich pancakes are described in [24] and [25] for GR and Newtonian Gravity respectively

⇢ / 1p
det �ij



Outlook

• Get P(k) for standard cosmology and compare to other 
non-linear extensions
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Conclusion

• An expansion in gradients rather then density 
perturbations, allows for non-linear densities

• The solution to the metric is given in terms of initial 
conditions and a number of time-dependent functions

• The gradient expansion follows exact gravitational collapse 
remarkably well


