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Quantum Zeno effect
(1)

Consider a quantum system Q, whose states are in #H

Time evolution U (¢) = exp(-iHt).

P a projection operator [P, H ]| = 0, and PH = # , its eigenspace.
Initial density matrix p,in #, : p, = Pp,P, Trp,P]=1

Perform a measurement at time 7, in order to check whether Q has “survived”.
po — PU(T)poU (7)1 P,
+ with probability

p(r) = Te[U(1)poU ()" P] = T[V (1)poV (7)1, G S




P =Vy@Op @', V@ =[PU/N)P]"

The probability to find the system in Hp reads

pM) () = Te[Viv () po Vv ()] "=5° Tx[Ppo] = 1

Frequent observation freeze sgstem in its initial state

Formulation due to Misra and Sudarshan 1977




Zeno of Elea

- Zeno was an Eleatic philosopher, a native of
- Elea in Italy, son of Teleutagoras, and the
 favorite disciple of Parmenides. He was
~ born about 488 BC, and at the age of forty

accompanied Parmenides to Athens

The flying arrow 1s at rest.

At any given moment it 1S 1n a space equal |
to 1its own length, and therefore 1s at rest at
that moment. So, 1t 1s at rest at all
moments. The sum of an infinite number
of these positions of rest 1s not a motion.
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back to Phgsics: sgstem need not bc—: He:

e
0) = |in) ¢

example:

measure ==@»

sgstcm remains in initial state

more | nteresting

]

example:

measure ==i»

| fisgstem remains in subspace defined }39
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(negativc—: result, no__r_jselective) measurement
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Quantum Zeno Dgnamics (’the “simPle” case :-)
~ Multidimensional #, = PH, Tr P > 1,
<=

bounded Hamiltonian,

Limiting time evolution
LV, (1) = lim ¥, (¢) = im[PU(¢/ N)P]" = Pexp(~i PHPt)

~ |unitaryin H ,,i.e. PHP self -adjointin H ,.

- The state of the system Q 1s not completely specified

' but can evolve in a suitable subspace %, (instead of evolving

"naturally"in the total Hilbert space #).

2 Exner1985
P. Facchi 2010




Partition 3 =@%H,, Y P, =1

Free evolution U Pp=U®pU®", U(t)=exp(-iHt)
Nonselective measurement
Schwinger, Proc.Nat. Acad. Sc. 45,1552 (1959)

Pp =Y PpP,
- Zeno evolution

7,(t) = lim (1) = lim (BT, )

N—

V,(0p = SV, 0pV, (), V(1) =F,exp(-iP,HP,1)

Quantum Zeno subspaces and dynamics:

Facchi and P, Phys. Rev. Lett. 89, 080401 (2002)







Unitary kicks

Q undergoes N kicks U, (instantaneous unitary

transformations) in a time interval ¢ (P—=U))
t C C C C UC UC
VN(t) = |:UCU (_):I
: N l l l l ...... l U;
U(t) = exp(-iHt) oy Oy © ©
Nt
Limiting evolution N — Quantum maps
' : : Berry, Balazs, Tabor,Voros (1979)
x TN S
V2(0) = im UV (2) = exp(=iH 1) | Casati, Chirikov, Ford and lzrailev (1979)
H, = E P HP , U, = E e_m”Pn von Neumann's ergodic theorem
S — hm 2 UN 11’1V 2 11’1V })inv
V,(6)="Y P, exp(~iP, HE 1) Y=< N

I‘)‘Ynamlcal diCOUPhng Viola and Lloyd, Phys. Rev. A 58, 2733 (1998)
Bang-bang” control Facchi, Lidar, Pascazio, Phys.Rev. A 69,032314-(2004)-
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Hamiltonians

: L
cavil 9 == 5

kick/ Us|h,n) = |h,n)
US —|-,TL> o ’—|-,TL>
Us _7S> o ‘_78>

measaurement

Bl =488l 4

. then measure s :{>




7 eno Hamiltonian
Hy = P<SHP<S +P>SHP>S

H<s B H>S
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5=6: Phase space view
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7 | Quantum Zeno subspaces
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Free particle in n dimensions

p° hA U(t) = exp(—iHt/h) in L*(R")

R D T b
. 2M 2M’

() C R™ compact domain, P = yq(x) spatial projection

/ N

/2| i

(¥
 How does the particle move inside Q27 Does it leak out?
~ The weak limit V() exists and yields
Vz(t) =S eXp(—’iHQt/h)P,
- a unitary group in L*(Q)

with Zeno Hamiltonian

- Zeno dynamics V,(¢) = }[im

. V(s)=PU(s)P

Ho=-——, D(Hg)=H*Q)nHI) Free particle in a
: e box with perfectly
Dirichlet boundary conditions reflecting hard walls

_.Facchi Marmo, Pascazio, Scardicchio, Sudarshan 2003 .
) ) y y '
Exner and Ichinose, 2005 ---although there is NO wall!




more on free Particle
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oM 2M

, Ul(t)=exp(-iHt)

in L’ (R”)

QCR” acompact domain, P =%, (x) spatial projection

. HZ 9 (HI/QP)*(Hl/QP) BT

ADirichlet

2M




} a short note
; UM (t) = <e—iTt/N€—in/N) (e—iTt/Ne—in/N> <e—iTt/N€—in/N>

"

N ;i?nes
_ (_—iTt/N _—iVt/N 0
T e & Fegnman/Trot‘cer
o e—i(T—l—V)t = e—th S e V
N ;i?nes
= (Pe—th/N)N Zeno (Faddeev)

6—2PHPtP

() (t) = (e—iHlt/Ne—iH2t/N> (e—iHlt/Ne—ngt/N) (e—iHlt/Ne—ngt/N>

A 7
-~

N times

. ; N
= (e—zHlt/Ne—zHQt/N>
g. chaos,/control
s e—i(ﬁl+ﬁ2)t 2
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message to Manolo

W) () = <€—iH1t/N6—z'H2t/N> (e—iHlt/Ne—ngt/N> (e—iHlt/Ne—z’Hgt/N)
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~~

N times
N

*% 6—i(ﬁ1 +H2X 1
®

HoPeFuug before you Next
(Happg) Birthdagl

A <€—iH1t/N6—iH2t/N>




