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Introduction

Petr Horava, “Quantum Gravity at a Lifshitz Point”
Phys.Rev.D79:084008,2009, arXiv:0901.3775 [hep-th]

A candidate of quantum field theory of gravity which is power-counting

renormalizable.

Anisotropy between space and time (explicit breaking of covariance).

At long distances, the Lorentz symmetry could be recovered.

Problem: the existence of extra scalar mode violating the Newton law.

JLeleEVAREI@M A Proposal of covariant and power-counting renormalizable
model of gravity, where only massless graviton propagates.
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Brief review on Horava gravity

Einstein’s general relativity:
non-renormalizable as a quantum field theory
In the flat background: g,,, = 7, + /ihu,, (k: gravitational coupling)
1

S = d*z\/—gR

QK2

1
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KR OROR + -+ |

The dimension of  : | L] (L: length) = non-renormalizable
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If the propagator 1/p* — 1/p*, 1/p° -+ (p,: four momentum)
—> UV behavior could be improved. = higher derivative theory
unitarity could be broken in general, due the higher derivative with
respect to ¢

Horava’s idea:
anisotropic treatment between space and time

higher derivative theory with respect to only spacial coordinates

(p: spacial momentum).
1/p* = 1/p*, 1/p°, -, (|p| — o0

Anisotropy: Under the scale transformation with a constant b,
xr — bx,t — b’t,(z=2,3,--+)
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ADM decomposition

Metric

N : lapse variable
N : shift variable

X . constant

/ d*z\/—gR = / d*zdtNy/ g) (K%’J’Kij ~- K*? +R<3>)
1

i = o i — Vil = ViNy) . K =K

Extrinsic curvature : K;
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Action of Horava gravity: kinetic term + “potential”

Kinetic term (including the derivatives with respect to time ~ (0,5)2)
Sk = %/dt d>x V9N (Kinij — )\K2) , A : parameter
Symmetry: spacial diffeomorphism & temporal diffeomorphism
ozt = C'(t,x), Ot = f(¢)
Dimension of time ¢ : [ L?] (L: length)
ds® = —N?%dt* +--- = [N]=[L'77]

In perturbation theory, gauge fixing : N = Ny
Effective coupling constant: 1/k2¢ = No/k?, k2] = [L*7]

eI WA W =Sl [ I TS power counting renormalizable
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“Potential” (not including the derivatives with respect to time)

Generalized De Witt “metric on the space of metrics”

Giskt _ % <gz‘kgj€ 4 gngk> B )\gijgkﬁ
Potential with “detailed balance”
2 g . OW
Sy = % / dt d®z \/gN E9G; ;1 E¥  \JgEY = 59[95£]
ij

2= 2model - -+ (8;)° ¢ (83%)2

1
77

2 e y 1
. — 824 /dt d3x /gN (R’” - 5 RgV + AWg”> Gijke (Rke — §ng£ + Awgke)
%%
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z =3 model --- (8)° < (85)2

1
W =— [ w3() w? : dimensionless coupling
w2 3

w3 (L") : gravitational Chern-Simons term

2 » 2
w3(T) = Tr (I‘ AdD + ST AT A r> = g'F (Fyajrim + grgrfm gfn) P

=
3 2 ij 2 K ij
S= [dtd°x\/gN K_2(szK — AK )—ﬁC”C’
2 iy
= /dtd?’w\/gN{? (Kij K — AK?)
K i pik ipik 1 ¢
o ViR;pkV'R'" — V;R;, V' R"™ — gviRV R

g : .
Cotton tensor : C'0 = ¢***v, (Rz _ ZR(gz)
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Problems on Horava gravity

Symmetry: spacial diffeomorphism & temporal diffeomorphism

ox' = ('(t,x), ot = [(t)

SO E VA liilolgl: Assume [N = N (t) from the beginning

Degrees of freedom of Horava gravity == Degrees of freedom of Einstein gravity

—> does not reproduce general relativity even in the low energy region

C. Charmousis, G. Niz, A. Padilla, P.M. Saffin,

“Strong coupling in Horava gravity” arXiv:0905.2579

Miao Li, Yi Pang, “A Trouble with Horava-Lifshitz Gravity”, arXiv:0905.2751
D. Blas, O. Pujolas, S. Sibiryakov,

“Consistent Extension of Horava Gravity” arXiv:0909.3525

etc.
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Covariant Model

Correct degrees of freedom
<= Covariance (full diffeomorphism invariance)

—> Proposal of covariant and renormalizable models:
S.N., S.D. Odintsov, + J. Kluson

arXiv:0905.4213 [hep-th]; arXiv:1004.3613 [hep-th]; arXiv:1007.4856 [hep-th];
arXiv:1104.4286 [hep-th]

|dea:

Spontaneous breakdown of Lorentz symmetry

Db # 0

The breakdown <= constraint
~ Stuckelberg formulation of massive vector field
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Models (two kinds of models):

R
52n+2 == /d4$\/ —g [ﬁ — {(8“¢8”¢V,LV,/ — 3M¢3“¢vap)n

» 1
1
0

) (%ama% i Uo)] ,

for z = 2n + 2 model (n = 0,1,2,---)
A: Lagrange multiplier field

Up: constant

v. e V=¢yV 0u®0”d
P,: projection operator P,” =0,/ + 5
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— | B n
52n+3 = /d4az —g [ﬁ — {((9“¢(9V¢V,LV,/ — 8M¢8M¢vpv[))

» 1
1
X {(a“qsavqsv“v,, — 0,,p0H VPV )L par phY (RW — ﬁapcbvf’wqub)}
0
1
s (Rawooro+ )]

for z = 2n + 3 model (n = 0,1,2,---)
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A: Lagrange multiplier field
1
= constraint : > 0O p+ Uy =0 = (0,0) : time-like

Locally, one can choose the direction of time to be parallel to (@Nqﬁ)

1 (do\°
=) =U,
2 \ dt
Spacial region : ¢ =constant hypersurface (equipotential surface)

(0u0)

Spontaneous breakdown of

Lorentz symmetry

¢ =constant

Covariant Lagrange multiplier constrained higher derivative gravity with scalar projectors — p.13/35



The actions admit a flat space vacuum solution.
Field equations:

1 1 hicher A 1
= 2—/432 (RMV o §Q,WR) ‘l‘G’qu —5 qua,/qﬁ—I—ggw/ <§3quapgb + U()) .
Assuming the flat vacuum solution,
0 = \0,00,¢.

= A= 0.

— Flat space vacuum solution with A = 0.
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Perturbation from the flat background

Diffeomorphism invariance with respect to time coordinate

= ¢ = \/2Uyt (unitary) gauge condition .
Perturbation from flat background: g, = 1., + h,
1 y ..
4 s ) 1] Y WY -
S2n+2 — /d T |: 312 { tht (5 8k8 0'0 >hz]
+2hy; (817050% — 8°07) hy; + hui (20776 — %07 — 59 0F ) ,h
g 1 .. . 1 .. .
. 1y skl ~ gk gyl T gl sgk 02 k
+hi; ((5 ot — =5hgit — s )( O + 00" )
_5igkal — skloigr 4 % (5““3]’31 1 §ilpigk 4 §ikgigl 4 5ﬂa@'a’f)> hkl}

—22n=24pg" {(5k5k>n (hkz,k; + hyjis — bk — 0i0; (h‘f)>}

X {<8k8k)n <h,§ Jk + h,gzk — h”kk — 0"’ (h,f))} + UOAhtt] )
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Soniz — /d% [—8% {—2htt (5ijaka’f . aiaﬂ') hij

2hy; (5”’ 8,0k — 9o ) hej + has (251’“8"? _5ikgi _ gl ak) Ohj

s, ((5ij5kl B %51'1453'1 _ %57:15%) <—3t2 n 8k8k)

_siighol _ sklaigi 4 % (5ikajal + 649707 + 579" + 5~”87‘8"’)> hkl}
—220~1qUZn (908 ) " (hyis + By — by — 0,05 (1)) ]

X {(akak)n“ (Pe % +ni* —niF - o' (h;))} + UOAhtt] .

EE eV ALEEVR1ER Only propagating mode is higher derivative graviton

while scalar and vector modes do not propagate.
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1 » B
— . 1J k_ 9t97 g
A = - (677 0x0% — 007 ) hyy
2n . .
+22n—1aUgm ! (90" ) 807 (hyi + byt — hisk — 8:8; (b))
or
1 » B
— . 1J k_ 9t97 g
A = - (677 0x0% — 007 ) hyy

2n+1 . .
+22naUg™ (8k0* ) 897 (hy ki + bk — k- 885 (b)) .

0¢p =

2n-+

0 = & {/\+22naUgn <akak> " 9igi (hk’; + hy % — bk — 8;0; (h,f))} :
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Decomposition of hy; (shift function NV;)
hy = 0;s+v;, Ow; =0, s:spatial scalar

Linearized diffeomorphism invariance transformations with respect to

the spatial coordinates:
oz’ = Ou+w', Ow'=0 = 6s=0u, v =Ow;,
Gauge fixing condition s = v* =0 = hy =0
Ohy = O (—25jk(9i + 6% + 5”8’“) hir =0,

identical with that in the Einstein gravity

(not including higher derivative terms)

Covariant Lagrange multiplier constrained higher derivative gravity with scalar projectors — p.18/35



Decomposition of /1;;
1
hz’j = 51314 -+ asz ke @B] 4 O/I:j -+ <02(93 - 55233k8k> E,
OB; =0, 0Ci;=0C;=0, C'=0,
4
' i 4 ok 1o

0'x = 0,0,0" | —4A+ §8k0 EF)l=0= A= gé?k(? E - (%)

by assuming A, £ — 0 at spatial infinity.
(*), (**) = (9t8j0jBi =0=D08,=0

by assuming B; — 0 at spatial infinity.
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Ohy and 0¢ equations:

N 1 % 1 aj _ o2n 2n—1 k A e 1 .9J
A= o k0 (—A+ 5050 E) 22raUg™ ! (8x0") A+ 30,08,
2n+2 1 .
0 = 8t{)\—|—22”aU§n_1 (0x0") <—A+§8j83E>},
or
i L k(_ a2 lgaip) _ o2ntl gs2n AN SN PPy,
A= o k0 ( A+ 50,0 E) 22n L augn (90" ) A+ 30,08,
2n+3 1 .
0 = at{,\+22”+1aU§“ (akak) <—A+§ajaﬂE>}.

= \ = 0 since A = %8k8kE

Scalar modes A and the vector mode B; do not propagate.
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0A =

= +8%{— (82+8k8k)A+88 ok A+ = (aka’f) E}

—22n-lay2n (‘87133' B 5i13’f3k> {<8’fak) )

N » 1 . . 1 .. 2
X (—BZBJA—cS”c‘?kBkA-l— S0 0,0" B + 6V (akak) E)} ,

0]¢

= +8%{— (8t+8k8k)A+88k8kA+ (aka’f) E}

—22M U+ (—8,0; — 65;050%) { (akak)2"+1

N » 1 . . 1 .. 2
X (-azaﬂA—azﬂakakAJr §a%aﬂ(a,ﬁ(a’ijL 50V (akak) E)} ,
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oF =

0 = 80" [8% {% (—a,% + aka’f) 9, 0F E + %aka’m + % (aka’ﬂ)2 E}
L2 e (~0:0; — 6:;040") {(aka’f)2”

1 g 1 . . 1 .. 2
x (-@zaﬂA—azﬂakakAJr galaﬂaka’fE+ 507 (aka’f) E) H ,
(0]
1 4 4 16 2
i k 2 9 k k 20k 10 k
0 = 8,0 [—{3 ( 82 + 8,0 )aka B+ 2008 A+ < (aka ) E}

8K2

+_aU§n—|—1 <_8iaj I 5’”61{:616) {(akak>2n—l—l
X (—aiam — 599,08 A + %aiajakakE + %5“’ (aka’f)z E) H ,
= 0=0°A (using A= %8k8kE) = A=F=0.

All the scalar modes @, A, hy, s, A, and E

and all the vector modes v; and B; do not propagate.
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The only propagating mode is massless graviton Cij.
(& Horava quantum gravity)

Swr = [ e[ {0 (-t a0 )
_22n_204U3n { <8k8’“)n+1 Cz'j} { (akak>n+1 Cij}] ;
iy = [ ata [ o (-t ) o)

92—l p2n+1 { <akak)n+1 Cij} { (aka’*ﬂ)”+2 C'i }] .
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Propagator:

(hij(P)hia(—p)) = (Cij(p)Cri(—p))

1 PiP;j PkP1 DiPk Djpi
_—§{<(5ij_ 2‘7) <5kl_—2) = (5ik_ 5 ) (5jl—‘7—2)
piP1 PjPk
B (5il_ p? ) <5jk_—;)2)}

[ (p? - 22rar2URrptiD) !

(p2 — 22”_104/<;2U3”+1p2(2”+3))_1 , 2 =2n+ 3case

z = 2n + 2 case
X 4

N

3 i\2 2
p’=> (), pP=—-0") +p°
Assume av < 0 in order to avoid tachyon pole.
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In the ultraviolet region, (k), Propagator behaves
~ 1/ |p|*for z = 2 (n = 0) case
~ 1/ |p|® for z = 3 (n = 0) case: power-counting renormalizable.

z=2n+2(n > 1)orz = 2n+3 (n > 1) case: super-renormalizable.
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FRW cosmology

Start with a little bit general action:

NMmax

R
S = /d4m\/ —g ﬁ _ E (07 {(a“¢au¢v’uv1/ . 8M¢8M¢vap)n Pa'uPIBV
n=0

1
X (Ruu - ﬁapﬁbvpvuvvgb)}

1
0

- Y a {(8“¢8”¢VMVV — 8,0 VPV )™ P L PY

m=0

1
X (Ruu - ﬁapﬁbvpvuvvgb)}

1
X {(8“¢8V¢V“VV — 0,,pO* VPV )T pan pPY (RW — ﬁapw”wqub)}
0]

A (Loworosan).
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In low energy, Einstein-Hilbert term + n = 0 term could dominate:

R 1
S ~ /d T\ —g [ﬁ B aOPaMPﬁ (‘R,UJV il 2U, P¢ g M V¢>

1
xP**PPY (R, — ——0,0V’V V¢
20Uy
1
(a0 )]

FRW metric:

ds® = —e®Odt? 4 q(t)? Z (dlEi)Q ;

i=1,2,3
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FRW equation:

3
?HQ T 810401{4 — Pmatter -

Pmatter: €NErgy-density of the matter

1st order differential equation with respect to the scale factor a(t)

If g < 0 and pmatter = 0, de Sitter solution

1

 27agK?

H? =

Inflation in the early universe?
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Summary

We formulated covariant higher derivative gravity with Lagrange

multiplier constraint and scalar projectors.
The theory admits flat space solution.
lts gauge-fixing formulation is fully developed.

The only propagating mode is (higher derivative) graviton, while

scalar and vector modes do not propagate.

The theory could be power-counting renormalizable.
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The preliminary study of FRW cosmology indicates to the
possibility of inflationary universe solution.
1st FRW equation in the theory turns out to be the first order
differential equation which is quite unusual for higher derivative
gravity which normally leads to third order differential equation

with respect to scale factor.
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Stlckelberg formulation of massive vector field

Lagrangian
L = —i (0,4, — 8,A,,) (O*A” — 9" AH)
1
— 5’ (Oup — Ay) (00 — A*)

Gauge symmetry

A, A, +0e, o= p+te
Gauge fixing condition: ¢ = 0 = massive vector field

1

£=—7 Oudy — 0,4,) (0“4 — 0 A*) — cm* A, A"

1
4

the variation of o = physical state condition: 9, A# = 0
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By using constrained complex scalar field 1 (n*n = 1)

L = (0 Ay — 8, A,) (O*AY — ¥ AM)

1
4
1 . " : i
—sm? {(8, — iA,) (" +iA")n} =

which is obtained from the double-well potential for complex scalar field (:

V=M (-1 (= e

In the limitof M — oo (p — 1, — n)

By replacing 1) : non-trivial representation of U(l)
— constrained vector field J,,¢ or A,

—> spontaneous breakdown of Lorentz symmetry
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Perturbation from the flat background

9uv = T =+ h,ul/

P/ PR, = (hf’ﬂp + W, = 8,0°his, — 8,95 (hf))

J5Lp
1 1

—P 'LLP d p¢vpvuvy¢ = (hti,jt =+ htj,z't i hij,tt) )

20, 9

0" 90" ¢V ,V,, + 2UgV’V , = 2U0,0"

1
P,L-'tuV (R,ul/ I 2—8p¢vpv'uvy¢)

Uo

1
= o (P hugh = by k= 005 (1))
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In the present model, there is no propagating vector or scalar mode at
least on the tree level. The change of the tensor structure of the prop-
agator means that the vector or scalar mode could appear, that is, the

vector or scalar mode must correspond to a composite state, which usu-

ally does not appear at any perturbative level. Therefore, it is expected

the tensor structure should not be changed by the quantum corrections.

In the ultraviolet region, (k), Propagator behaves
~ 1/ |k|* for z = 2 (n = 0) case
~ 1/ |I~c|6 for z = 3 (n = 0) case: power-counting renormalizable.

z=2n+2(n > 1)orz = 2n+3 (n > 1) case: super-renormalizable.
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