r

CRACK PROBLEMS WITH OVERLAPPING DOMAINS
Alexander Khludnev

Lavrentyev Institute of Hydrodynamics,
Novosibirsk 630090, Russia
e-mail: khlud@hydro.nsc.ru



Formulation of crack problem

T
Find functions v = (w1, u2), o0 = {0;},%,5 = 1, 2, such that
—dive = f in Q,,

o= Ae(u) n Q.,

u=0 on I,

lulv >0, [0,] =0, [ulv:-0,=0 on ~,
0,<0,0,=0 on ~*F.

Here u displacement vector, o stress tensor, [v] = vt — v~



e(u) = {&;;(uw)} strain tensor, 2,7 = 1, 2
Ou; ou; _
eij(u) = 3(5, + 5o)s Yy =Q\ 7
A = {aijri} known elasticity tensor,z, 3, k,l = 1,2

o, = 0;;Vv; normal stress, v = (vq, V2),

o tangential stresses, f = (f1, f2) external force



DIRECTIONS OF INVESTIGATIONS

1. Solvability of boundary value problems, solution smoothness
(elastic, viscoelastic, thermoelastic, electro-

thermoelastic bodies)

2. Dependence on parameters, shape sensitivity analysis, differen-
tiability of energy functionals

3. Optimal control problems

4. Smooth domain method. Fictitious domain method

5. Overlapping domain problems

6. Rigid inclusions in elastic bodies



”Patch” problem




—dive® = f in Q. \ dw, (6)

o’ = Ae(u®) in Q., (7)

—divp® =0 in w, (8)

p’ = %Bs(v‘s) in w, (9)

u’> =0 on T, (10)

[’y >0, [62] =0, 02<0,0°=0, 00 - [u’]v=0 on Ty, (1)
)

u’ = v°, [6°n] = p°n on Aw. (12



Limit problem

—dive = f in Q, \ Ow,
o = Ae(u) in Q,,
u=0 on I,

u = pg on Ow,

luly >0, [0,] =0, 6, <0, 0, =0, 0, [ul]y =0 on Ty,
[lonlp =0 vp € R(w),
Oow
where

R(w) ={p = (p1,p2) | p(x) = Bz + C, = € w},

0b
B = < b 0), C = (c',c®; b,c', c® = const.



Formulas for the derivative

Go — % / {diVV - o (u®)es; (u®) — 205 (u) By (Vs u®) } — / div(V f)ul.
Qs 0,

(19)

G — %/{dlvvaw(u)aw(u)—2023(u)Ew(V,'u,)}—/dlv(sz)uz (20)



Thin rigid inclusion with delamination



Find functions u = (w1, u2), po € R(vy), 0 = {0ij},%,7 = 1, 2, such that

—dive = f in €2,
o— Ae(u) =0 in Q,,
u=0 on T,
:_r =0 on ~,

[u]V—O on -,

I/

[ov]p =0 Vp € R(v),

2—

where

R(v) ={p = (p1,p2) | p(x) = Bx + C, = € v}

—b 0

0b
B = ( ) , C = (c',c®; b,c', c® = const.
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Bilayer structure




—dive = f in 2,
o = Ae(u) in Qo,
—divp =g in €24,
p = Be(v) in €,
u=0 on I,
v=0 on 9\,
u=wv, [ov]=pr on v\ o,
[uly >0, u” =v, of <0, o =0 on ~o,

o =0, +p,, 0. +p, =0, o} - [ulr =0 on ~.



Limit problem
Find functions u(x) = (ui(x), uz2(x)), po € R(21),x € g, such that

—dive = f in 2.,
o = Ae(u) in Qo,
u=0 on I,
u = po on v\ Yo,
(ut — po)v >0, u” =pg, o0f <0, 07 =0 on ~o,
ol (ut — po)v =0 on ~.

/[Uu]p =0 Vp € R().
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