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Composition of the membrane

The cell membrane forms a barrier in order to
! protect the cytoplasm from the outside aggressions
! filter the ion exchanges between the inside and the outside

Composition
! a thin phospholipidic bilayer a few nanometer thick
! few transmembrane proteins, ionic channels and gap junctions

Transmembrane proteins

Phospholipids

5nm
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On Cells and Membranes

I A phospholipid has a « fatty » tail, which is hydrophobic, and a hydrophilic
head which is an electric dipole.

I This dipole may rotate around the axis of the tail, to some extent.

I Relative sizes are as follows:

I Cell’s diameter ∼ 5 000 nm
I Membrane thickness ∼ 5 nm
I Distance between two cells ∼ 100 nm
I Distance between two phospholipids ∼ 1 nm
I A molecule of water ∼ 0.1 nm



On Cells and Membranes

A typical example of a phospholipid is
image from
http://www.uic.edu/classes/bios/bios100/lecturesf04am/lect08.htm



On Cells and Membranes

The abstract of all this is depicted here:
image from
http://www.britannica.com/EBchecked/topic/457489/phospholipid
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As a matter of fact, one may have two kinds of « pores »
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The pore creation: an “appealing” theory

Figure: (a) hydrophobic pore (b) hydrophilic pore
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Hydrophobic pore Hydrophilic pore

But in fact it is not known whether there is a « permeabilization » process or
creation of pores. . .
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What is electroporation?

I This is a very important phenomenon, since through the pore a molecule
may enter the cell

I For example one may deliver a medicine or a gene inside the cell

I Based on this, a new treatment of cancer tumors has been set up by Lluis
Mir, Damjian Miklavčič and their colleagues: the electrochemotherapy

I A drug, such as bleomycin , is injected to the patient, locally or intravenous,
while around the tumor a highly intense electric field is imposed



What is electroporation?

The process of electroporation is assumed to be as follows

The electroporation of a single vesicule
Electroporation in vivo
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Models of the electroporation process

The electroporation process

(a) Initial configuration (b) High short pulses

(c) Interruption of the pulses
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What is electroporation?

Principle of electrochemotherapy (according to D. Miklavčič)

The electroporation process at the cell scale: a rough description
The electric model of the cell before electroporation

Models of the electroporation process
Future directions

The electrochemotherapy is treatment developed by Lluis Mir at
the I.G.R and which has been validated at the european level.

Figure: Principle of the electrochemotherapy (by D.Miklavcic, Ljubljana).
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What is electroporation?

The typical apparatus used, according to Lluis Mir, is as follows
The electroporation process at the cell scale: a rough description

The electric model of the cell before electroporation
Models of the electroporation process

Future directions
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I Electropchemotherapy is much more efficient than the usual chemotherapy
alone

I The treatment of a tumor is local and thus has much less side effects

I The patient has to undergo a lesser number of treatment
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Before treatment After 5 days

After 2 weeks After 8 weeks
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However there are a few drawbacks

I Deep tumors cannot yet be treated

I Due to the high intensity of the electric field (in the range of 5–25 kV/cm)
some patients cannot undergo the treatment (pacemakers, anticoagulant
therapy)

I The process of the electroporation is not well understood, thus the dosage
may not be well calibrated
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Mathematical questions

I Understand, via a mathematical model, the electroporation, or rather the
permeabilization, phenomenon for a cell

I Experiments show that the electroporation is reversible: the pores disap-
pear after a certain time once the electric field is turned off: one would
like to estimate the amount of time during which the membrane remains
« permeable »

I Understand how to go from one cell to a cluster of cells making up a tumor

I Set up a model for electroporation so that the electrochemotherapy can be
coupled with models in which the growth of tumors can be predicted

I Once an affordable model is set up, and the « direct » problem is solved,
study the « inverse » problem
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The Schwan model

I The cytoplasm is homogeneous and conducting

I The membrane is homogeneous and very insulating
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The electric model of Schwan

! an “homogeneous” conducting cytoplasm, of which the
diameter is a few micrometers large.

! a thin very insulating membrane a few nanometer thick.
The transmembrane proteins are omitted, their influence is
included in the very low cell conductivity

Figure: Schwan model.
5 / 36



The Schwan model

I the electric potential v satisfies a time dependent quasistatic equation

(1)


∂
∂t

div(ε∇v) + div(σ∇v) = 0 in (0,∞) ×Ω

v(0, x) = 0 in Ω.
v(t, x) = vimp on (0,∞) × ∂Ω
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I the electric potential v satisfies a time dependent quasistatic equation

(1)


∂
∂t

div(ε∇v) + div(σ∇v) = 0 in (0,∞) ×Ω

v(0, x) = 0 in Ω.
v(t, x) = vimp on (0,∞) × ∂Ω

I or a quasi-static equation in time harmonic regime: setting ε̃ := ε + iσ/ω, v
satisfies

(2)
{

div(ε̃∇v) = 0 in Ω
v(t, x) = vimp on ∂Ω



The Schwan model



I The different subdomains involved are as follows:

The electroporation process at the cell scale: a rough description
The electric model of the cell before electroporation

Models of the electroporation process
Future directions

The bioelectromagnetic approximation
Sketch of the asymptotic analysis

The quasistatic approximation

! Time-dependent quasistatic
equation:

{
∂t∇. (ε(ω)∇V ) + ∇. (σ ∇V ) = 0, in Ω,

Vt=0 = 0, V |∂Ω = Vimp, on ∂Ω.

! Quasistatic equation in
time-harmonic regime:

ε̃(ω) = ε + iσ/ω
{
∇. (ε̃(ω)∇V ) = 0, in Ω,

V |∂Ω = Vimp, on ∂Ω.
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A molecular dynamics approach

I One considers N molecules indexed by j, located at x j(t), having mass m j
and charge q j for 1 ≤ j ≤ N

I Then one writes the equilibrium of the forces acting on each molecule, as-
suming that there is an electric field E:

mi
d2xi

dt2 =
∑
j6=i

qiq j

|xi − x j|3
(xi − x j) + qiE

I . . . and one solves numerically these equations. . .



A molecular dynamics approach

For instance here is what one may see, according to D.P. Tieleman
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The molecular dynamic simulations

Figure: The Tieleman results. Applied fields at t = 0: 0.5V/nm .

../films/Tieleman film.mpg
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A model for the membrane

However one may conjecture that as a matter of fact, what happens is something
like
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Conjecture

Step 1: Applied
voltage (high short
pulses).

Step 2: Orientation
of the hydrophilic
heads.

Step 3: Destructura-
tion of the
membrane.

20 / 36

That is first the dipoles (heads) get oriented and then there is a partial collapse
of the phospholipids. There is no « pore », but rather a sharp decrease of the
thickness, which is enough for the passage of molecules.
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A model for the membrane

I We denote by n the normal to the mean surface of the membrane, and by
h± the height of the dipole above or below this surface

h± = ±n · `± + max(0, p± · n)

I Then h := h+ + h− is the thickness of the membrane.

I The dipoles p± tend to rotate when submitted to an electric field.

I We assume that they satisfy a Landau-Lifschitz-Gilbert equation, namely:
∂p±
∂t

= α1p± ×
(
∇vΓ± + G±

)
− α2p± ×

∂p±
∂t

p±(0) = c±G±
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c is a potential obtained by an asypmtotic analysis, making the thick-

ness δ tend to zero. See the domain.
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I The electric potential v is a harmonic function in the exterior of the cell, as
well as in the cell.

I The boundary conditions are
σc
∂vc

∂n
= σe

∂ve

∂n
on Γ

∂ve

∂t
−
∂vc

∂t
= α3h(t, x)

∂v0
c

∂n
on Γ

where v0
c is a potential obtained by an asypmtotic analysis, making the thick-

ness δ tend to zero. See the domain.

I Existence and uniqueness of the solution is established by reducing the
system to a new system written on Γ (using Steklov-Poincaré operators).

I Numerical simulations made by Frédéric de Gournay show that there is
« permeabilization » in some spots, this behavior is not symmetric, and the
membrane returns to its initial position once the electric field is turned off.


