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Main Notation

Let Q be a bounded open subset of RV with Lipschitz boundary.

Degenerate Weight Function

A weight function p: Q2 — R, is called to be degenerate on Q if

p+ 971 € L}OC(RN)' (1)

Non-Degenerate Weight Function

We say that a nonnegative function p(x) > 0 is a
non-degenerate weight if

p+p e l>Q). (2)




Definition of W and H-spaces

With the degenerate weight function p(x) > 0 we will associate
two weighted Sobolev spaces

Q@ W = W(Q,pdx) is the set of functions y € Wg’1(§2) for
which the norm

1/2
vl = ([ (42 +1951%) pax) )
Q
is finite;

@ H = H(Q, pdx) is the closure of C3°(f) in || - || ,-norm.

For a "typical" degenerate weight p we have: W and H are
Hilbert spaces, H C W, and the identity W = H is not valid in
general.




Admissible Controls

Definition of Admissible Controls

We say that a matrix A = [a;;] is an admissible control (A € Usy) if
A=[3,...,8n] € ME(Q) (ie., Ac L=(QRV*N) and A(x) > al,
(AX))™' > 87", ae.in Q,0<a<p),and

|div,,§,-‘§'y;, pdx —ae.in Q, Vi=1,... N. (4)

where the elements div, & € L?(, p dx) are defined as
[av,agpdx == [ (@, Vehwdk, voeCF@, ()
Q Q

and v = (71,...,7n) € RN is a given strictly positive vector.




Statement of the Optimal Control Problem

For given functions yy € L3(Q, pdx), f € C5°(RN), and a penalization
parameter ¢ > 0, we consider the following problem:

I(Ay)=¢ /Q y(x) — ya(x)[?p dx + /Q |Vy(x)[3np dx — inf, (6)

subject to the constraints

A c Uad7 (7)
—div(pAX)Vy)+py=f in Q, ye W(Q,pdx). (8)

The boundary value problem (8) can exhibit the Lavrentiev
phenomenon and nonuniqueness of the weak solutions. As a result,
the corresponding optimal control problem can be stated in different
forms.




Classification of the Solutions to the Dirichlet BVP

Definition 1

We say that a function y = y(A, f) € W is a weak solution to BVP (7)—(8)
if the integral identity

/Q((A(x) V%ch)RN—i—ygo)pdx:/Qf@dx VoeCR@Q).  (9)

Definition 2.
We say that y = y(A, f) € Vis a V-solution (H C V C W) to BVP (7)—(8) if

/Q((A(x) Vy,Vap)]RNernp)de:/Qﬂpdx Vee V. (10)

or the energy equality

/Q<(A(x) Vy,Vy)RN+y2>de:/nfydx (11)

holds true.




Classification of Optimal Control Problems

For a "typical" degenerate weight function p the space of smooth
functions Cg°(2) is not dense in W, and hence there is no uniqueness
of the weak solutions.

Hence for the given control object we have the continuum of the
different statements of the original OCP, namely

{<(A-,Jif?€fEW 1A y)> ' <(A,;i/?g =y A y)> y HEVC W} ’ (12)

where

Sv={(Ay) € UxxV |yeV,(AYy)arerelated by (11)}, (13)
=0 = ((Ay) € Usg x W | y € W, (A, y) satisfy (9) Vo € C*(Q)}.
(14)



Definition of Optimal Solutions

Definition 3

We say that a pair (A%, y0) € L°(; RN*N) x W(Q, pdx) is a weak
optimal (H- and W-optimal, resp.) solution to the problem (6)—(8), if
(A% y0) is a minimizer for (inf(4,)c=w I(A,y)) (for
(inflayye =, I(A,y)), and for (infa ye=, (A, y)), resp.), i.e

(A %) =% and I(A°y°) = inf_ I(A,y),
(Ay)e=v

(A%y%) €=y and I(A%y%) = inf_ I(AY),
(Avy)eEH

(A y%) €=w and (A y%) = inf_ I(AY).

(AY)E=w




Lavrentiev Phenomenon in OCP

For any V (HC V C W) we have () # =y C =". Hence

inf_ I(A,y)< inf_ I(Ay)VVst. HCVCW. (15)
(Ay)e=" (Ay)e=v

Proposition 1

Assume that H # W, and variational problems

<( inf I(A,y)> and < inf I(A,y)> (16)

Avy)e =v (A7y)e =
are solvable for any f € C3°(RN) and yy € L3(Q, pdx). Then there are
a constant ¢* > 0 and functions f* € C°(RV), yi € L3(Q, p dx) such

that the corresponding optimal solutions to (16) are different and

inf  I(A,y) < inf (A Y).
(A7y)€EW( ) (Aﬁy)eEv( )




Auxiliaries Notion

Definition 4

We say that a sequence {p°},., is a non-degenerate perturbation of a
weight weight function p if:

o+ (p°) ' € (), Ve>0, (17)
o°—=p, (1) —=p ' in L'(Q) as € — 0. (18)

Definition 5

A bounded sequence {Vs € L2(Q,p° dX)} converges weakly to
v € L3(Q, pdx) if

Iim/vagopst:/ vopdx for any ¢ € C5°(R),
Q Q

e—0

and it is written as v. — v in L2(Q, p*dx).




Compensated Compactness Lemma in Variable Spaces

Lemma 1

Let {p°}..( be a non-degenerate perturbation of a weight function

p(x) > 0. Let {? c L2(Q,p6dx)N} Jand {g. € W'2(Q, o)}
e>

be such that

Qo {;‘;} o is bounded in the variable space
£>

e>0

X(Q, pedx) = {?e L2(Q, p*dx)V | div,- f € L2(Q,p€dx)} :
and f. — f in L2(Q, pedx)N;
Q 9. — g in L?(Q,p°dx), and Vg. — Vg in L2(Q, padx)N.

Then lim [, ¢ (f VQE>RN prdx = [o 0 (f, Vg)RN pdx, ¥y € C(Q).

v




Compensated Compactness Lemma in Variable Spaces

Remark 3

In the previous Lemma the supposition "let {p°}__, be a
non-degenerate perturbation of a weight function p(x) > 0" can be
replaced by the following one: let {p°}_. 4 be a sequence with
properties:

Q F(x)=>0,Ve>0;
@ pF—p, (p) = pin L'(Q) as e — 0;

@ for every € > 0 the subspace C3°(Q2) is dense in W(SQ, p°dx) with
respect to the norm || - || ¢.

v




Existence Theorem for H-optimal solutions

Let p(x) > 0 be a degenerate weight function. Then the optimal
control problem

I(Ay) = C/ly — Ya(x IzdeJr/lVy )3wpdx — inf,  (19)
A€ Uy, ye€H(Q,pdx), (20)

/ ((A(x) vy, w) +y<p) pdx = / fodx ¥ e H(Q, pdx) (21)
Q RN Q
admits at least one H-solution

(A%t yoPty € =y  L°(Q; RVN) x H(Q, p dx)

for every f € L2(Q, p~"dx).




Perturbation Approach to the Existence of W-Optimal Solutions

Let {pE = ((;3_1)5)71 }s>0 be an "inverse" smoothing of a degenerate

Weight function p( ) > O ie p® = ((;)‘1)5)71 Ve > 0, where

(p~ = [ K (x +¢ez)dz.

We mtroduce the followmg collection of perturbed optimal control problems
in coefficients for non-degenerate elliptic equations:

HAY) = ¢ [ V00 =y P dc+ [ Dy ak—int.(22)
Q

Ac Uy, yeW3(Q,p dx), (23)

—div(p"AX)VY)+py=f in Q, (24)

w={ A=, .. & e MIQ)| [div, & <y Vi=1,.. N}, (25)

where the elements f € Cg°(RY), ¢ > 0, and v = (v, ...,7w) € R" are the
same as it was for the original problem (6)—(8), (4).



Existence Theorem for W-optimal solutions

Theorem 2

The minimization problem <(A i)nf_ I(A, y)> is the weak variational
Y)E=w

limit of the sequence (22)—(25) with respect to the weak convergence
in the variable space Y(Q, pfdx) = L>=(Q; RN*N) x W(;’Z(Q,psdx).

Theorem 3

Let {(As, y6 _5} >0 be a sequence of optimal pairs to the perturbed
problems (22)—(25). Then
A 5A i Lo RV, (26)
ye—y® in 3(Qp%dx), Vy2—Vvy® in LB(Qp7ax)",  (27)
inf_ I(Ay)=1(A%y°) =i inf (A, y-). 28
vl AGED) ( ,y) [ Gy e (28)

where (A°, y°) € =y is a W-optimal solution to the original problem.




Intermediate Result

Representation Formula

Let {pE = ((p! )s)_1} o be an "inverse" smoothing of a degenerate
€>

weight function p(x) > 0, and let (&) be a "direct" smoothing of
k-th column of A, i.e.

(8k):(x) = ) K(z)ak(x +¢ez) dz.

Then the smoothness of the functions (dx). and p° produces the
following representation formula for elements div,- (k). € L?(£, p*dx)

divye (8k)e = (p°) " div (p°(8k).) Vk=1,...,N, Ve>O0,

where the element div (p°(8k).) is defined in the sense of
distributions.




Some Remarks on Weak Optimal Solutions

Remark 5
The existence of the weak optimal controls in coefficients to the degenerate
elliptic equation
AY) = ¢ [ W00 = yaFpdc+ [ [Ty —inf, (29
Q Q
Ac Uad7 ye W(Q,de), (30)

/Q((A(x) V%ch)RN—&-yga)de:/QﬂpdegoeCSO(Q) (31)

has not been considered in the literature.
The main reasons:

@ there is no appropriate a priori estimates for the weak solutions of
boundary value problem (30)— (31) in || - || ,-norm;

@ the main topological properties of the set of weak admissible solutions
=" such as closedness, compactness, and etc, are unknown in general.




Mustration of the Specific of Weak Optimal Controls in Coefficients

Proposition 2

Let (A%, ¥8) € =¥ be a weak (but not variational) optimal solution to the
problem (29)—(31). Assume that a subset

= {er ‘ (@1, 8] = A%Y(x) > al,
(A0) "> 570 Jaiv, B0 <o} (32

has a nonzero Lebesgue measure, and there exists a matrix A* € U,y such
that

/ (A" (x) V42, 9%)_, pdx =0 V€ GF(). (33)
Q
Then there is a continuum of the weak optimal solutions to the problem

(29)—(31), namely, (A%(x) + Oxe(x)A*(X), y5) is a weak optimal solution for
all |f| small enough. Here xg denotes the characteristic function of E.




Mustration of the Specific of Weak Optimal Controls in Coefficients

Proposition 3

Assume that <(A i§1f_ I(A, y)> is a variational weak limit of the sequence of
y)EEY

optimal control problems

LAY =¢ [ 00 - ya0Poax + [ [y’ —inf,  (30)
Q Q
Ac Uy, ye W3, p°dx), (35)
—div(p"AX)VY)+py=f in Q, (36)
< = {A: [Gr,...,8n] € Mg(sz)] |div,e &| < Vi = 1,...,N}, (37)
under some non-degenerate perturbation {p°} ., of a weight function
p(X) > 0. Then none of a weak optimal solution (A%, y9) € =% (which is not

a variational one) can be attained via the optimal solutions to the
perturbed problems (34)—(37).
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