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FIG. 2. (a) A closcup view of the superlattice on which

graphite atoms are resolved. The image is taken with set

current 5.6 nA, tip bias 72 mV, and scan size 202X202 A". The

image is low pass filtered.

(b) A cross section along the direc-

tion indicated by the line in (a).

Rong and Kuiper, PRB 1993
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FIG. 2. (a} A closeup view of the superlattice on which J. Hass, et. al PRL (2008)
graphite atoms are resolved. The image is taken with set
current 5.6 nA, tip bias 72 mV, and scan size 202X 202 A". The Latil et a/. PRB (2007)
image is low pass filtered. (b) A cross section along the direc- )

tion indicated by the line in (a).

Rong and Kuiper, PRB 1993
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’ Bilayer ‘ Graphite ‘ Xhie et. al (PRB, 93) ‘ Rong Kuiper (PRB,93) ‘
BA(Ah) | BAB(AhA) Bright (M — 3) Gray
AA (BB) | AAB (BBh) Dark (M — h) Bright
AB(Bh) | ABh(BhA) Gray (M — «) Dark
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Moire in Exfoliated Graphene

Optical image Schematic image 2D band Position 20 band Ares REDUCTION OF FERMI VELOCITY IN FOLDED...

before fold

2 layer
1 layer
1+1 layer folded graphene
1 layer @ band 20 band
A
N A ]
© |W|
|

Intensity

After fold Afer folid =2 N - N
n JU_ |
1500 2000 2500 3000

Wavenumber(cm’')

Raman 2D band looks like
SLG, not like the bilayer, but
blue shifted.

Poncharal et al, PRB (2008)



Continuum theory

Outline

© Continuum theory

[APORTO

Lopes dos Santos, Peres and Castro Neto The twisted bilayer -Benasque 2009



o
2 ot!
— 0
(a\]
i l_l "~
—+ 1. 8 & ~
[ Ko
> o Tt -
l_l — @]
o + ® ©
e == ®
! + 7 I
—
~ & T >
= f
3 I —
© I
— N —_
e e

LdS, Peres, Castro Neto, PRL, 2007

>
=
a
©
| -
S
(9]
c
@
S
£
o
()




Commensurability

LdS, Peres, Castro Neto, PRL, 2007

3i2 +3i+1/2

A, > cos() = 37 +3i+1

Bye o0 g

51 ;& Aot o= da+ (i +1)a

Ape et to = —(i+1D)ay+ (2 +1a

J. i=1=0=218° L=8A

“,L 4 J.MJ.\I 1(;.?}.

\ i —a :
‘\ “ ‘.{.\ M/ .‘ o o i Other angles are possible
PAa LA AN @ Shallcross, PRL 2008.




Continuum limit (k - p approximation)

@ layerl
Hi=—t); aJ{(l’i) [ba(ri + 01) + b1(ri 4 82) + ba(ri + d3)] + hc

ai(r) —  vipa(r)exp(iK-¥) + ...
bi(r) — v Pu(r)exp(iK-r) + ...

2 { _io.+5, T ve



Continuum limit (k - p approximation)

@ layer 2 ( rotated)

Ho = —tz bi(r;) [a2(r; + sb) + a2(rj + 50 — @1) + a2(rj + s — @3)] + hc
ar(r) — v (r)exp(iK’ - r)+ ...
ba(r) — vy (r)exp(iK? - ¥) +

e (—idy — O
thZQLV r)|: _,9( 13 +0,) = 0 2 w()



Parametrization of t, (r)
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d/a
t1(0) = Vppo(d) cos® 6 + x t|

Tang, et al Phys. Rev B 53,979 (1996)



Inter-layer hopping

@ Electrons hop from atom in layer 1 to closest atom—of either
sub-lattice— in layer 2;

r'(r)=r+4(r)  (plane coordinates)
t, =t [6°(N]=t]%(r)  a(B) = A1, Bi(As, Bo)

HJ_ _ /d2 90/ IK 0ap(r) iAK.rwir’a(r)wZﬁ (I’) + h.c.

° tJ_a(r)e"Kg'él’ﬁ(r): period of Moiré pattern.
@ (AK =K% —K); k —k + AK/2 layer 1 ; k —k — AK/2 layer 2;



Inter-layer hopping

Hi= Z Z EJ_Q(G)QZ’L,;(JFG%',/( + h.c.

a,8 kG

%aﬁ /d2rtL r)e’K9‘5AB(f)e—iG-r

@ Dirac electrons with periodic interlayer coupling.



Results for ?i

@ Exact symmetries 0AB , §BA o §AA , §BB.
o limit 6 < 1, 6*” — §BA.

—G,

-G; -G

71'27r/3'i:J_

e:27r/3'i.J_

el27‘r/3't“.L

67127/3’{,L

elZﬁ/3’t‘IL

e—127r/3’i’.J_




Real Space Coupling
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Results

Electronic Structure

Linear Dispersion relation at
low energies. New energy
scale, hve AK ~ 0.19¢eV x 62
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Results

Electronic Structure

Linear Dispersion relation at

low energies. New energy

scale, hveAK =~ 0.19eV x 6°.
-

o , Electric field bias does not

kx open a gap.
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Results

Electronic Structure

Linear Dispersion relation at

Uhillumono .
Lo low energies. New energy
0.8 scale, hveAK ~ 0.19€V x 6°.
0.6
0.4
0.2 Electric field bias does not
00 5 015 0 2H open a gap.
2
4 ~1-9(—— : .
VF hveAK vr is reduced relative to the
single layer.

(t. < hveAK)

Lopes dos Santos, Peres and Castro Neto The twisted bilayer -Benasque 2009
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Epitaxial graphene

1o} @) A Epitaxial graphene often
8 ol AAA A ﬂ A displays SLG behaviour.
A
=10
4 5 ?
9(T}
G ol © _
g 10 £ 450 H_F_/D
%E 5 i;'m ;EFaP
o b
50 £
o
a o1 02 03 GU' 5 10
18, (1) B(T)

de Heer et. al. Sol. St. Comm. vol 143, 92, (2007)
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Raman
REDUCTION OF FERMI VELOCITY IN FOLDED... . . .
Raman in Moire bilayers

2 layar E
_:.‘a-’lea;er folded graphene hCUR = 2Eph (L)
G band 2D band Vf.
LA _ N
. ]
% | VE (5VF
& | AP __
£ |x2 A |I E R
E w2 _ /N L VF
. '||k For a 5% reduction, 6 ~ 79,
) |
. . — heAK ~ 1.46V,
1500 2000 2500 3000
Wavenumber{cm™} EL = 233 eV.
ho, Dependence of dwg with E;
Seems wrong.

q=2k
E =2v Kk




LDA Calculations

N~ TP T, N 3 — 1 ”tu/vmunu
f‘K EHEANDT A3 (g i |
b {3, [P
08 g 1013 {6,15) 120 1.0
- ' 10 . '.I | 0.8
§06 02 x| ] sk | 0.6
> @52 | | :
_ - . | |
z04f 10,1 30,31 | 1
> 15,160 2y O { | ] 0.4
@333 ) | ]
3335) T ] 0.2
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8 (degres)
Laissardiére et al. (2009)
Latil et al (PRB 2007)
ShallCross et al (PRL, 2008),

LDA calculations confirm linear dispersion.
Laissardiére, Mayou & Magaud (2009) Reduction of vg; localization for

very small angles?




DOS by STS

M %Q




DOS by STS
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Low energy Van Hove peaks (saddle point) predicted at meeting of
two cones.
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D

Layer 2

DOS (AU)

DOS (AU)

dlie (au)
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Sample bias (mV)

E. Andrei et. al. (unpublished)

Bias shifts cones = DOS does not vanish, and is different in the
two layers. J




Three data points!

Separation between Van-Hove Peaks
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Modulated interlayer hopping

Two planes of Dirac massless fermions coupled by modulated
hopping

Hy = /dzr ’l 'KG'J,@a(r)eiAK-rwll(r)wﬁz (N + he.

. i . G, +G Gy
° tf“(r)e’K"-5BA(f) —period of superlattice: t, el
to;
o e/BKr —period 3x that of superlattice, 3t;,

3ty, because AK = (g1 + 2g2) /3.




Funny gauge

HY = —e
0

2

e (ne¥ +6'F) (T - 2a)

A= (|t1 X t2|BX1/27T)g2

T
H(K):—th_lx [ 0 D ]

D O

r=xt1 + xoto

D = je'? [e’.%ﬂ% +e ¥ (% _ 277%X1)}

Perturbation invariant under (x1, x2) — (x1 + m, x2 + n) = Bloch
waves on Xo.




Symmetry adapted basis

o sz’m(Xl,Xz) = eikzlel(Xl,Xz) = eik2x2 eizwmx2<b(X1).



Symmetry adapted basis

o sz’m(Xl,Xz) = eikzlel(Xl,Xz) = eik2x2 eizwmx2<b(X1).

@ & — i(ks +27wm)= D,D' — a,a;



Symmetry adapted basis

o sz’m(Xl,Xz) = eikzlel(Xl,Xz) = eik2x2 eizwmx2<b(X1).

@ & — i(ks +27wm)= D,D' — a,a;

haxa i Pn(x1 — 3252 — me)
o \U’( (Xl XZ) — Aelkzxz el27rmx2 27rk¢, Ps
2mm Fon 1 — ﬁ% - m%)



Symmetry adapted basis

sz’m(Xl,Xz) = eikzlel(Xl,Xz) = eik2x2 eizwmx2<b(X1).

@ & — i(ks +27wm)= D,D' — a,a;

ikaxa i $nlxa — 5250 —m%2)
o \Ui (Xl XZ) — Aelkzxzel27rmx2 27rk¢, Ps
el Forala 5 - )
@ ko is a good (Bloch) quantum number in presence of

perturbation.

?iﬁ(o)eiAK-r +?i’6(7G1)e’.(AK7G1)'r +?iﬁ(7G1 _ G2)ei(AK7G17G2)-r



Symmetry adapted basis

o sz’m(Xl,Xz) = eikzlel(Xl,Xz) = eik2x2 eizwmx2<b(X1).

@ & — i(ks +27wm)= D,D' — a,a;

I _ ikaxa i2mmxa
° \Uk2,m,n(X17X2) = Ae € k2 ¢0 _ %o

:F(b,,,l(xl T 27 ¢s m¢,

Pnlxa — 2252 —m%2) ]
)

@ ko is a good (Bloch) quantum number in presence of
perturbation.

?iﬁ(o)eiAK-r +?i’6(7G1)e’.(AK7G1)'r +?iﬁ(7G1 _ G2)ei(AK7G17G2)-r

@ r-dependence = exp (a127x1 + @227x2) a1 =2,-1;a2=1,-2

e x; terms =-diagonal in m
e X terms =m — m — Qo



Harper Problem

cell i-1 cell i cell i+1
—e=—o ° ° ° oo  Layerl
) |

¢®/9,= p/q — period p

Each landau Level becomes a set of 2p (tight-binding) bands with
€n,r(k1, ko) for commensurate flux,¢/¢s = p/q. J




rrrrrrrr
333333333
UUUUUUUU

UUUUUUUU

ﬂﬂﬂﬂﬂﬂﬂ




0.035¢ - -

0.030F

0.025¢ r M

0.0201

DOS (AU)
1
1

0.015¢ L

0.010}
0.005¢ m
0.000¢ ; n

-0.015 -0.010 -0.005 0.000 0.005 0.010 0.015
E(eV)

(¢
n=2; p/qg=1/10; L=T77A; B~8T; hw. = 100 meV; J




L L L L
555555
222222
000000

000000

ﬁﬁﬁﬁﬁﬁﬁ




0:00: ’[mﬂmmm mm,mrnmnﬂmﬂﬂﬂmﬂw mlwmmWHﬂM‘HHWWﬂ[HﬂﬂmmrnmnmmmﬂﬂmNN

-0.03 —-0.02 -0.01 0.00 0.01 0.02 0.03
E(eV)

(o)
n=1p/qg=2/9; L=T71A B~19T; hw, = 150 meV; J




0.015}

0.010f

DOS (AU)

0.005F

I 4

0.000L ! ! ! |
-0.015 -0.010 -0.005 0.000 0.005 0.010 0.015

E(eV)

O
n=0,p/qg=3/11; L=TTA B~19T; hw, = 150 meV; J




Magnetic Field
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